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Complex Hilbert C'*-modules

Complex Hilbert C*-module

A : complex C*-algebra.

V : complex Hilbert A-module if V' is a (right) A-module,

3(,): V xV — A such that

Q (z,\y+2z2)=XNaz,y) + (x,2), Va,y,2€ VA € C;

Q (z,ya) = (x,y)a, Va,y eV, a € A;

Q (z,y)* = (y,z), Vz,y eV,

Q (z,2) >0, Vo eV, (z,x2)=0iffz=0;

@ V is complete with respect to the norm ||z|| = ||(z, z)| /2.
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Complex Hilbert C'*-modules

Examples

o A : complex C*-algebra.
Then A is a Hilbert A-module with {(a,b) = a*b.
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Complex Hilbert C'*-modules

Examples

o A : complex C*-algebra.
Then A is a Hilbert A-module with {(a,b) = a*b.

e H : complex Hilbert space with inner product (-,-).
Then H is a Hilbert C-module with (h, k) = (k, h).
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Complex Hilbert C'*-modules

Examples

o A : complex C*-algebra.
Then A is a Hilbert A-module with {(a,b) = a*b.

e H : complex Hilbert space with inner product (-,-).
Then H is a Hilbert C-module with (h, k) = (k, h).
o H={h:he H}: conjugate linear isomorphic to H.
Then H is a Hilbert C-module with h- A = \h and (h, k) = (h, k).
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Complex Hilbert C'*-modules

Examples

o A : complex C*-algebra.
Then A is a Hilbert A-module with {(a,b) = a*b.

e H : complex Hilbert space with inner product (-,-).

Then H is a Hilbert C-module with (h, k) = (k, h).
o H={h:he H}: conjugate linear isomorphic to H.

Then H is a Hilbert C-module with h- A = \h and (h, k) = (h, k).
e K(H) : C*-algebra of compact operators on H.

Then H is a Hilbert K (H)-module, denoted by H -, with

h-T =T*(h) and (h,k) = h® k.

Here h ® k is the rank-one operator defined by h ® k(x) = (x, k)h.
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Motivation

Motivation

e H, K : complex Hilbert spaces.

every surjective C-linear isometry T': H — K is unitary, i.e.,

(Th,Tk) = (h, k).

0C. Lance, Hilbert C*-modules, London Mat. Soc. Lecture Notes Series, 210,
cambridge University Press, Cambridge, 1995.
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Motivation

Motivation

e H, K : complex Hilbert spaces. = complex Hilbert C-modules

every surjective C-linear isometry T': H — K is unitary, i.e.,

(Th,Tk) = (h, k).

0C. Lance, Hilbert C*-modules, London Mat. Soc. Lecture Notes Series, 210,
cambridge University Press, Cambridge, 1995.

Ming-Hsiu Hsu, Ngai-Ching Wong Linear isometries of Hilbert C'*-modules



Motivation

Motivation

e H, K : complex Hilbert spaces. = complex Hilbert C-modules
every surjective C-linear isometry T': H — K is unitary, i.e.,

(Th,Tk) = (h, k).

Lemma

A : complex C*-algebra.
V., W : complex Hilbert A-modules.
T :V — W is a surjective C-linear isometry. Then

T is A-linear, T(xza) = (Tx)a, = T is unitary, (Tz, Ty) = (z,y).

0C. Lance, Hilbert C*-modules, London Mat. Soc. Lecture Notes Series, 210,
cambridge University Press, Cambridge, 1995.
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Motivation

Motivation

e H, K : complex Hilbert spaces. = complex Hilbert C-modules
every surjective C-linear isometry T': H — K is unitary, i.e.,

(Th,Tk) = (h, k).

Lemma

A : complex C*-algebra.
V., W : complex Hilbert A-modules.
T :V — W is a surjective C-linear isometry. Then

T is A-linear, T(xza) = (Tx)a, < T is unitary, (T'z,Ty) = (x,y).

0C. Lance, Hilbert C*-modules, London Mat. Soc. Lecture Notes Series, 210,
cambridge University Press, Cambridge, 1995.
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Motivation

Lemma

A, B : complex C*-algebras.

V,W : complex Hilbert A, B-modules, respectively.
T :V — W is a surjective C-linear isometry.

OP. S. Muhly and B. Solel, On the Morita equivalence of tensor algebras, Proc.
London Math. Soc. 81 (2000), 113-118.
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Motivation

Lemma

A, B : complex C*-algebras.

V,W : complex Hilbert A, B-modules, respectively.
T :V — W is a surjective C-linear isometry.

«: A — B : x-isomorphism. Then

T is a module map, T(za) = (Tz)a(a),
if and only if

T is unitary, (Tz, Ty) = a({z,y)).

OP. S. Muhly and B. Solel, On the Morita equivalence of tensor algebras, Proc.
London Math. Soc. 81 (2000), 113-118.
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o Co(X, H) : space of conti. H-valued functions vanishing at infinity.
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o Co(X, H) : space of conti. H-valued functions vanishing at infinity.
e Co(X, H) : Hilbert Cy(X)-module with

(f)(z) = f(x)p(x), feCo(X,H) ¥ e Co(X),
(f;9)(x) = (f(z),9(x)), f,g€ Co(X, H).

)-
(
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Motivation

o Co(X, H) : space of conti. H-valued functions vanishing at infinity.
e Co(X, H) : Hilbert Cy(X)-module with

(f)(z) = f(x)p(x), feCo(X,H) ¥ e Co(X),
(f;9)(x) = (f(z),9(x)), f,g€ Co(X, H).

)-
(

Lemma (Banach-Stone Theorem)

T:Co(X,H) — Cy(Y, K) a surjective linear isometry.
Then 3 ¢ :Y — X a homeo., hy, : H — K : unitary, ¥V y € Y such that
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Motivation

o Co(X, H) : space of conti. H-valued functions vanishing at infinity.
e Co(X, H) : Hilbert Cy(X)-module with

(f)(z) = f(x)p(x), feCo(X,H) ¥ e Co(X),
(f;9)(x) = (f(z),9(x)), f,g€ Co(X, H).

)-
(

Lemma (Banach-Stone Theorem)

T:Co(X,H) — Cy(Y, K) a surjective linear isometry.
Then 3 ¢ :Y — X a homeo., hy, : H — K : unitary, ¥V y € Y such that

o a:Co(X)— Co(Y), ) — oy : x-isomorphism.
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Motivation

o Co(X, H) : space of conti. H-valued functions vanishing at infinity.
e Co(X, H) : Hilbert Cy(X)-module with

(f)(z) = f(x)p(x), feCo(X,H) ¥ e Co(X),
(f;9)(x) = (f(z),9(x)), f,g€ Co(X, H).

)-
(

Lemma (Banach-Stone Theorem)

T:Co(X,H) — Cy(Y, K) a surjective linear isometry.
Then 3 ¢ :Y — X a homeo., hy, : H — K : unitary, ¥V y € Y such that

o a:Co(X)— Co(Y), ) — oy : x-isomorphism.

T(f)(y)
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Motivation

o Co(X, H) : space of conti. H-valued functions vanishing at infinity.
e Co(X, H) : Hilbert Cy(X)-module with

(f)(z) = f(x)p(x), feCo(X,H) ¥ e Co(X),
(f;9)(x) = (f(z),9(x)), f,g€ Co(X, H).

