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Non interacting dimers

Perfect matchings of Z? and height function

Height function:

h(F') = h(f) = > op(lpem —1/4)

bE Cf_>f/

op = £1 if b crossed with white on the right/left.

Note: white-to-black flux (1pepm — 1/4) is divergence-free.
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Non-interacting dimers (uniform perfect matchings)

If Ais a large domain, e.g. the 2L x 2L square or
torus, many (= exp(s|A|)) perfect matchings exist.

Classical statmech/combinatorics problem:
study the properties of the uniform measure
(-Ya.0 on such perfect matchings.

Note: on the torus, the height profile is flat in average, i.e.,
(h(f) — h(f"))a0 = 0, because (1pepm)ao = 1/4 for every b.
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Non-interacting dimers (uniform perfect matchings)

This “non-interacting” model is exactly solvable
(Kasteleyn, Temperley-Fisher).

o The partition function is the Pfaffian of the
complex adjacency matrix K(x, y) (Kasteleyn matrix).

The entropy per site in the thermodyn. limit is:

dk dk
/ A / - log(2 cos ky+2i cos ky) =

where G is Catalan’s constant: G =1 — 3% + 5% — e

7T
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Critical dimer correlations

o Dimer-dimer correlations are easy to compute in
terms of a suitable Wick's rule. E.g.,

<1(X7X+61)6M1(y,y+el)€/\/l>/\,0 —
= K (x, x+e)) K Hy, y+e)—K ' (x, y+e ) K (y, x+e1)

where K1 is the inverse Kasteleyn matrix,

T 2k efik(xfy)
lim K~ =
Aim, K0 y) /_W /_W (27)2 —isin ky + sin k»
Truncated correlations decay as (dist.)~? at

Iarge distances (with suitable oscillating factors):
the system is critical.
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Height fluctuations I: variance

o Height fluctuations grow logarithmically:
1
lim Varpo(h(f) — h(f")) ~ Iog |f — ']
AN—Z2

as |f — fl‘ — OO (see Kenyon-Okounkov-Sheffield 2006).
The computation is very subtle:
Varo(h(f) — h(f')) = Z b0t (Lbem; Lyem)ao
b,b/ECf_)f/
If one replaces (1pem; Lyem)no by its asymptotic
behavior and the sums by integrals, one obtains
an ambiguous (cutoff-dependent) integral.

Key ingredient: path-independence of the height.
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Height fluctuations Il: higher order cumulants

o The height field is asymptotically Gaussian: for
m > 3, the m*" cumulant of h(f) — h(f") is

(h(F)—h(f"); miro = o Vamo(h(f)—h(f"))™?).
(recall: cumulants of X are zero for m > 3 iff X is Gaussian).

o Consequence: a coarse-grained version of h(f)
tends, in the scaling limit, to the 2D massless
GFF (Kenyon 2001). This fact was heuristically
known for this and similar interface models since
the early 1980s (Nienhuis-Blste-Hilhorst 1984).
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o More mathematical results: the microscopic
fluctuations of h(f) are asymptotically gaussian:
the “electric correlator” behaves like
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Height fluctuations Ill: conformal invariance and GFF

o More mathematical results: the microscopic
fluctuations of h(f) are asymptotically gaussian:
the “electric correlator” behaves like

. i _h(Ff! 2 2
/\II—>r22 <ela(h(f) h(f ))>0,/\ -~ ‘f o f/‘ o’ /(27%)
as |f — f'| = 00 (Dubedat 2011).

e Scaling limit is conformally invariant (Kenyon 2000):
if the model is defined on a (discretization A of)
D C C, the limiting moments, such as

go(x,y) = lim ((hx—{hx)no)(hy —(hy)no)ino

are covariant under conformal mappings of D.
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Interacting dimers

Associate an energy A € R to adjacent dimers:

(H=

Nl

Interacting measure:

s S e
A Z/\,/\ )

with N(M) = # adjacent pairs of dimers in M.
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Quantum Dimer Models at the RK point

If A # 0, the model is not exactly solvable: the
exact Pfaffian structure breaks down.

At close packing, it is expected to remain critical
even if A\ # 0.

The model arises naturally in the context of
simplified models for short-ranged RVB states
(Quantum Dimer Models, Rokhsar-Kivelson 1988).

For certain fine-tuned choices of the hopping vs
interaction parameters, the ground state of the
QDM is known exactly and its correlations coincide
with those of the interacting classical dimer model.
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Phase diagram of the interacting dimer model

The phase diagram of this system has been analyzed
extensively, by using an effective field theory
description that extends the non-interacting one.

