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Back to the source

Given a smooth compact Riemannian manifold (M, g) of dimension n > 3, find a
metric conformal to g with constant scalar curvature.
It amounts to finding a positive solution for

_An-1)

Au+du=uv""1 onM, (1)
n—2

or to minimize

2D | uf? 4 AJulR) dV,
(M) = inf JuCozz IV ) E.ueDMA(M),u#0Y,

Z
(fM |ul? dVg) 2
where )\ is the scalar curvature with respect to g.

(Yamabe, Trudinger, Aubin). The Yamabe problem can be solved on any compact
manifold M with (M) < p(S"), where S” is the sphere with its standard metric.

(Aubin). If M has dimension n > 6 and is not locally conformally flat then
1(M) < ("),

(Schoen). If M has dimension 3, 4, or 5, or if M is locally conformally flat, then
1w(M) < u(S™) unless M is conformal to the standard sphere.
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Back to the source

Given a smooth compact Riemannian manifold (M, g) of dimension n > 3, find a
metric conformal to g with constant scalar curvature.
It amounts to finding a positive solution for

_An-1)

Au+du=uv""1 onM, (1)
n—2

or to minimize

2D | uf? 4 AJulR) dV,
Sl SPIVUP + NP) Ve oo

Z
(fM |ul? dVg) 2
where )\ is the scalar curvature with respect to g.

(Yamabe, Trudinger, Aubin). The Yamabe problem can be solved on any compact
manifold M with (M) < p(S"), where S” is the sphere with its standard metric.

w(M) = inf

(Aubin). If M has dimension n > 6 and is not locally conformally flat then
H(M) < p(8").

(Schoen). If M has dimension 3, 4, or 5, or if M is locally conformally flat, then
1w(M) < u(S™) unless M is conformal to the standard sphere.

What happens if M C R"”. Can one still solve (1) with Dirichlet boundary
conditions—say?
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De-trivializing the Yamabe problem on Euclidean space

Now assume 2 C R". Then,
—Autru=uvr"1 onQ, (2)

has no solution if A > 0.
The best constant in the Sobolev inequality

fQ |V ul|?) dx
PPN
(Jo lul?™ dx) 2"
is never attained unless 2 is essentially R". Actually, 1(Q2) = p(R") for every Q C R".

Three ways to break the homogeneity of the problem:

1. Brezis-Nirenberg (1983) —Au+ Au = 12" =1 has a positive solution if
—A1(2) < A <0 and n > 4. Dimension n = 3 is different!: Druet.

w(Q) = inf ju € DY2(Q),u#0},

2. Bahri-Coron (1987 ) —Au = u? 1 has a positive solution, if Q is an annular
domain (or if Hy(S2,Z2) # 0 for some d > 0, e.g., Q non-contractible in R3.)

3. Ghoussoub-Kang (2003) Singularize the problem!!!
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Classical inequalities on R"”, n > 3,

Hardy's inequality:

2
(2" [, ﬁ dx < frn [Vul2dx  for all u € C(RM).

Sobolev inequality:

n—2

(Jur |u| 72 dx) " < C(n) fyn [VuP dx for all u € Coo(RY).

Hardy-Sobolev inequality: For s € [0,2] , 2*(s) := 2(:__25).

\X\s

_2
(fRn L) )2 Y < C(n,s) fun [Vul dx  for all u € C(RM).

Caffarelli-

— _ 2n
2 — n—2+42(b—a)’
2
(Jgn IXI7PP ulP dx)? < C(a, b, n) [ Ix|722|Vul2dx  for all u € C(R").

2
Writing v(x) := |x|~?u(x), this rewrites with v := a(n—2 — a) < % as:

|u‘2*(s) 2%(5) ) u2
/ dx < C(n,'y,s)/ (|Vu\ — 2) dx forue CZ°(R").
ro x| RN [x]
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Singular Yamabe -type problems

Define for any Q2 C R”", the best constant

2

. Jo (IVul? = 7727 o

Hry,s(2) = _inf 5

ueDL:2(Q)\ {0} (f [u]2*(9) dx) 2% (s)
Q

[x]*

Again, if the singularity 0 € Q, then for 0 < s <2 and v < (n— 2)2/4,
Hry,s(R2) = py,s(R”).
The infimum is never attained unless Q = R".