)-
(

Lemma (Banach-Stone Theorem)

T:Co(X,H) — Cy(Y, K) a surjective linear isometry.
Then 3 ¢ :Y — X a homeo., hy, : H — K : unitary, ¥V y € Y such that

o a:Co(X)— Co(Y), ) — oy : x-isomorphism.

T(f)(y) = hy(fP(e(y)))
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Motivation

o Co(X, H) : space of conti. H-valued functions vanishing at infinity.
e Co(X, H) : Hilbert Cy(X)-module with

(f)(z) = f(x)p(x), feCo(X,H) ¥ e Co(X),
(f;9)(x) = (f(z),9(x)), f,g€ Co(X, H).

)-
(

Lemma (Banach-Stone Theorem)

T:Co(X,H) — Cy(Y, K) a surjective linear isometry.
Then 3 ¢ :Y — X a homeo., hy, : H — K : unitary, ¥V y € Y such that

o a:Co(X)— Co(Y), ) — oy : x-isomorphism.

T(f9)y) = hy(fe(e(y))) = hy(f(2(y))) - ¥(2(y))
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Motivation

o Co(X, H) : space of conti. H-valued functions vanishing at infinity.
e Co(X, H) : Hilbert Cy(X)-module with

(f)(z) = f(x)p(x), feCo(X,H) ¥ e Co(X),
(f;9)(x) = (f(z),9(x)), f,g€ Co(X, H).

)-
(

Lemma (Banach-Stone Theorem)

T:Co(X,H) — Cy(Y, K) a surjective linear isometry.
Then 3 ¢ :Y — X a homeo., hy, : H — K : unitary, ¥V y € Y such that

o a:Co(X)— Co(Y), ) — oy : x-isomorphism.

T(f9)y) = hy(f(e(y))) = hy (F(2(¥))) - ¥(e(y)) = (TF)(y)a()(y)-
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Motivation

o Co(X, H) : space of conti. H-valued functions vanishing at infinity.
e Co(X, H) : Hilbert Cy(X)-module with

(f) (@) = f(o)p(z), [ e Co(X,H), e Co(X),
(f;9)(x) = (f(z),9(x)), f,g€ Co(X, H).

)-
(

Lemma (Banach-Stone Theorem)

T:Co(X,H) — Cy(Y, K) a surjective linear isometry.
Then 3 ¢ :Y — X a homeo., hy, : H — K : unitary, ¥V y € Y such that

o a:Co(X)— Co(Y), ) — oy : x-isomorphism.

T(f9)(y) = hy(fe(e)) = hy(f(e)) - (e(y) = (Tf)(Y)a(¥)(y)-
e T is a module map, T(fv) = (Tf)a(v),
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Motivation

o Co(X, H) : space of conti. H-valued functions vanishing at infinity.
e Co(X, H) : Hilbert Cy(X)-module with

(f) (@) = f(o)p(z), [ e Co(X,H), e Co(X),
(f;9)(x) = (f(z),9(x)), f,g€ Co(X, H).

)-
(

Lemma (Banach-Stone Theorem)

T:Co(X,H) — Cy(Y, K) a surjective linear isometry.
Then 3 ¢ :Y — X a homeo., hy, : H — K : unitary, ¥V y € Y such that

o a:Co(X)— Co(Y), ) — oy : x-isomorphism.

T(f9)y) = hy(f(e(y))) = hy (F(2(¥))) - ¥(e(y)) = (TF)(y)a()(y)-

e T is a module map, T(fv) = (Tf)a(v),
((f,9))-

equivalently, T" is unitary (T f,Tg) = «
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Question

o A B : complex C*-algebras.
V,W : complex Hilbert A, B-modules.
Is every surjective linear isometry T : V' — W a unitary, equivalently,
module map?
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Question

o A B : complex C*-algebras.
V,W : complex Hilbert A, B-modules.
Is every surjective linear isometry T : V' — W a unitary, equivalently,

module map?

@ Yes, if A and B are commutative.
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Question

o A B : complex C*-algebras.
V,W : complex Hilbert A, B-modules.
Is every surjective linear isometry T : V' — W a unitary, equivalently,
module map?

@ Yes, if A and B are commutative.

@ No, if one of them is noncommutative.
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Example

H : Hilbert C-module with (h, k) = (h, k).
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Example

H : Hilbert C-module with (h, k) = (h, k).
Also, H : Hilbert K (H)-module, denoted by H -, with (h, k) = h @ k.
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Example

H : Hilbert C-module with (h, k) = (h, k).
Also, H : Hilbert K (H)-module, denoted by H -, with (h, k) = h @ k.
The identity map I : Hx — H is a surjective linear isometry.
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Example

H : Hilbert C-module with (h, k) = (h, k).

Also, H : Hilbert K (H)-module, denoted by H -, with (h, k) = h @ k.
The identity map I : Hx — H is a surjective linear isometry.

However, 3 *-isomorphism between K (H) and H if dim H > 1.

Ming-Hsiu Hsu, Ngai-Ching Wongt Linear isometries of Hilbert C'*-modules



Commutative cases

m He H,

@ X : locally compact Hausdorff space.
Hy : topological space.
mx : Hx — X : continuous open surjective map.
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Commutative cases

m He H,

@ X : locally compact Hausdorff space.
Hy : topological space.
mx : Hx — X : continuous open surjective map.

o (Hx,wx) is called a Hilbert bundle over X if each fiber
H, = ﬂ)_(l(x) carries a complex Hilbert space structure,
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Commutative cases

m He H,

@ X : locally compact Hausdorff space.
Hy : topological space.
mx : Hx — X : continuous open surjective map.
o (Hx,wx) is called a Hilbert bundle over X if each fiber
H, = ﬂ)_(l(x) carries a complex Hilbert space structure, and
(1) -, 4+, || - || on Hx are continuous wherever they are defined.
(2) f z € X and {h;} is a net in Hx such that ||h;|| — 0 and
w(h;) = x in X, then h; — 05 (the zero element of H) in Hx.
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Commutative cases

Hy i Hy
—_ f
x ' X

@ A continuous section f of a Hilbert bundle (Hx,7x) is a continuous
function f : X — Hy such that f(z) € H, for all z in X.
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Commutative cases

Hy i H,
e
x 3 X

@ A continuous section f of a Hilbert bundle (Hx,7x) is a continuous
function f : X — Hy such that f(z) € H, for all z in X.

o A Cy-section f: X — Hy is a conti. section vanishing at infinity.
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Commutative cases

@ A continuous section f of a Hilbert bundle (Hx,7x) is a continuous
function f : X — Hy such that f(z) € H, for all z in X.

o A Cy-section f: X — Hy is a conti. section vanishing at infinity.

e Cy(X,Hy) : Banach space of Cy-sections.
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Commutative cases

<Hx,7l'x> = <Hy,7'ry> if and on/y IfCO(X, Hx) = C'()(Y—7 Hy)
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Commutative cases

Theorem
<Hx,ﬂ'x> = <Hy,7'ry> if and on/y IfC()(X, Hx) = C'()(Y—7 Hy)
T:Co(X,Hyx) = Co(Y,Hy) : surjective linear isometry.