The underlying assumption is the validity of a CFT
description of the scaling limit.

Prediction: as A > 0 is increased the model has a
transition from a liquid to an ordered “columnar”

phase (transition point in the KT universality class).
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The “liquid phase” (small \)

We shall focus on the case of small \.
“Known" facts:

e no long range order

e anomalous correlations.
Eg,ifb=(x,x+e)and b’ = (y,y +e1)

- (1) (= n)* = (e — )
| 1y 1y = ———A(\
A|_>rrZ12< b b>A’)‘ 272 M) Ix — y|*
(1o 1
B
where A(-), B(+),n(:) are analytic, A(0) = B(0) =1 and 1(0) = 0;
moreover, |R(x)| < Cs(1+ |x])3%, V0 < § < 1.
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Theorem [G., Mastropietro, Toninelli 2014]
If [A] < Ao then:

o Height fluctuations still grow logarithmically:

. K(A)
_ Y ~ —f
AI|_>n£2 Vara \(h(f) — h(f")) ~ 3 log |[f — £

with K(+) analytic and K(0) = 1;
o for m > 3, the m™ cumulant of h(f) — h(f") is
bounded:

sup | lim (h(f) — h(f"); m)aa| < C(m);
fFf N=Z2
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Main results (continued)

o convergence to the GFF: if ¢ € C>(R?) with
fR2 ¢(x)dx = 0 then, as € — 0,

h* () —ezzgo(ef h(f) —>/ x)X(x)dx

with X the Gaussian Free Field of covariance
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Main results (continued)

o convergence to the GFF: if ¢ € C>(R?) with
fR2 ¢(x)dx = 0 then, as € — 0,

h* () —ezzgo(ef h(f) —>/ x)X(x)dx

with X the Gaussian Free Field of covariance

K(A)
o2

Note: the condition that ¢ has zero average is not technical.

log |x — y|.
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Main results (continued)

Corollary (Coarse-grained electric correlator).
Let x, : R> = R be a smooth, positive, compactly
supported function, centered at x € R? and s.t.

Jz2 Xx =1, then

il (€700} 40005
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Main results (continued)

Corollary (Coarse-grained electric correlator).
Let x, : R> = R be a smooth, positive, compactly
supported function, centered at x € R? and s.t.

Jz2 Xx =1, then

lim lim (e (" 0c)=h(xy)) ~ Ix — y| "KW/ (27?)
om /\—>Z2< >A,)\ | Y|

That is, a coarse-grained version of the “electric
correlator” (e™(h(f)=h()y_, ) decays at infinity with
an anomalous critical exponents.
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Main results (continued)

Corollary (Coarse-grained electric correlator).
Let x, : R> = R be a smooth, positive, compactly
supported function, centered at x € R? and s.t.

Jz2 Xx =1, then

lLr:?) /\“_?%2 <tc_a'Oé(hf(Xx)—he(xy))>A7A ~|x — y|—K(A)a2/(27T2)
That is, a coarse-grained version of the “electric
correlator” (e"o‘(”(f)_h(f/)»zg’)\ decays at infinity with
an anomalous critical exponents. The problem of
controlling the electric correlator directly is beyond
the current state-of-the-art (at A = 0: Dubedat 2011).
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Further comments

o Theorem proven with periodic boundary
conditions. Possible extension: more general boundary
conditions and control of the boundary corrections.

Challenge: proof of conformal invariance of the
limit for A\ # 0 (universality).

o The case of large A may be accessible by other
methods, such as Pirogov-Sinai theory, recently
used for proving the existence of nematic order
in a 2D system of hard-rods (Disertori-Giuliani 2013).
The control of the transition point is beyond the
current technology.
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Why do we care?

o Rigorous foundation of the effective field theory
description of QDM at the RK point.

o More in general: rigorous foundation of the use
of CFT and of the bosonization method in
statistical mechanics, as well of the universality
hypothesis (robustness of the scaling limit under
perturbations of the microscopic Hamltonian)

o Our result is the first example of GFF behavior
and universality for a non-local observable such
as h(f) Key features: robust under a large class of local
non-integrable perturbations; the proof uses (some simple instances

of ) the discrete harmonicity of h(f).
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Why do we care?

o Strong connections with the Ising model and the
problem of universality of its scaling theory.
The electric correlator has strong analogies (and
connections, see Dubedat 2011) With the Ising spin-spin
correlations, whose control in the non-integrable
case is currently beyond the state-of-the-art.
Our hope is to establish a connection among the
two at A # 0, and to infer the scaling limit of
the Ising spin correlators from that of the
electric correlator.
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Fermionic representation

