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Finite disjoint union Theorem

Theorem (Folkman)

For every pair of positive integers m and r there is integer ng such that
for every r-coloring of the power-set P(X) of some set X of
cardinality at least n, there is a family D = (D;)!, of pairwise
disjoint nonempty subsets of X such that the family

U(D) = {UDi DA1C{1,2, m}}

iel

of non-empty unions is monochromatic.
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Infinite disjoint union Theorem

Theorem (Carlson-Simpson)

For every finite Souslin measurable coloring of the power-set P(w) of
w, there is a sequence D = (Dy)n<., of pairwise disjoint subsets of the
natural numbers such that the set

UuMdD) = { U D, : M is a non-empty subset ofw}

neM

is monochromatic.
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Trees
A tree is a partially ordered set (7, <r) such that
Predr(t) ={s €T :s<rt}

is is finite and totally ordered for all ¢ in 7.
We consider only uniquely rooted and finitely branching trees with
no maximal nodes.
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For n < w, the n-th level of T, is the set

T(n) = {t € T : |Predp(t)| = n}.
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For a subset D of T, we define its level set

Ly(D)={n€w:DNT(n)#0}
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From now on, fix an integer d > 1.
A vector tree
T=(T,...,Ts)

is a d-sequence of uniquely rooted and finitely branching trees with
no maximal nodes.

I\ W\ Wy

T T Ty
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Level products

For a vector tree T = (T, ..., Ty) we define its level product as

T = Ti(n) x ... x Tu(n)

n<w

The n-th level of the level product of T is
®T(n) =T (n) X ... x Tg(n).

RE: 1 1 x — @T(3)
x = @T(2)
/ - AY x — ©T(1)
v A x = @T(0)

T Ty Ty

Konstantinos Tyros A disjoint union theorem for trees



Let T = (Ty, ..., T4) a vector tree.
Fort = (t1,...,t4) and s = (s, ...,54) in T, set

t<rsiffy ST, siforalli=1,....,d.

Fort = (11, ...,17) in ®T, we define

Sucer(t) = {s € T : t <y s}
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Vector subsets and dense vector subsets products

A sequence D = (Dy, ..., Dy) is called a vector subset of T
if D; is a subset of 7; foralli =1, ...,d and

Lr,(D1) = ... = Lz,(Dy).

For a vector subset D of T we define its level product

RD = U T] ﬁD] . X (Td(n) de).

n<w
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Vector subsets and dense vector subsets products

A sequence D = (Dy, ..., Dy) is called a vector subset of T
if D; is a subset of 7; foralli =1, ...,d and

Lr,(D1) = ... = Lz,(Dy).

For a vector subset D of T we define its level product

RD = U T] ﬁD] . X (Td(n) de).

n<w

Fort € ®T, a vector subset D of T is t-dense, ,

(Vn)(Im) (Vs € @T(n) N Sucer(t)(Is' € T(m) N ®D) s <t s’

D is called dense if it is root(®T)-dense.
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Dense vector subset

L

-~ —
~—____—
o

T

(Vn)(3m)(¥s € @T(n) N Sucer(t)(3s' € @T(m) N @D) s <15




The Halpern—Lauchli Theorem

Theorem (Halpern—Lauchli)

Let T be a vector tree. Then for every dense vector subset D of T and
every subset P of ®D, there exists a vector subset D' of D such that
either

(i) @D’ is a subset of P and D' is a dense vector subset of T, or

(i1) @D’ is a subset of P and D' is a t-dense vector subset of T for
some tin QT.
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Let T be a vector tree. We define
U(T) ={U C ®T : U has a minimum}.

We let U(T) take its topology from {0, 1}®T.
Let D be a vector subset of T.
A D-subspace of ¢/(T) is a family

U = (Ut)teep

such that
Q@ Ui € U(T) forall t € RD,
Q@ UsNUy =0 fors +#t,
© min Uy = tforallt € ®D.
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The span of a subspace

For a subspace U = (Ut)icgp(u) We define its span by

U ={Jt: I cepu)}num
tel’
_ { JUi: T C@D(U)and T € L{(T)}.
tel

If U and U’ are two subspaces of U (T), we say that U’ is a subspace
of U, and write U’ < U, if [U’] C [U].

U’ < U implies that D(U’) is a vector subset of D(U).
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Disjoint union Theorem for vector trees

Theorem

Let T be a vector tree and P a Souslin measurable subset of U(T).
Also let D be a dense vector subset of T and U a D-subspace of U(T).
Then there exists a subspace U' of U(T) with U' < U such that either

(i) [U'] is a subset of P and D(U') is a dense vector subset of T, or
(ii) [U'] is a subset of P¢ and D(U') is a t-dense vector subset of T
for some tin QT.

H|
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Corollary (Carlson—Simpson)

For every finite Souslin measurable coloring of P(w) there is a
sequence D = (D)< of pairwise disjoint subsets of w such that the
set U(D) is monochromatic.
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Corollary (Carlson—Simpson)

For every finite Souslin measurable coloring of P(w) there is a
sequence D = (D)< of pairwise disjoint subsets of w such that the
set U(D) is monochromatic.

Let A be a finite alphabet. We view the elements of A% as infinite
constant words over A. Also let (v,), be a sequence of distinct
symbols that do not occur in A.
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Corollary (Carlson—Simpson)

For every finite Souslin measurable coloring of P(w) there is a
sequence D = (D)< of pairwise disjoint subsets of w such that the
set U(D) is monochromatic.