Then 3 ¢ : Y — X : homeomorphism, hy : H,,y — H, : unitary,
such that
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Commutative cases

Theorem

(Hx,mx) = (Hy,my) if and only if Co(X,Hx) = Co(Y, Hy ).
T:Co(X,Hyx) = Co(Y,Hy) : surjective linear isometry.

Then 3 ¢ : Y — X : homeomorphism, hy : H,,y — H, : unitary,
such that

The bundle isomorphism is defined by

o = (hy)yEYr i.e., (D‘H = hy

e (y)
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Commutative cases

o Cy(X,Hy) : Hilbert Cy(X)-module with
(fo)(z) = f(x)¥(z), [ € Co(X,Hx), ¢ € Co(X)
(f,9)(x) = (f(2), 9(x)), [,9 € Co(X, Hx).
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Commutative cases

o Cy(X,Hy) : Hilbert Cy(X)-module with
(fo)(z) = f(x)¥(z), [ € Co(X,Hx), ¢ € Co(X)
(f,9)(x) = (f(2), 9(x)), [,9 € Co(X, Hx).
o T:Co(X,Hx) — Co(Y,Hy) : surjective linear isometry. Then
Tf(y) = hy(f((y)))-
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Commutative cases

o Cy(X,Hy) : Hilbert Cy(X)-module with
(fo)(z) = f(x)¥(z), [ € Co(X,Hx), ¢ € Co(X)
(f,9)(x) = (f(2), 9(x)), [,9 € Co(X, Hx).
o T:Co(X,Hx) — Co(Y,Hy) : surjective linear isometry. Then

Tf(y) = hy(f((y)))-
o a:Co(X)— Co(Y), ¥ 1pop: xisomorphism.
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o Cy(X,Hy) : Hilbert Cy(X)-module with
(fo)(z) = f(x)¥(z), [ € Co(X,Hx), ¢ € Co(X)
(f,9)(x) = (f(2), 9(x)), [,9 € Co(X, Hx).
o T:Co(X,Hx) — Co(Y,Hy) : surjective linear isometry. Then
Tf(y) = hy(f((y)))-
o a:Co(X)— Co(Y), ¥ 1pop: xisomorphism.
T(f4)(y)
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o Cy(X,Hy) : Hilbert Cy(X)-module with
(fo)(z) = f(x)¥(z), [ € Co(X,Hx), ¢ € Co(X)
(f,9)(x) = (f(2), 9(x)), [,9 € Co(X, Hx).
o T:Co(X,Hx) — Co(Y,Hy) : surjective linear isometry. Then
Tf(y) = hy(f((y)))-
o a:Co(X)— Co(Y), ¥ 1pop: xisomorphism.
T(f9)(y) = hy(F(e(y)))
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o Cy(X,Hy) : Hilbert Cy(X)-module with
(fo)(z) = f(x)¥(z), [ € Co(X,Hx), ¢ € Co(X)
(f,9)(x) = (f(2), 9(x)), [,9 € Co(X, Hx).
o T:Co(X,Hx) — Co(Y,Hy) : surjective linear isometry. Then
Tf(y) = hy(f((y)))-
o a:Co(X)— Co(Y), ¥ 1pop: xisomorphism.
T(f)(y) = hy(f(p()) = Ry (f(2(y)) - ()
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o Cy(X,Hy) : Hilbert Cy(X)-module with
(fo)(z) = f(x)¥(z), [ € Co(X,Hx), ¢ € Co(X)
(f,9)(x) = (f(2), 9(x)), [,9 € Co(X, Hx).
o T:Co(X,Hx) — Co(Y,Hy) : surjective linear isometry. Then
Tf(y) = hy(f((y)))-
o a:Co(X)— Co(Y), ¥ 1pop: xisomorphism.
T(f)(y) = hy(fP(e(w))) = hy(f(2(¥)) - Y(e(y)) = (TF) () (W) (y).
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o Cy(X,Hy) : Hilbert Cy(X)-module with
(fo)(z) = f(x)¥(z), [ € Co(X,Hx), ¢ € Co(X)
(f,9)(x) = (f(2), 9(x)), [,9 € Co(X, Hx).
o T:Co(X,Hx) — Co(Y,Hy) : surjective linear isometry. Then
Tf(y) = hy(f((y)))-
o a:Co(X)— Co(Y), ¥ 1pop: xisomorphism.
T(f)(y) = hy(fP(e(w))) = hy(f(2(¥)) - Y(e(y)) = (TF) () (W) (y).

e T is a module map, T(f¢) = (Tf)a(9),
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o Cy(X,Hy) : Hilbert Cy(X)-module with
(fo)(z) = f(x)¥(z), [ € Co(X,Hx), ¢ € Co(X)
(f,9)(x) = (f(2), 9(x)), [,9 € Co(X, Hx).
o T:Co(X,Hx) — Co(Y,Hy) : surjective linear isometry. Then
Tf(y) = hy(f((y)))-
o a:Co(X)— Co(Y), ¥ 1pop: xisomorphism.
T(f)(y) = hy(fP(e(w))) = hy(f(2(¥)) - Y(e(y)) = (TF) () (W) (y).

e T is a module map, T(f¢) = (T f)a(9),
equivalently, T is unitary (T'f,Tg) = a({f, g)).
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Commutative cases

V' : Hilbert Cy(X)-module.
Then V = Cy(X,Hx), for some Hilbert bundle (Hx,7x) over X,
i.e., 3 a unitary map

~ LV = Co(X, Hy)

@,7) = (u,v) and vo=7Ds.

OM. J. Dupré and R. M. Gillette, Banach bundles, Banach modules and
automorphisms of C*-algebras, Research Notes in Mathematics 92, Pitman, 1983.
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Commutative cases

Theorem

V' : Hilbert Cy(X)-module. W : Hilbert Co(Y')-module.
T :V — W : surjective linear isometry.

Then T is unitary, equivalently, T is a module map.

Ming-Hsiu Hsu, Ngai-Ching Wong+ Linear isometries of Hilbert C'* -modules



Commutative cases

Theorem

V' : Hilbert Cy(X)-module. W : Hilbert Co(Y')-module.
T :V — W : surjective linear isometry.

Then T is unitary, equivalently, T is a module map.

v Low
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Commutative cases

Theorem

V' : Hilbert Cy(X)-module. W : Hilbert Co(Y')-module.
T :V — W : surjective linear isometry.

Then T is unitary, equivalently, T is a module map.

v Low
)
Co(X,Hx)
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Commutative cases

Theorem

V' : Hilbert Cy(X)-module. W : Hilbert Co(Y')-module.
T :V — W : surjective linear isometry.