Algebraic identity: Pfaffian can be written as
“Grassmann Gaussian integrals”:

Pf(K) = / [ dvpue 200K

ueN

where {1, }xen are Grasmmann variables. Similarly,

Ay ) o LK)
K (Xv.y) - Pf(K)/};/[\dqvbue ¢x¢y~
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Fermionic representation

Algebraic identity: Pfaffian can be written as
“Grassmann Gaussian integrals”:

/Hdw e 3(:KV)

ueN

where {1, }xen are Grasmmann variables. Similarly,

-1 3(V.KY)
K (xy) = 7 K)/Hdwue ity

“Fermions’ because of anticommutation,
“free” because exponential of quadratic form



Interacting dimers as interacting fermions

Similarly, the partition function of the interacting
model is written as
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Zno Pf(K H Vxe © " /no

with

V(1) = Va(e) + Ve(v) +

and

V4(77/}) =2\ Z ¢x¢x+e1¢x+ez¢x+e1+ez-



Interacting dimers as interacting fermions

Similarly, the partition function of the interacting
model is written as

ZA/\ / K
: dip e BEKOHV(E) = < V(w)>
Zno Pf(K H Vxe © " /no

with

V() = Vu(y) + Ve(v) + .. .,

and
V4(77/}) =2\ Z ¢x¢x+e1¢x+ez¢x+e1+ez-

NB: for finite A, these are just exact identities, V' is
a polynomial (finite degree).
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constructive field theory methods, due to:

o Gawedski-Kupiainen, Battle-Brydges-Federbush,
Lesniewski, Benfatto-Gallavotti,
Feldman-Magnen-Rivasseau-Trubowitz, ...



Ideas of the proof
Constructive Renormalization Group

Analysis of the interacting fermionic theory by
constructive field theory methods, due to:

o Gawedski-Kupiainen, Battle-Brydges-Federbush,
Lesniewski, Benfatto-Gallavotti,
Feldman-Magnen-Rivasseau-Trubowitz, ...

Previous results by RG for 2D critical Ising and
dimer models:

o Pinson-Spencer
o Mastropietro
e Benfatto, Falco, Giuliani, Mastropietro
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Dimer-dimer correlations, interacting case

If X is small, the constructive RG analysis provides
“explicit” formulas for all the dimer correlations,

e.g.
ooy im (Lpem; Iyem)ar = Avy + Boy +
N—=7Z2
KO\ 1
Re [Az, A /—}
5 Re |AzAz, =2 7

/s

1
|Zb — Zp ‘2+77(>‘)

+OSC(Zb, Zb/) +

with K(-), n(-) analytic and K(0) = 1,7(0) = 0.



Ideas of the proof
Height variance, interacting case

Note:

e the behavior of the dimer-dimer correlation is
non-universal: an anomalous exponent emerges
in the By p term.

o Due to the oscillating factor in front of By 1, the
dominant contribution to ((h(f) — h(f'))?) is

F
dzdz
Z Ap by ——Re//(2_21)2:ﬁlog|f—f’|.

beCy_r,
b'ec]

f—f!



Ideas of the proof
Ward Identities and path-independence

o The asymptotic computation of the correlations
and the emergence of the anomalous critical
exponent 77(\) requires the implementation of
hidden Ward ldentities in the RG flow, as well as
the rigorous control of the associated anomalies.
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Ward Identities and path-independence

o The asymptotic computation of the correlations
and the emergence of the anomalous critical
exponent 77(\) requires the implementation of
hidden Ward ldentities in the RG flow, as well as
the rigorous control of the associated anomalies.

o In order to exhibit the necessary cancellations, a
suitable deformation of the paths along which
the factors in (h(f) — h(f"))™ are computed is
required (idea borrowed from Kenyon, Kenyon-Okounkov-
-Sheffield, Dubedat, Laslier-Toninelli).
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Conclusions

o Proof of Gaussian behavior for the height
function of non-integrable dimer models.

o Novelties:
e match between constructive QFT methods (huge literature)
and some (simple) discrete complex analysis ideas
e control of a non-local fermionic observable (height field) in a
non-integrable case

o While critical exponent of dimer-dimer
correlations is not universal, logarithmic

growth of variance is.

o To be done (major difficulties):
e get rid of periodic b.c., work with general domains (necessary
to study conformal invariance).
e control the exponential of the height function
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Thank youl!
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