What about domains such that 0 € 997
Are there extremals for 11,,s(€2)? i.e., positive solutions to the Euler-Lagrange equation

uz*(s)—1

—Au— 7¢ = EE on Q
u > 0 on Q (3)
u = 0 on 99Q.
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> Gh-Robert (2006) If ¥ =0 and s > 0, then there are extremals for all n > 3,
provided the mean curvature of 9Q at 0 is negative. Hence, there are positive
solutions for

—Au = % on Q
u > on Q (4)
u = 0 on 09Q.

Note: There is no small-dimension phenomenon!
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> Gh-Robert (2006) If ¥ =0 and s > 0, then there are extremals for all n > 3,
provided the mean curvature of 9Q at 0 is negative. Hence, there are positive
solutions for

—Au = % on Q
u > 0 on Q (4)
u = 0 on 09Q.

Note: There is no small-dimension phenomenon!

2
> Chern-C.S.Lin (2010) If v < @ and s > 0, then there are extremals for all

n > 3, provided the mean curvature of 9 at 0 is negative, i.e., there are positive
solutions for

—Au -y = o (5;1 on Q
x| [x] 5
u > 0 on Q2 (5)
u = 0 on 0Q.

Same for s = 0 provided n > 4 and v > 0.
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> Gh-Robert (2006) If ¥ =0 and s > 0, then there are extremals for all n > 3,
provided the mean curvature of 9Q at 0 is negative. Hence, there are positive
solutions for

—Au = % on Q
u > 0 on Q (4)
u = 0 on 09Q.

Note: There is no small-dimension phenomenon!

2
> Chern-C.S.Lin (2010) If v < @ and s > 0, then there are extremals for all

n > 3, provided the mean curvature of 9 at 0 is negative, i.e., there are positive
solutions for

—Au -y = o (5;1 on Q
x| [x] 5
u > 0 on Q2 (5)
u = 0 on 0Q.

Same for s = 0 provided n > 4 and v > 0.
What happens if:
1. s=0and n=3.

(n—2)?
2.y 2
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Best constants in Hardy's inequality?

Consider first the best constant in the Hardy inequality

Jo IVul? dx

Jo i o<

Easy to see that if 0 € Q, then ~v4(€2) does not depend on the domain Q C R”

V() = inf ue DY)\ {0} p DY2(Q):=Co(@) ", Jlull = |Vul.

(n—2)?

YH(2) = v (R") = 2

HOWEVER,
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Best constants in Hardy's inequality?

Consider first the best constant in the Hardy inequality

Jo IVul? dx

Jo i o<

Easy to see that if 0 € Q, then ~v4(€2) does not depend on the domain Q C R”

V() = inf ue DY)\ {0} p DY2(Q):=Co(@) ", Jlull = |Vul.

(@) = () = L2
HOWEVER,
Proposition: For 1 < k < n, we have:
<n+2k72)2 - f%kan k\VU\ZdX
2 N ka XR1—k \x\2 o’

where the infimum is taken on u € DL2(RX x R"=k)\ {0} is never achieved. In

particular,
2

n
(RT) = —.
/H( +) 4
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Hardy best constants when 0 € 0Q2

Unlike the case when 0 is in the interior of a domain, we have the following
Proposition: If 0 € 99, then
_2)2 2
10220 @) <
2. yy(Q) = "Tz for every Q such that 0 € 0Q and Q C R7.
; . _ (n—2)?
3. inf{yn(Q); 0 € 0Q} =
4. For every € > 0, there exists a smooth domain Q. such that 0 € 99,
2 2
R C Qe CR"and 7 — e <yp(Qe) < 7
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Hardy best constants when 0 € 0Q2

Unlike the case when 0 is in the interior of a domain, we have the following
Proposition: If 0 € 99, then
_2)2 2
10220 @) <
2. yy(Q) = "Tz for every Q such that 0 € 0Q and Q C R7.