Then T is unitary, equivalently, T is a module map.

v Low
- -~
Co(X,Hx) Co(Y,Hy)
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Theorem

V' : Hilbert Cy(X)-module. W : Hilbert Co(Y')-module.
T :V — W : surjective linear isometry.
Then T is unitary, equivalently, T is a module map.

v Low

~ e
Co(X,Hyx) - Co(Y,Hy)
T: Co(X,Hyx) — Co(Y,Hy) : surjective linear isometry,

Tv=T0 and T(f) = hy(f(¢())
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Theorem

V' : Hilbert Cy(X)-module. W : Hilbert Co(Y')-module.
T :V — W : surjective linear isometry.
Then T is unitary, equivalently, T is a module map.

v Low
- ] -
Co(X,Hx) - Co(Y,Hy)

T: Co(X,Hyx) — Co(Y,Hy) : surjective linear isometry,

Tv=T0 and T(f) = hy(f(¢())

o — o —

T(vy) = T(vd) = T(B0) = T(D)(¥) = Twal(y) = (Tv)a(¥)

Ming-Hsiu Hsu, Ngai-Ching Wong+ Linear isometries of Hilbert C'* -modules



Commutative cases

Theorem
V' : Hilbert Cy(X)-module. W : Hilbert Co(Y')-module.
T :V — W : surjective linear isometry.

Then T is unitary, equivalently, T is a module map.

v Low

- A -
Co(X,Hx) - Co(Y,Hy)
T: Co(X,Hyx) — Co(Y,Hy) : surjective linear isometry,
To=To and T(f) = h,(fle))).
T(vy) = T(v¢) = T(@) = T(@O)a(y) = Tva() = (Tv)a(¥)

Thus T is a module map, T'(v¢)) = (Tv)a(v),
equivalently, T is unitary (Tu, Tv) = a({u,v)).
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Noncommutative cases

Noncommutative cases

e V : Hilbert A-module. V' is full if
(V,V) = span{(u,v) : u,v € V'} is dense in A.

Lemma
V, W : complex full Hilbert A, B-modules, respectively.

T :V — W : surjective linear 2-isometry.
Then 3 a x-isomorphism «: A — B such that

T is unitary and a module map.

OB. Solel, Isometries of Hilbert C*-modules, Trans. Amer. Math. Soc. 553
(2001), 4637-4660.

Linear isometries of Hilbert C'*-modules
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Noncommutative cases

V . Hilbert A-module.
Then M, (V) : Hilbert M, (A)-module with the following module action

and inner product.

[xij] [aij] Zu Z TikQkj

n

(i), [yig]) = [bis)s big = D (@hi Uny)s

k=1
for all [z;], [ys;] in M, (V), [ai;] in My (A).
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Noncommutative cases

@ T:V — W : linear map.
Define T, : M, (V) — M, (W) by

Tn((wi)ig) = (T(2i5))ij-

e T : n-isometry if T, is a isometry.

e T : complete isometry if all T, are isometries.
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Noncommutative cases

JB*-triples

@ V : complex vector space.
If 3 {x,y,2} : V3 = V : linear in z and z, conjugate linear in y,
and satisfies the following identities:
(1) {z,y,2} = {2y, 2}
(2) {z,y.{z,u,v}} =
ey 2hw v} = {2 {y, 2, ub, 0} + {z,u,{z,y,v}}.
Then V is called complex Jordan triple,
{z,y, 2} is called Jordan triple product.
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Noncommutative cases

JB*-triples

@ V : complex vector space.
If 3 {x,y,2} : V3 = V : linear in z and z, conjugate linear in y,
and satisfies the following identities:
(1) {z,y,2} = {2y, 2}
(2) {z,y.{z,u,v}} =
ey 2hw v} = {2 {y, 2, ub, 0} + {z,u,{z,y,v}}.
Then V is called complex Jordan triple,
{z,y, 2} is called Jordan triple product.

@ A complex Banach space (V.|| - ||) : JB*-triple if it is a complex
Jordan triple with a continuous triple product and ala, defined by
ala:V =V, b {a,a,b}, satisfies the following conditions:
(a) ala is a hermitian operator on V;

(b) aOa has nonnegative spectrum;
(¢) llaDal| = |lalf.
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Lemma

Let T be a linear bijective map between JB*-triples. Then T is a
isometry if and only if it preserves Jordan triple products,

T{z,y,2} = {Tx, Ty, Tz}.

0C.-H. Chu, Jordan Structures in Geometry and Analysis, Cambridge University
Press, 2012.

0J. M. Isidro, Holomorphic automorphisms of the unit balls of Hilbert C*-modules.
Glasg. Math. J. 45 (2003), no. 2, 249-262.
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Lemma

Let T be a linear bijective map between JB*-triples. Then T is a

isometry if and only if it preserves Jordan triple products,
T{x,y, 2z} ={Tz,Ty,Tz}.

Lemma

Every complex Hilbert C*-module is a JB*-triple with Jordan triple
1
pI’OdUCf {ZL’, Y, Z} = §(x<ya Z> + Z<y, IE>)

0C.-H. Chu, Jordan Structures in Geometry and Analysis, Cambridge University
Press, 2012.

0J. M. Isidro, Holomorphic automorphisms of the unit balls of Hilbert C*-modules.
Glasg. Math. J. 45 (2003), no. 2, 249-262.
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Lemma

Let T be a linear bijective map between JB*-triples. Then T is a
isometry if and only if it preserves Jordan triple products,

T{z,y,2} = {Tx, Ty, Tz}.

Lemma
Every complex Hilbert C*-module is a JB*-triple with Jordan triple

product {z,y,2} = 3 (xly, ) + 2(y, 2)).

V, W : complex Hilbert C*-modules.
T :V — W : surjective linear isometry. Then

T(z(x,z)) = Tx(Tz,Tx).

0C.-H. Chu, Jordan Structures in Geometry and Analysis, Cambridge University
Press, 2012.

0J. M. Isidro, Holomorphic automorphisms of the unit balls of Hilbert C*-modules.
Glasg. Math. J. 45 (2003), no. 2, 249-262.
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Noncommutative cases

o If T'is a 2-isometry, then Ty : Mo(V) — My (V) @ isometry.

T5 preserves Jordan triple products

To(ulu,u)) = Tou(Tou, Tou), YV u € Ma(V). (1)
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Noncommutative cases

o If T'is a 2-isometry, then Ty : Mo(V) — My (V) @ isometry.

T5 preserves Jordan triple products

To(ulu,u)) = Tou(Tou, Tou), YV u € Ma(V). (1)

° Letu(m 0>inM2(V).
)

Then
ulu, u) = < : x(y*,z> )
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Noncommutative cases

o If T'is a 2-isometry, then Ty : Mo(V) — My (V) @ isometry.

T5 preserves Jordan triple products
To(ulu,u)) = Tou(Tou, Tou), YV u € Ma(V). (1)
0
o Letu= ( . > in Ma(V).
Y

Then
ulu, u) = < : x(y*,z> )

The equation (1) becomes

< x T(xly,z)) ) _ ( x Tax(Ty,Tz) )

= T preserves ternary (TRO) products T'(z(y, z)) = Tx(Ty, Tz).
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz)

Linear isometries of Hilbert C'*-modules



Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz)
Define o : (V, V) — (W, W) by

0‘(2 Cl<xlayz>) = Z Cz<TxlaTyl>

=1 =1
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz)
Define o : (V, V) — (W, W) by

n n

0‘(2 Cl<xlayz>) : ZCZ<TxlaTyl>
V and W are full,

=1 =1
a: A — B is a x-isomorphism such that

(Tx, Ty) = a((z,y)).
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz) = T : unitary
Define o : (V, V) — (W, W) by

n n

0‘(2 Cl<xlayz>) = Z Cz<TxlaTyl>

=1 =1
V and W are full,
a: A — B is a x-isomorphism such that

(Tx, Ty) = a((z,y)).
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz) = T : unitary
Define o : (V, V) — (W, W) by

n n

=1 i=i
V and W are full,
a: A — B is a x-isomorphism such that

(Tx, Ty) = a((z,y)).

