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@ An inner derivation is map given by a 1-coboundary of an element
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5.1 Second cohomology from 2-forms

@ We define
(Oy)(f) == f.y—y.f
(6v)(f.8) = f.v(g)—(fg)+v(f)-g
(6¢)(f7g7h) = f. ¢(g7 ) (fg, )+¢(f,gh)—¢(f,g).h
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It is easy to check 02 = 0 [Ex|, which defines a chain complex
Z"(A) = Ker 6, are the n-cocycles

B"(A) = Im 0, are the n-cochains
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5.3 Using simpler cocycles

@ It is often convenient to be able to assume that both your cocycles
and coboundaries satisfy additional conditions
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@ The proof that H"(A, Y) = H(A, Y) does to depend on the
resolution involves several steps
@ In general one compares two resolutions:
0 « A <« Py < P <~ Py -
T T T T T
0 « A« Qo <« Q1 <« Q@ +--
Using the fact that the @, are projective to build the comparison
This gives maps
aha(Po,Y) —  aha(P1,Y) —  aha(P2,Y)
1 1 1
Aha(Qo, Y) — aha(Q1,Y) — aha(@,Y)
@ which gives maps:
o ZB(AY) = Z5(AY)
o BA(A,Y) = B3(A,Y)
o Hp(A,Y) = HEH(A,Y)
@ To check the last is an isomorphism one begins with the case Q, = P,
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5.4 Comparing Projective Resolutions

@ The proof that H"(A, Y) = H(A, Y) does to depend on the
resolution involves several steps
@ In general one compares two resolutions:
0 « A <« Py < P <~ Py -
T T T T T
0 « A« Qo <« Q1 <« Q@ +--
Using the fact that the @, are projective to build the comparison
This gives maps
aha(Po,Y) —  aha(P1,Y) —  aha(P2,Y)
1 1 1

Aha(Qo, Y) — aha(Q1,Y) — aha(@,Y)
@ which gives maps:

o ZB(A,Y) = Z3(A,Y)

o Ba(A,Y) — B3(AY)

o Hp(A,Y) = HEH(A,Y)
@ To check the last is an isomorphism one begins with the case Q, = P,
@ Beware: the maps 1, may not have been chosen to be isomorphisms
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Theorem A is amenable iff
A’ is a bimodule direct summand of (A®A)" iff A’ is biinjective.

H"(A, ) =0, for biinjective modules
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Theorem A is amenable iff
A’ is a bimodule direct summand of (A®A)" iff A’ is biinjective.

H"(A, ) =0, for biinjective modules

o If the bimodule is already biinjective, then it has a short resolution
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@ It is clear that all the H"(A, Y') defined above are trivial, for n > 0

@ So it is not just ‘trivial” derivations which biinjective modules have
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5.5 Using injective resolutions

We are also allowed to use biinjective resolutions of the bimodule
0O—=-Y—>lh—>h—>5hb—- -
and then the cohomology if given by
Hn(A, Y) = Kerd : AhA(A, In) — AhA(A, /n+1)/ Imé
Theorem A is amenable iff
A’ is a bimodule direct summand of (A®A)" iff A’ is biinjective.

H"(A, ) =0, for biinjective modules

o If the bimodule is already biinjective, then it has a short resolution
° 0O=>/—=1—-0—---

@ It is clear that all the H"(A, Y') defined above are trivial, for n > 0
@ So it is not just ‘trivial” derivations which biinjective modules have

@ All of the higher cohomology vanishes
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5.6 Dimension Reduction

We have already seen H!(A, X) is related to H?(A, Z).
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5.6 Dimension Reduction

We have already seen H1(A, X) is related to H?(A, Z). More Generally . ..

Long Exact Sequences

@ Theorem Given an admissible short exact sequence

° 0= X=Y—=>2Z2-0

@ There is a long exact sequence

o - > H"AY) = HYA Z) = H"THA X) = H'THA YY) — -+
o If we select a bimodule Y so that H"(A, Y) = 0 then
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We have already seen H1(A, X) is related to H?(A, Z). More Generally . ..

Long Exact Sequences

@ Theorem Given an admissible short exact sequence

° 0= X=Y—=>2Z2-0

@ There is a long exact sequence

o - > H"AY) = HYA Z) = H"THA X) = H'THA YY) — -+
o If we select a bimodule Y so that H"(A, Y) = 0 then

o H"(A, Z) =2 H"TL(A X)
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5.6 Dimension Reduction

We have already seen H1(A, X) is related to H?(A, Z). More Generally . ..