Let A be a finite alphabet. We view the elements of A% as infinite
constant words over A. Also let (v,), be a sequence of distinct
symbols that do not occur in A. An infinite dimensional variable word
isamapf :w — AU{v, : n € N} such that for every n we have that
£ () # 0 and max £~ (v,) < minf~! (vig1).
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Corollary (Carlson—Simpson)

For every finite Souslin measurable coloring of P(w) there is a
sequence D = (D)< of pairwise disjoint subsets of w such that the
set U(D) is monochromatic.

Let A be a finite alphabet. We view the elements of A% as infinite
constant words over A. Also let (v,), be a sequence of distinct
symbols that do not occur in A. An infinite dimensional variable word
isamapf :w — AU{v, : n € N} such that for every n we have that
F1(vs) # 0 and max = (v,) < minf~'(v,q1). If (@,), € A“ then
by f((an)n) we denote the constant word resulting by substituting
each occurrence of v, by ay.
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Corollary (Carlson—Simpson)

For every finite Souslin measurable coloring of P(w) there is a
sequence D = (D)< of pairwise disjoint subsets of w such that the
set U(D) is monochromatic.

Let A be a finite alphabet. We view the elements of A% as infinite
constant words over A. Also let (v,), be a sequence of distinct
symbols that do not occur in A. An infinite dimensional variable word
isamapf :w — AU{v, : n € N} such that for every n we have that
F1(vs) # 0 and max = (v,) < minf~'(v,q1). If (@,), € A“ then
by f((an)n) we denote the constant word resulting by substituting
each occurrence of v, by ay.

Let A be a finite alphabet. Then for every Souslin measurable
coloring of A there exists an infinite dimensional word such that the
set {f((an)n) : (an)n € A¥} is monochromatic.
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Hales-Jewett Theorem for Trees

We fix a vector tree T.
Fix a finite alphabet A.
Form < n < w, set

W(A, T,m,n) = A®TImn)

where ®T | [m,n) = [J'=} @T(j). We also set

J=m

W(A,T) = | WA, T,m,n).

m<n
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Let (vs)segT be a collection of distinct variables, set of symbols
disjoint from A.

Fix a vector level subset D of T. Let

WV(A7 T? D? m? n)

to be the set of all functions

f:Q®T | [myn) = AU{vs:s € D}

such that

@ The set f~!({vs}) is nonempty and admits s as a minimum in
QT, for all s € QD.

@ Forevery s and s’ in ®D, we have

Ler(f~' ({vs})) = Lex (' ({vs }))-
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Forf € W, (A, T,D,m,n), set
ws(f) = D, bot(f) = m and top(f) = n.
Moreover, we set

W, (A, T) = U {W,(A,T,D,m,n) : m <nand
D is a vector level subset of T

with Ly(D) C [m,n)}.

The elements of W, (A, T) are viewed as variable words over the
alphabet A.

Konstantinos Tyros A disjoint union theorem for trees



For variable words f in W, (A, T) we take substitutions:

For every family a = (as)segws(r) S A, let

f(a) € W(A, T) be the result of substituting for every s in @ws(f)
each occurrence of vg by as, .

Moreover, we set

[fla={f(a): a= (as)s€®ws(f) C A},

the constant span of f.
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An infinite sequence X = (fy,)n<w in W, (A, T) is a subspace, if:
Q@ bot(fy) = 0.
@ bot(f,+1) = top(f,) forall n < w.
@ Setting D; = J,, ., wsi(fy) foralli = 1, ...,d, where

ws(fy) = (ws1(f), ..., wsa(fy)), we have that (Dy, ..., D;) forms
a dense vector subset of T.

For a subspace X = (f;,)n<. we define

n
[X]p = { qu : n<wandg, € [fy]a forall g :O,...,n}.
q=0
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An infinite sequence X = (fy,)n<w in W, (A, T) is a subspace, if:
Q@ bot(fy) = 0.
@ bot(f,+1) = top(f,) forall n < w.
@ Setting D; = J,, ., wsi(fy) foralli = 1, ...,d, where

ws(fy) = (ws1(f), ..., wsa(fy)), we have that (Dy, ..., D;) forms
a dense vector subset of T.

For a subspace X = (f;,)n<. we define

n
[X]p = { qu : n<wandg, € [fy]a forall g :O,...,n}.
q=0

For two subspaces X and Y, we write X < Y if [X]|x C [Y]a.
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An infinite Hales-Jewett theorem for trees

Let A be a finite alphabet and T a vector tree. Then for every finite
coloring of the set of the constant words W(A, T) over A and every
subspace X of W(A, T) there exists a subspace X' of W(A, T) with
X' < X such that the set [X'| 5 is monochromatic.

Konstantinos Tyros A disjoint union theorem for trees



A Ramsey space of sequences of words

Let W (A, T), be the set of all sequences (g, )n<w in W(A, T) such
that:

© bot(gp) = 0and
@ bot(g,+1) = topg, forall n < w.
For a subspace X, we set

XIR = {(8n)n<w € WA, T) : (Vn < w) | ) g € [X]a-
q=0

Let A be a finite alphabet and T a vector tree. Then for every finite
Souslin measurable coloring of the set W° (A, T) and every subspace
X of W(A, T) there exists a subspace X' of W(A, T) with X' < X such
that the set [X'|%° is monochromatic.
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