Assume T is unitary.

(Tw, T(x(y,2))) = al(w,z(y,2)))
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz) = T : unitary
Define o : (V, V) — (W, W) by

n n

=1 i=i
V and W are full,
a: A — B is a x-isomorphism such that

(Tx, Ty) = a((z,y)).

Assume T is unitary.

(Tw, T(x(y,2))) = al(w,2(y,2))) = a((w,2){y,2))
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz) = T : unitary
Define o : (V, V) — (W, W) by

n n

0‘(2 Cl<xlayz>) = Z Cz<TxlaTyl>

=1 =1
V and W are full,
a: A — B is a x-isomorphism such that

(Tx, Ty) = a((z,y)).

Assume T is unitary.

(Tw, T(x(y, 2)))

[
Q
=
&
8
=
&
=
[
Q
—
=
&
=
N
S~
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz) = T : unitary
Define o : (V, V) — (W, W) by

n n

0‘(2 Cl<xlayz>) = Z Cz<TxlaTyl>

=1 =1
V and W are full,
a: A — B is a x-isomorphism such that

(Tx, Ty) = a((z,y)).

Assume T is unitary.

(Tw, T(x(y, 2)))

a((w,a(y, 2))) = al{w, 2)(y, )
= a((w,x))a(ly, =) = (Tw,T2)(Ty, T=)
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz) = T : unitary
Define o : (V, V) — (W, W) by

n n

0‘(2 Cl<xlayz>) = Z Cz<TxlaTyl>

=1 =1
V and W are full,
a: A — B is a x-isomorphism such that

(Tx, Ty) = a((z,y)).

Assume T is unitary.

(Tw, T(x(y, 2)))

a((w,z(y, 2))) = a((w, 2){y, 2))
a((w, z))a({y, z)) = (Tw, Tz)(Ty, Tz)
= (Tw,Tx(Ty,Tz)).

~ ~
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz) = T : unitary
Define o : (V, V) — (W, W) by

n n

0‘(2 Cl<xlayz>) = Z Cz<TxlaTyl>

=1 =1
V and W are full,
a: A — B is a x-isomorphism such that
(T'z,Ty) = a((z,y)).

Assume T is unitary.
(Tw, T(x(y,2))) = al(w,z(y,2))) = a((w,z)(y, 2))

— af(w,2))ally, 2)) = (Tw, Tx) (Ty, T2)
= (Tw,Tx(Ty,Tz)).

~ ~

= T(x(y,z)) = Tax(Ty,Tz).
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz) = T : unitary
Define o : (V, V) — (W, W) by

n n

0‘(2 Cl<xlayz>) = Z Cz<TxlaTyl>

=1 =1
V and W are full,
a: A — B is a x-isomorphism such that

(Tx, Ty) = a((z,y)).

Assume T is unitary.

(Tw, T(x(y, 2)))

a((w,z(y, 2))) = a((w, 2){y, 2))
a((w, z))a({y, z)) = (Tw, Tz)(Ty, Tz)
= (Tw,Tx(Ty,Tz)).

~ ~

= T(x(y,2)) = Tx(Ty, Tz).
= Each T, : M,,(V)) — M,,(W) preserves Jordan triple products.
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz) = T : unitary
Define o : (V, V) — (W, W) by

n n

0‘(2 Cl<xlayz>) = Z Cz<TxlaTyl>

=1 =1
V and W are full,
a: A — B is a x-isomorphism such that

(Tx, Ty) = a((z,y)).

Assume T is unitary.

(Tw, T(x(y, 2)))

a((w,z(y, 2))) = a((w, 2){y, 2))
a((w, z))a({y, z)) = (Tw, Tz)(Ty, Tz)
= (Tw,Tx(Ty,Tz)).

~ ~

= T(x(y,2)) = Tx(Ty, Tz).
= Each T, : M,,(V)) — M,,(W) preserves Jordan triple products.
= T, is a isometry, Vn.
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Noncommutative cases

o T : 2-isometry = T(x(y,2)) = Tx(Ty,Tz) = T : unitary
Define o : (V, V) — (W, W) by

n n

0‘(2 Cl<xlayz>) = Z Cz<TxlaTyl>

i=i i=i
V and W are full,
a: A — B is a x-isomorphism such that
(T'z,Ty) = a((z,y)).

Assume T is unitary.

(Tw, T(x(y, 2)))

a((w,z(y, 2))) = a((w, 2){y, 2))
a((w, z))a({y, z)) = (Tw, Tz)(Ty, Tz)
= (Tw,Tx(Ty,Tz)).

~ ~

= T(x(y,2)) = Tx(Ty, Tz).
= Each T, : M,,(V)) — M,,(W) preserves Jordan triple products.
= T, is a isometry, Vn.= 7' is a complete isometry.
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Noncommutative cases

Summary

Theorem

A, B : complex C*-algebras.
V,W : complex full Hilbert A, B-modules, respectively.
T :V — W : surjective linear isometry. Then TFAE.

Q T : 2-isometry.

@ T : complete isometry.

Q@ (Tz,Ty) = a((z,y)), for some x-isomorphism . : A — B.
Q T(za) = (Tx)a(a), for some x-isomorphism « : A — B.
Q T(z(y,2)) =Tx(Ty,Tz).
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Noncommutative cases

Summary

Theorem

A, B : complex C*-algebras.
V,W : complex full Hilbert A, B-modules, respectively.
T :V — W : surjective linear isometry. Then TFAE.

Q T : 2-isometry.

@ T : complete isometry.

Q@ (Tz,Ty) = a((z,y)), for some x-isomorphism . : A — B.
Q T(za) = (Tx)a(a), for some x-isomorphism « : A — B.
Q T(z(y,2)) =Tx(Ty,Tz).

If A and B are commutative, the five statements hold automatically.

Ming-Hsiu Hsu, Ngai-Ching Wong+ Linear isometries of Hilbert C'* -modules



Recall

A, B : complex C*-algebras.
V, W : full Hilbert A, B-modules.
T :V — W : surjective linear isometry.
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Recall

A, B : complex C*-algebras.
V, W : full Hilbert A, B-modules.
T :V — W : surjective linear isometry.

@ 7' : module map, = T : unitary.

Ming-Hsiu Hsu, Ngai-Ching Wongt Linear isometries of Hilbert C



Recall

A, B : complex C*-algebras.
V, W : full Hilbert A, B-modules.
T :V — W : surjective linear isometry.

@ 7' : module map, = T : unitary.

o T : 2-isometry = T : unitary.

Ming-Hsiu Hsu, Ngai-Ching Wongt Linear isometries of Hilbert C'*-modules



Recall

A, B : complex C*-algebras.
V, W : full Hilbert A, B-modules.
T :V — W : surjective linear isometry.