3 . _ (n=2)?
- inf{yp(Q); 0 € 0Q} = 5~
4. For every € > 0, there exists a smooth domain Q. such that 0 € 99,
RYCQ.CR and 7 — e < y(Qe) < 2.
. and a Caffarelli-Kohn-Nirenberg inequality on R :
There exists C := C(a, b, n) > 0 such that for u € C°(RX x R"—F),

2
- a ! 20—
</k x4 (Mfyx) u|q> <cf o (nt) K v,
JRE xRn—k JRE xRn—k

where

n—2+42k 2n

Th-2+2(0b-a) ©)
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Back to the best constant

More importantly, we then have for any v < n2/4, 0<5<2 2%s):= %,
2
[u]2"(9) 2%(s) , . ) 2 ]
/n FE dx C,,,YS/ <\Vu| —7‘ \2> dx for ue C(R").
+ RY

For Q C R", the best constant p+ s(2) := inf{ls(Q); u € C(Q) \ {0}}, where
2
o (IVuP = 738) o
2 )
|u|2* () (5
(fQ u|x|5 dX)
Again, for any Q with 0 € Q, we have for 0 < s < 2 and v < () = (n —2)?/4

Hy,s(2) = piny,s(R").
The infimum is never attained unless Q = R".

Is~(u) ==

What about domains such that 0 € 9Q7?
We already know that

> 1y,s() > 0, whenever 0 < s < 2 and v < vy(Q) < n?/4.
> fivy,s(R) < py,s(R7), hence is attained if s >0, n >3 and v < (=27 2) .

What happens in the remaining cases? that is when

v € @,W(Q)) C {@%2)
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The full range of v when s > 0

Theorem

Let Q be a bounded smooth domain of R" (n > 3) such that 0 € 9. In particular
2
(=2 () < T Let0<s <2

1 Ifyy(Q) < v < ﬁ, then there are extremals for p~ s(S2) for every s € [0,2) and
any n > 3.

2. If v < y4(R2) and s > 0, then

2
> v < "T71 and the mean curvature of OS2 at 0 is negative.

2
> v > "1 and the Hardy b-mass m.,(Q) is positive.

Table: Singular Sobolev-Critical term: s > 0

[ Hardy term [ Dimension | Geometric condition | Extremal |
2
—o0o <y < "Tfl n>3 Negative mean curvature at 0 Yes
v 2
"Til <y<7 n>3 Positive boundary-mass Yes
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Critical cases: s =0

Table: Non-singular Sobolev-Critical term: s = 0

[ Hardy term [ Dim. | Geometric condition [ Extremal |
7
0<y< "T71 n=3 Negative mean curvature at 0 & Positive internal mass Yes
n>4a Negative mean curvature at 0 Yes
2 — .

"Tfl <v< 5 n=3 Positive boundary-mass & Positive internal mass Yes
n>4 Positive boundary mass Yes

~¥<0 n>3 - No

Theorem Let Q be a bounded smooth domain of R3 such that 0 € 9Q. In particular
<@ <l

> If v4(Q) < v < 7, then there are extremals for 11, 0(€).

> If 0 < v < y(R), and if there exists xg € Q such that Ry(2,xp) > 0, then there

are extremals for jiy,0(£2), under either one of the following conditions:

1. v < 2 and the mean curvature of 9Q at 0 is negative.
2. v > 2 and the mass m, () is positive.
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Standard scheme but the challenge is in the implementation

Standard fact: (Dating back to the Yamabe problem (Trudinger, Aubin)

IF f1y,5(R2) < pivy,s(R7 ), then there are extremals for i,s(2).
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Standard scheme but the challenge is in the implementation

Standard fact: (Dating back to the Yamabe problem (Trudinger, Aubin)
IF f1y,5(R2) < pivy,s(R7 ), then there are extremals for i,s(2).
Another standard fact: Use the nonnegative extremal U € D}2(R7) for p+,s(R7) (if

it exists) to build test functions. Besides existence, one needs information on the
profile i.e. behavior at 0 and at infinity.
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Standard scheme but the challenge is in the implementation

Standard fact: (Dating back to the Yamabe problem (Trudinger, Aubin)
IF f1y,5(R2) < pivy,s(R7 ), then there are extremals for i,s(2).