@ 7' : module map, = T : unitary.
o T : 2-isometry = T : unitary.

o T : isometry = T : unitary if A and B are commutative.
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Recall

A, B : complex C*-algebras.
V, W : full Hilbert A, B-modules.
T :V — W : surjective linear isometry.

@ 7' : module map, = T : unitary.
o T : 2-isometry = T : unitary.
o T : isometry = T : unitary if A and B are commutative.

Can we drop the linearity of T7
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Recall

A, B : complex C*-algebras.
V, W : full Hilbert A, B-modules.
T :V — W : surjective linear isometry.

@ 7' : module map, = T : unitary.
o T : 2-isometry = T : unitary.
o T : isometry = T : unitary if A and B are commutative.

Can we drop the linearity of T7

Lemma (Mazur-Ulam Theorem)

An surjective isometry T : V. — W of a normed linear space V' onto
another normed linear space W with T'(0) = 0 is real linear.
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Real C*-algebra

@ Real algebra A : a+b,ab, \a € A, Va,be A, A € R.
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Real C*-algebra

@ Real algebra A : a+b,ab, \a € A, Va,be A, A € R.
Real Banach algebra : complete normed real algebra.
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Real C*-algebra

@ Real algebra A : a+b,ab, \a € A, Va,be A, A € R.
Real Banach algebra : complete normed real algebra.

Complex Banach algebras are real Banach algebras.
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Real C*-algebra

@ Real algebra A : a+b,ab, \a € A, Va,be A, A € R.
Real Banach algebra : complete normed real algebra.

Complex Banach algebras are real Banach algebras.

@ A : real Banach algebra.
Ac=A+iA={a+ib:a,be A}.
Is there a norm || - || on A, such that
(1) (Acy|l - lle) : a complex Banach algebra containing A as a real

Banach subalgebra,
(2) lla+iblle = [la —b]|c?
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Real C*-algebra

@ Real algebra A : a+b,ab, \a € A, Va,be A, A € R.
Real Banach algebra : complete normed real algebra.
Complex Banach algebras are real Banach algebras.
@ A : real Banach algebra.
Ac=A+iA={a+ib:a,bec A}.
Is there a norm || - || on A, such that
(1) (Acy|l - lle) : a complex Banach algebra containing A as a real

Banach subalgebra,
(2) lla+iblle = [la —b]|c?

@ If such a || - || exists, call (A, | - ||c) : complexification of A.
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Real C*-algebra

@ Real algebra A : a+b,ab, \a € A, Va,be A, A € R.
Real Banach algebra : complete normed real algebra.
Complex Banach algebras are real Banach algebras.
@ A : real Banach algebra.
Ac=A+iA={a+ib:a,be A}.
Is there a norm || - || on A, such that
(1) (Acy|l - lle) : a complex Banach algebra containing A as a real

Banach subalgebra,
(2) lla+iblle = [la —b]|c?

@ If such a || - || exists, call (A, | - ||c) : complexification of A.
Define a + ib = a —ib. Then A ={a. € A, : Gz = a.}.
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Lemma

Every real Banach algebra has a unique (up to equivalence)

complexification.

OB. Li, Real operator algebras, World Scientific Publishing Co., Inc., River Edge, N.
J., 2003.
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@ A real Banach x-algebra A is a real Banach algebra with a (real)

linear operator * : A — A such that (ab)* = b*a* and a** = a.
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@ A real Banach x-algebra A is a real Banach algebra with a (real)
linear operator * : A — A such that (ab)* = b*a* and a** = a.

o A. : complexification of A.
Define (a +b)* = a* — ib*.

Then A, is a complex Banach x-algebra.
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A real Banach x-algebra A is called a real C*-algebra if we can extend
the norm of A to A, = A + iA such that A, is a complex C*-algebra.

OB. Li, Real operator algebras, World Scientific Publishing Co., Inc., River Edge, N.
J., 2003.
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A real Banach x-algebra A is called a real C*-algebra if we can extend
the norm of A to A, = A + iA such that A, is a complex C*-algebra.

Lemma
Let A be a real Banach x-algebra. Then TFAE.
Q@ A is a real C*-algebra;

@ A can be isometrically *-isomorphic to a norm closed *-subalgebra
of B(H) on a real Hilbert space H;

Q 1+a*a is invertible A and ||a*a = ||a||?, for all a in A.

OB. Li, Real operator algebras, World Scientific Publishing Co., Inc., River Edge, N.
J., 2003.
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A real Banach x-algebra A is called a real C*-algebra if we can extend
the norm of A to A, = A + iA such that A, is a complex C*-algebra.

Lemma
Let A be a real Banach x-algebra. Then TFAE.

Q@ A is a real C*-algebra;

@ A can be isometrically *-isomorphic to a norm closed *-subalgebra
of B(H) on a real Hilbert space H;

Q 1+a*a is invertible A and ||a*a = ||a||?, for all a in A.

e C with 2* = z is a real Banach *-algebra such that |z*z| = |2|2.
However, 1 4+ i*7 = 0 is not invertible.

OB. Li, Real operator algebras, World Scientific Publishing Co., Inc., River Edge, N.
J., 2003.
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Example

o H : real Hilbert space, (h,k) € R.
H.= H + iH : complex Hilbert space with inner product
(h+ ik, z +iy) = (h,x) + (k,y) + i(k,x) —i(h,y).
= ||h+ik|* = [[h — ik = ||A]]* + |[K]]*.
e For T in B(H), define T, € B(H,) by T.(h +ik) = T(h) +iT(k).
Then
ITu(h + k)2 = [T(R) + T (k)2 = T2 + |7k
< NTIPAIRIZ + 11E112) = (I T)12(|h + ik
= |Tel =170, 1T + S|l = 1T — S]]
= B(H,) = B(H) + iB(H).
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Example

@ X : locally compact Hausdorff space.
o:X — X : a homeomorphism, 0%(z) =z, V z € X.

Co(X,0) ={f € Co(X) : flo(x)) = f(x)}-
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Example

@ X : locally compact Hausdorff space.
o: X — X : a homeomorphism, 0?(z) =z, V x € X.

Co(X,0) ={f € Co(X) : f(o(z)) = f(2)}.
o If o(z) =z, Va, then Cy(X,0) = Co(X,R).
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Example

@ X : locally compact Hausdorff space.
o: X — X : a homeomorphism, 0?(z) =z, V x € X.
Co(X,0) = {f € Co(X) : f(o(x)) = f(x)}.

o If o(z) =z, Va, then Cy(X,0) = Co(X,R).

e For f in Cy(X), define

9= 5/ +To0) and h=oo(f~To0)
Then g,h € Co(X,0) and f = g + ih.
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Example

@ X : locally compact Hausdorff space.
o: X — X : a homeomorphism, 0?(z) =z, V x € X.
Co(X,0) = {f € Co(X) : f(o(x)) = f(x)}.

o If o(z) =z, Va, then Cy(X,0) = Co(X,R).

e For f in Cy(X), define

1 _ 1
g=§(f+f00) and h = ﬂ(f—foo).
Then g,h € Co(X,0) and f = g + ih.
° Co(X) ZCO(X,U)+iCO(X,U).
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Example

X : locally compact Hausdorff space.

o: X — X : a homeomorphism, 0?(z) =z, V x € X.
Co(X,0) = {f € Co(X) : f(o(x)) = f(x)}.

If o(z) =z, Vz, then Cy(X,0) = Co(X,R).

For f in Cy(X), define

9= 5/ +To0) and h=oo(f~To0)
Then g,h € Co(X,0) and f = g + ih.
CO(X) = Co(X,O') + ZCO(X7 U)'

Every commutative real C*-algebra is of the form Cy(X, o) up to a

*-isomorphism.
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Real Hilbert C*-modules

Real Hilbert C*-modules

o A : real C*-algebra.

V : real Hilbert A-module if V' is a A-module,
1V xV — A such that

3¢,

Q (z,  \y+2) =XNaz,y) + (z,2), Va,y,z € V,AER,;
Q (z,ya) = (z,y)a, Vz,y €V, a € A

Q (z,y)" = (y,z), Va,yeV,;

Q (z,2) >0,V eV, (z,z) =0iff x =0;

@ V is complete with respect to the norm ||z|| = ||(xz, z) /2.
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Commutative case

Banach-Stone Theorem for real C*-algebras

T:Co(X,0) = Co(Y,T) : surjective linear isometry.
Then 3 ¢ : Y — X : homeomorphism,
h € C(Y, 1) with |h(y)| = 1, such that

cop=ypor and Tf(y)=h(y)f(ey)):

y % X
T lo
Yy % X

OM. Grzesiak, Isometries of a space of continuous functions determined by an
involution, Math. Nachr. 145 (1990), 217-221.
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Commutative case

Banach-Stone Theorem for real C*-algebras

T:Co(X,0) = Co(Y,T) : surjective linear isometry.
Then 3 ¢ : Y — X : homeomorphism,
h € C(Y, 1) with |h(y)| = 1, such that

cop=ypor and Tf(y)=h(y)f(ey)):

y % X
T lo
Yy % X

= (Tf,Tg) = (Tf)(Tg)=(fop)goy)=(f,g)0p=al{fg)

OM. Grzesiak, Isometries of a space of continuous functions determined by an
involution, Math. Nachr. 145 (1990), 217-221.
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Commutative case

o (Hx,mx) : Hilbert bundle over X.

Linear isom:



Commutative case

o (Hyx,wx) : Hilbert bundle over X.
o : X — X : homeomorphism, 0?(z) =z, V2 € X.

Linear isometries of Hilbert C'*-modules



Commutative case

o (Hyx,wx) : Hilbert bundle over X.
o : X — X : homeomorphism, 0?(z) =z, V2 € X.
—: Hy — H,(,) : conjugate linear isometric isomorphism.
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Commutative case

o (Hyx,wx) : Hilbert bundle over X.
o : X — X : homeomorphism, 0?(z) =z, V2 € X.
—: Hy — H,(,) : conjugate linear isometric isomorphism.

° CO(XﬂHXvU7_) = {f € CO(XvHX) :Tx): f((f(l‘))}
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Commutative case

o (Hyx,wx) : Hilbert bundle over X.
o : X — X : homeomorphism, 0?(z) =z, V2 € X.
—: Hy — H,(,) : conjugate linear isometric isomorphism.
o CO(XuHX707 _) = {f € CO(XvHX) : f((E) = f(O'(l'))}
is a real Hilbert Cy(X, o)-module with

(f)(x) = f(x)Y(x), feCo(X,Hx,0,—),9 € Co(X,0)

and

<f7g>(l‘):(f({1}),g(l‘))7 quECO(XaHX7J7_)'
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Commutative case

Theorem
V' . real Hilbert A-module.
Then V., =V +4V : complex Hilbert A. = (A + iA)-module.

Sketch of proof:
o (z+1iy)(a+ib) := (za— yb) +i(zb + ya).
(utiv,z +iy) == ((u, ) + (v, ) +i((u, y) — (v,2)).
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Commutative case

Theorem
V' . real Hilbert A-module.
Then V., =V +4V : complex Hilbert A. = (A + iA)-module.

Sketch of proof:
o (z+1iy)(a+ib) := (za— yb) +i(zb + ya).
(utiv,x +iy) == ((u,z) + (v, 9)) +i((u,y) — (v, 2)).
e To see (z + iy, x +iy) > 0.
Note (z + iy, x + iy) = (x + iy, x + iy)*.
Check f({u+iv,z +dy)) > 0, V positive linear functional f on A..
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° |f((z,

y)I? < f((z,2)) f((y, ).

f({z + iy, z +1iy))

= f({z,2)) + f({y, v)) +if((z,9)) —if({y,x))
= f((z,2)) + f({y,y)) + 2Reif((z,y))

> f({z,2) + f((y, v) = 2| f ({2, 9))|

> f({a,2) + F(y ) — 2F (@, a) 2 f (g, 9) 2
= (f({z,2)"? = f(y,y)"/?)* > 0.
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Commutative case

Theorem

V : real Hilbert Cy(X, c)-module.

3 conjugate linear isometric isomorphisms — : H, — Hy(, such that
V= Cy(X,Hx,o0,—).

Sketch of proof:
Since Cy(X,0) 4+ iCo(X,0) = Co(X).
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Commutative case

Theorem

V : real Hilbert Cy(X, c)-module.

3 conjugate linear isometric isomorphisms — : H, — Hy(, such that
V= Cy(X,Hx,o0,—).

Sketch of proof:
Since Cy(X,0) 4+ iCo(X,0) = Co(X).
V. : Hilbert Cy(X)-module.
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Commutative case

Theorem

V : real Hilbert Cy(X, c)-module.

3 conjugate linear isometric isomorphisms — : H, — Hy(, such that
V= Cy(X,Hx,o0,—).

Sketch of proof:
Since Cy(X,0) 4+ iCo(X,0) = Co(X).
V. : Hilbert Cy(X)-module. = V., = Cp(X,Hx).
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Commutative case

Theorem

V : real Hilbert Cy(X, c)-module.

3 conjugate linear isometric isomorphisms — : H, — Hy(, such that
V= Cy(X,Hx,o0,—).

Sketch of proof:

Since Cy(X,0) 4+ iCo(X,0) = Co(X).

V. : Hilbert Cy(X)-module. = V., = Cy(X,Hx).

Let I, = {f € Co(X) : f(x) = 0},

Hy := Vo Vel with (ue + Vel ve + Vel) = (ue, ve) ().
V. 2 Co(X,Hy), ve(z) =ve+ VI,.
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Commutative case

Theorem

V : real Hilbert Cy(X, c)-module.

3 conjugate linear isometric isomorphisms — : H, — Hy(, such that
V= Cy(X,Hx,o0,—).

Sketch of proof:

Since Cy(X,0) 4+ iCo(X,0) = Co(X).

V. : Hilbert Cy(X)-module. = V., = Cy(X,Hx).

Let I, = {f € Co(X) : f(z) =0},

H, :=V./V.I, with (u. + VoI, v. + Vol,) = (ue, ve) ().

V. 2 Co(X,Hy), ve(x) =ve + V.

The conjugate linear isomorphism

- H, =V.+V.I, — Ho(a:) = ‘/c/‘/clo(z) is defined by

(u+iv)(x) = (u+iv) + Velp— (u —iv)(o(x)) = (u — v) + Vel (y).
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Commutative case

Theorem

V : real Hilbert Cy(X, c)-module.