Another standard fact: Use the nonnegative extremal U € D}2(R7) for p+,s(R7) (if
it exists) to build test functions. Besides existence, one needs information on the
profile i.e. behavior at 0 and at infinity.

Proposition (Existence on R ): Fix v < % and s € [0,2) with n > 3. Then,
1. If either {s > 0} or {s =0, v > 0 and n > 4}, then py (R’ ) is attained.
2. If {s =0 and v < 0}, there are no extremals for p o(R7 ).
3. The only unknown situation on R’ is when {s =0, n =3 and v > 0}, BUT:
. . 0 | Vul? dx
If 1y ,0(R7) is not attained, then py o(R7) = in Jpn [Vl
T T e V2@ (0} (fun [uf2* a2
Theorem (Symmetry on R7): If u € DL2(R7) is an extremal for 11 0(R7), then
uo o = u for all isometry of R” such that o(R}) = R/.. In particular, there exists
v € C((0, +00) x R) such that for all x; > 0 and all x’ € R"~1, we have that
u(xa, x') = v(x, [x]).

Question (Behavior at 0 and o)
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The three main cases

n—2
Define we(x) := n(x) (577 U(e_1~)) 0 ¢ 1(x), where 7 is a cut-off around 0 and ¢
is a chart mapping locally R, on Q.

2
LIify<® ;1, then [opn [x]2|VUJ? dx < +00, then the test functions ue work:
+

sy (ue) = py,s(RY) + Coysy - H(0) - €+ o(e)
where H(0) is the mean curvature of 9 at 0.
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The three main cases

n—2
Define we(x) := n(x) (577 U(e_1~)) 0 ¢ 1(x), where 7 is a cut-off around 0 and ¢
is a chart mapping locally R, on Q.

2
LIify<® ;1, then [opn [x]2|VUJ? dx < +00, then the test functions ue work:
+

[/ (10) = 7 5(RY) + Crory - H(0) -+ 0(0)
where H(0) is the mean curvature of 9 at 0.

n’—1
4

to establish that U behaves exactly like xq|x| ™+ at infinity.
ls 3 () = p,s(R1) + Cos.y - H(0) - €In(1/€) + o(cIn(1/)) |

2. For vy =

one needs a finer analysis of the linear operator L, := —A — #
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The three main cases

n—2
Define we(x) := n(x) (577 U(e_1~)) 0 ¢ 1(x), where 7 is a cut-off around 0 and ¢
is a chart mapping locally R, on Q.

2
LIify<® ;1, then [opn [x]2|VUJ? dx < +00, then the test functions ue work:
+

[/ (10) = 7 5(RY) + Crory - H(0) -+ 0(0)
where H(0) is the mean curvature of 9 at 0.

2_ . . .
= L one needs a finer analysis of the linear operator Ly :=-A

2. For v = —#

to establish that U behaves exactly like xq|x| ™+ at infinity.
ls 3 () = p,s(R1) + Cos.y - H(0) - €In(1/€) + o(cIn(1/)) |

2 2 .
3. For Z ;1 <y < "T, then one constructs global profiles ve,

—a_

Ve(x) = ue(x) + eourf B(x), where

B(x) = my(Q) d(x‘,QBQ) +o (d(x’am> as x — 0.