3 conjugate linear isometric isomorphisms — : H, — Hy(, such that
V= Cy(X,Hx,o0,—).

Sketch of proof:

Since Cy(X,0) 4+ iCo(X,0) = Co(X).

V. : Hilbert Cy(X)-module. = V., = Cy(X,Hx).

Let I, = {f € Co(X) : f(z) =0},

H, :=V./V.I, with (u. + VoI, v. + Vol,) = (ue, ve) ().

V. 2 Co(X,Hy), ve(x) =ve + V.

The conjugate linear isomorphism

- H, =V.+V.I, — Ho(a:) = ‘/c/‘/clo(z) is defined by

(u+iv)(x) = (u+iv) + Velp— (u —iv)(o(x)) = (u — v) + Vel (y).

u(@) = u(o(x)), V = Co(X,Hx,0,-)
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Commutative case

V' : Hilbert Cy(X,0)-module. W : Hilbert Co(Y, T)-module.
T :V — W : surjective linear isometry.
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Commutative case

Theorem
V' : Hilbert Cy(X,0)-module. W : Hilbert Co(Y, T)-module.
T :V — W : surjective linear isometry.Equivalently,

T:Co(X,Hx,o,—) = Co(Y,Hy, 7, —) : surjective linear isometry.
Then 3 ¢ : Y — X : homeomorphism, h, : H,,y — H, : unitary, s.t.
ogop=ypor and Tf(y) = hy(f(e(y)))-

y % X
T lo
y % X
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Commutative case

Theorem
V' : Hilbert Cy(X,0)-module. W : Hilbert Co(Y, T)-module.
T :V — W : surjective linear isometry.Equivalently,

T:Co(X,Hx,o,—) = Co(Y,Hy, 7, —) : surjective linear isometry.
Then 3 ¢ : Y — X : homeomorphism, h, : H,,y — H, : unitary, s.t.
ogop=ypor and Tf(y) = hy(f(e(y)))-

y % X
T lo
y % X

= (Tf,Tg) = (hy(f(p(¥))), hy(9((y)))) = (f(r(y)), 9((¥)))
= (f,9) (W) = a({f,9)(y).
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Noncommutative cas

General case

@ V' : real vector space.
{x,y,2} : V3 = V : trilinear and satisfies the following identities:
o {z,y,2} ={zy,2}
o {2,y {20} =
Hz,y, 2} u,v} = {2 {y, 2, u}, 0} + {z,u, {z, y,v}}.
Then V is called real Jordan triple.

o If V. =V + 4V is furnished with the triple product
{z+iu,y+iv,z+iut. = {z,y, 2} — {u,y,u} + 2{x,v,u}) +
i(—{z,v, 2} + {u,v,u} + 2{z,y,u}). Then (V,{-,-,-}c) is a
complex Jordan triple, called the complexification of (V,{-,-,-}).
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Noncommutative cas

Definition
A real Banach space V is called a real JB*-triple if it is a real Jordan
triple such that its complexification (V,{-,-,-}x) can be normed to

become a JB*-triple.
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Noncommutative cas

Definition

A real Banach space V is called a real JB*-triple if it is a real Jordan
triple such that its complexification (V,{-,-,-}x) can be normed to
become a JB*-triple.

Theorem

Every real Hilbert C*-module is a real JB*-triple with Jordan triple
1
pI’OdUCf {{ZZ, Y, Z} = E(fE(y, Z> + Z<y, Z>)

V : Hilbert A-module. = V, : Hilbert A.-module which is a JB*-triple.
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Noncommutative cas

Lemma

A, B : real C*-algebras.

T :V — W : a bounded linear bijective map.

Then T is a isometry if and only if it preserves Jordan triple products.

1
Jordan triple product of a C*-algebra : {x,y,z} = i(xy*z + zy*z).

0C.-H. Chu, Jordan Structures in Geometry and Analysis, Cambridge University
Press, 2012.
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Noncommutative cas

Example

@ Mj 5(C) : real JB*-triple with triple product
{z,y,2} = %(my*z + zy*z).
T : M 2(C) = M 2(C), T(a+if,v+i0) = (o + iy,  + 10).
e T is a surjective real linear isometry (it is not complex linear).
But T does not preserve Jordan triple products.
For example, let z = (1 +4,0),y = (0,1). Then

(0,0) =T{x,y,z} # {Tx, Ty, Tx} = —(i,3).
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Noncommutative cas

Lemma

V,W : real JB*-triples.

T:V — W : a bounded linear bijective map.
Then

(1) T is a isometry if it preserves Jordan triple products.

(2) If T is a isometry then
T({z,z,2}) = {Tx, Tz, Tx},

for all z,y,z inV.

0C.-H. Chu, Jordan Structures in Geometry and Analysis, Cambridge University
Press, 2012.
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Noncommutative cas

o If T'is a 2-isometry, then Ty : Mo(V) — My (V) @ isometry.

T5 preserves Jordan triple products
To(ulu,u)) = Tou(Tou, Tou), YV u € Ma(V). (2)
0
o Letu= ( . > in Ma(V).
Y

Then
wlu, u) = < : x(y*,z> )

The equation (2) becomes

< x T(xly,z)) ) _ ( x Tax(Ty,Tz) )

= T preserves ternary (TRO) products T'(x(y, z)) = Tx(Ty,Tz).
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Noncommutative cas

e T : 2-isometry = T(z(y,2)) =Tx(Ty,Tz) = T : unitary
Define o : (V, V) — (W, W) by

n n

04(2 Cl<xlayz>) = Z Cz<TxlaTyl>

=1 =1
V and W are full,
a: A — B is a x-isomorphism such that
(T'z,Ty) = a((z,y)).

Conversely, suppose T is unitary.

a((w, z(y, 2))) = a((w, 2){y, 2))
a((w, z))a({y, z)) = (Tw, Tz)(Ty, Tz)
= (Tw,Tx(Ty,Tz)).

(Tw, T(x(y, 2)))

~ ~

= T(x(y,z)) = Tax(Ty,Tz).
= Each T, : M,,(V)) — M,,(W) preserves Jordan triple products.

= T, is a isometry, Vn.= T is a complete isometry.
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Noncommutative cas

Summary

V, W : real Hilbert A, B-modules, respectively.
T :V — W : surjective linear isometry. Then TFAE.

(a) T : 2-isometry.

b : complete isometry.

T(za) = (Tx)a(a), for some x-isomorphism « : A — B.

T(x(y, z)) = Te(Ty, Tz).

)
) T
c) (Tz,Ty) = a({x,y)), for some *-isomorphism a.: A — B.
)
e)

(
(
(d
(
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Noncommutative cas

Summary

V, W : real Hilbert A, B-modules, respectively.

T :V — W : surjective linear isometry. Then TFAE.
(a) T : 2-isometry.

b : complete isometry.
c) (Tz,Ty) = a({x,y)), for some *-isomorphism a.: A — B.
e) T(x(y,z)) =Tax(Ty,Tz).

)
(b) T
(c)
(d) T(xza) = (Tx)a(a), for some x-isomorphism v : A — B.
(e)
A and B are commutative, these four statements hold automatically.

If
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Thank you for your attention
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