[x]%= Ix|“ =
in such a way that
[l (v0) = p17,5(R]) = Cosy = o (R) - €™+ fo(e+ )
where m,(2) is the Hardy-singular boundary mass of Q.
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The analysis of the linear operator

On RY, we define uq(x) := x1|x|~% for a € R. The first remark is that

— #ua =0inR] & {a=a_(y) ora=oat(7)}

n n? n n?
a—(7) =5\ g —end ai(7) =St 7

Note: a_ < g < a4, which points to the difference between the two canonical

Aug

where

solutions, one is variational namely x + xi|x| =%~ is locally in D1?(R7), and the
“large one” x — x1|x|~+() is not.

Note: the analogy with the case of harmonic functions on R” (i.e., solutions of
Au=0o0nR"\ {0}):

Alx|7# =0inR"\ {0} & {8=00r =n—2}.

On the Hardy-Sobolev operator with a boundary singularity
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A classification of all solutions on R

All non-negative solutions of Lyu =0 on R} turned out to be a linear combination of
the two basic ones. Indeed, we prove the following:

Theorem: Let u € C2(RT \ {0}) be a nonnegative function such that

~

—Au— —
x|

u=0inR]; u=0ondR].

Then there exist A_, Ay > 0 such that

u(x) = Axt|x| 7% + Apxq|x| T4 for all x € R

Remark: We eventually show that x — d(x, 8Q)|x|~%—(7) is essentially the profile at
0 of any variational solution —positive or not— of equations of the form L,u = f(x, u),
[2° ()

IXIS )'

|v

as long as the nonlinearity f is dominated by C(|v|+
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Regularity and Hopf-type lemma

Theorem: Consider u € D%2(Q) that is locally (around 0) a solution to

(s

2% (s)—2
where |f(x, u)| < C|u| (1 + MT) 7 > 0. Then there exists K € R such that

u(x) =K

d(x,fQ) ‘o (d(x,ot?Q)
x| X%~

) when x — 0.

Moreover, if u >0, u # 0, then K > 0.

Remark 1: when v = 0, we have a— = 0 and this is exactly Hopf's lemma
(K =—-38,u(0) > 0).

Remark 2: Unlike the case when L, = Ly = —A) or when the singularity 0 is in the
interior, the standard DeGiorgi-Nash-Moser iterative scheme is not sufficient to obtain
n

the required regularity. It only yields that u € LP for all p < pp < PGS

Remark 3: However, the improved order pg is enough to allow for the inclusion of the
nonlinearity f(x, u) in the linear term, hence reducing the analysis to when f(x, u) = 0.
We get the conclusion by constructing super- and sub- solutions to the linear equation
behaving like the canonical solutions.
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Profile of the limiting solution

Theorem: Assume v < "72 and let u € D172(R£’r), u >0, u# 0 be a weak solution to

vy oo u .o
—AU—WU77|X|S in RY.

Then, there exist K1, K» > 0 such that
X1 X1

u(X) ~x—0 Klm and u(x) ~|x| =400 KQW.

Remark: This description of the profile of variational solutions allows to construct

2
sharper test functions and to prove existence of extremals up to v = "T’I.
Indeed, the estimates

u(x) < Galx|~+) and  |[Vu(x)| < Clx|=+0) for all x € R7. (7)

and the fact that )

y< T s ar(m) —as(y) > 1

2
yield that if v < Z ;1, then |x/|2|01u]2 = O(]x'|>~22+(")) as |x'| — +o0 on

OR? = R""1, from which we could deduce that x” — |x'[2[1u(x’)|? is in L1(OR7).

2
This estimate does not hold when ~ > "Tfl.
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Classification of positive singular solutions

To deal with the remaining cases for 7, we need the following result which describes
the general profile of any positive solution of L, u = a(x)u, albeit variational or not.

Theorem: Let u € C?(Q2 N Bs(0) \ {0}) be a positive solution to

i

Au— —
x|

u=0in QN Bs(0)\{0}; wu=0on(82)N Bs(0).

Then, either u behaves like d(-, Q)|x| =) or like d(-, 8Q)|x| =+,
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Classification of positive singular solutions

To deal with the remaining cases for 7, we need the following result which describes
the general profile of any positive solution of L, u = a(x)u, albeit variational or not.

Theorem: Let u € C?(Q2 N Bs(0) \ {0}) be a positive solution to

v

Au— —
x[?

u=0in QN Bs(0)\{0}; wu=0on(82)N Bs(0).

Then, either u behaves like d(-, Q)|x| =) or like d(-, 8Q)|x| =+,

A Harnack inequality: Let Q be a smooth bounded domain of R”, a € L*°(Q2) and U
an open subset of R". Consider u € C2(U N Q) to be a solution of

—Agu+au=0 inUNQ
u>0 InUNQ
u=0 on UNOJoQ,

where g is a smooth metric on U. If U’ CC U is such that U’ N Q is connected, then
there exists C > 0 depending only on Q, U’, ||a||cc and g such that
ux) o u)
d(x,0Q) = d(y,00)

for all x,y € U' N Q. (8)

> Sub- super-solutions of the linear equations that behave like the two models (one
needs to compensate the mean curvature).

> A notion of distributional solutions that distinguish the variational and the
non-variational solutions.
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A notion of singular boundary mass

2
What about the case v > "T_l'!

This involves a notion of mass in the spirit of Schoen-Yau:

2
Proposition: Fix 2 ;1 <y < v4(2). Then, up to a positive multiplicative constant,

31G € C?(Q2\ {0}) such that

AG — ﬁG =0 inQ
G>0 in Q
G=0 on 90\ {0}
Moreover, there exists C;, C; € R, C; > 0, such that
6(x) = G d(x,00) iC d(x,00) o (d(x, 89))

[x]o+ 2 Ix = Ix]%=

when x — 0. We define the mass as

G

e R.
G

my(Q) :=

Nassif Ghoussoub, UBC
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Is there any domain in R” with positive singular mass?

1. The map Q — m,(Q) is a monotone increasing function on the class of domains
having zero on their boundary, once ordered by inclusion.

2 2

2. my(RY) = 0 for any "Tfl <y < "T., and ther?f.ore the mass of any one of its
subsets having zero on its boundary is non-positive.
In particular, m,(£2) < 0 whenever Q is convex and 0 € 9.

3. On the other hand, we have examples of bounded domains Q2 in R"” with 0 € 9Q
and with positive mass m+(€2) > 0.

4. We have examples of domains with positive/negative mass with any local
behavior at 0.

In other words, the sign of the Hardy b-mass is totally independent of the local
properties of 92 around 0.
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2

The remaining case, i.e., n=3 and s =0 and v € (0, %)

In this situation, there may or may not be extremals for p, o(R ).
1. If they do exist, one can argue as before —using the same test functions— to get:
2
> Either v < "Tfl and the mean curvature of 9 at 0 is negative

2
> Or v > Z! and the mass m, () is positive.

2. If no extremal exist for piy o(R"} ), then piy o(R) = po,0(R’}), the best constant
in the Sobolev inequality. We are back to the case of the Yamabe problem with
no boundary singularity.

One then resorts to a more standard notion of mass R, (2, xp) associated to an
interior point xg € Q and construct test-functions in the spirit of Schoen: For
v € (0,v4(R2)), any solution G of
7AG7ﬁG:0 in Q\ {x}
G>0 inQ\{x}
G=0 ondQ\{0},

is unique up to multiplication by a constant, and that for any xp € €, there exists

Ry(€2, x0) € R (independent of G) and cg > 0 such that

G(x) = c¢ ( + Rv(Q,xo)) +o(1) asx— x.

|x — xo|"—2

The quantity Ry(€,xp) is well defined.
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Table: The critical cases: s =0

[ Hardy term [ Dim. | Geometric condition [ Extremal |
P
0<y< A n=3 Negative mean curvature at 0 & Positive internal mass Yes
n>4a Negative mean curvature at 0 Yes
oy < o n=3 Positive boundary-mass & Positive internal mass Yes
n>4a Positive boundary mass Yes
v<0 n>3 - No
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