Long Exact Sequences

@ Theorem Given an admissible short exact sequence

° 0= X=Y—=>2Z2-0

There is a long exact sequence

ce = HUAY) = HU(A, Z) = HTPHA X)) — HOPHA)Y) — -
If we select a bimodule Y so that %"(A, Y) = 0 then

H'(A, Z) = H (A, X)

We select Y = L(A®A, X), are it is biinjective
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° 0= X=Y—=>2Z2-0

There is a long exact sequence

ce = HUAY) = HU(A, Z) = HTPHA X)) — HOPHA)Y) — -
If we select a bimodule Y so that %"(A, Y) = 0 then
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5.6 Dimension Reduction

We have already seen H1(A, X) is related to H?(A, Z). More Generally . ..

Long Exact Sequences

@ Theorem Given an admissible short exact sequence

° 0= X=Y—=>2Z2-0
There is a long exact sequence
ce = HUAY) = HU(A, Z) = HTPHA X)) — HOPHA)Y) — -
If we select a bimodule Y so that %"(A, Y) = 0 then
H'(A, Z) = H (A, X)
We select Y = L(A®A, X), are it is biinjective
Which gives Z = L(A®A, X)/X
So we have that
H™L(A, X) = H (A, 2)
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5.6 Dimension Reduction

We have already seen H1(A, X) is related to H?(A, Z). More Generally . ..

Long Exact Sequences

@ Theorem Given an admissible short exact sequence

° 0= X=Y—=>2Z2-0
There is a long exact sequence
ce = HUAY) = HU(A, Z) = HTPHA X)) — HOPHA)Y) — -
If we select a bimodule Y so that %"(A, Y) = 0 then
H'(A, Z) = H (A, X)
We select Y = L(A®A, X), are it is biinjective
Which gives Z = L(A®A, X)/X
So we have that
H™L(A, X) = H (A, 2)
Hence it is isomorphic to some H!(A, W)

v
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5.7 Other Resolutions - |

We have heard that the we can use other biprojective resolutions to
compute cohomology:

Unit normalised resolution
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Unit normalised resolution

o We set P, = A®®n(A/1C)®A and use the d : P,.1 — P, as above.
@ It is clear that these modules are of the correct form to be biprojective
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@ To see that the complex is exact, we define s : P, — P,11 by
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5.7 Other Resolutions - |

We have heard that the we can use other biprojective resolutions to
compute cohomology:

Unit normalised resolution

o We set P, = A®®n(A/1C)®A and use the d : P,.1 — P, as above.
It is clear that these modules are of the correct form to be biprojective

To see that the complex is exact, we define s : P, — Pp11 by
sw)=s(a1®---®ap) =1Qw

Observe ds(w) = d(1®w) =1l.w —1® d(w),

We usually write: ds + sd = 1, and call s a contracting homotopy
Exactness: if 1) is in Ker d, then n = n + sd(n) = ds(n) € Imd
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5.7 Other Resolutions - |

We have heard that the we can use other biprojective resolutions to
compute cohomology:

Unit normalised resolution
o We set P, = A®®n(A/1C)®A and use the d : P,.1 — P, as above.
It is clear that these modules are of the correct form to be biprojective

To see that the complex is exact, we define s : P, — Pp11 by
sw)=s(a1®---®ap) =1Qw

Observe ds(w) = d(1®w) =1l.w —1® d(w),

We usually write: ds + sd = 1, and call s a contracting homotopy
Exactness: if 1) is in Ker d, then n = n + sd(n) = ds(n) € Imd

Now note that aha(Py, Y) is exactly the unit normalised maps [Ex]
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5.7 Other Resolutions - |

We have heard that the we can use other biprojective resolutions to
compute cohomology:

Unit normalised resolution
We set P, = A®®n(A/1C)®A and use the d : P,;1 — P, as above.
It is clear that these modules are of the correct form to be biprojective

To see that the complex is exact, we define s : P, — Pp11 by
sw)=s(a1®---®ap) =1Qw

Observe ds(w) =d(1®@w) =1.w - 1® d(w),

We usually write: ds + sd = 1, and call s a contracting homotopy
Exactness: if 1) is in Ker d, then n = n + sd(n) = ds(n) € Imd
Now note that aha(Pn, Y) is exactly the unit normalised maps [Ex]

Hence H"(A, Y) is the (usual) unit normalised cohomology
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we only need to have a bi-injective resolution of A’.
Note the I, = P/, would be such a bi-injective resolution

Normalisation w.r.t. and amenable subalgebra

Let B be an amenable subalgebra of A
o We set [, = L’é*z(A, C) such that for c € B and a; € A
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Let B be an amenable subalgebra of A
o We set [, = L’é*z(A, C) such that for c € B and a; € A
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In fact for dual modules we can use even more resolutions
we only need to have a bi-injective resolution of A’.
Note the I, = P/, would be such a bi-injective resolution

Normalisation w.r.t. and amenable subalgebra

Let B be an amenable subalgebra of A
o Weset I, = L’éfrz(A7 C) such that for c € Band a; € A
© T(---,ajc,aj41,---)=T(---,aj,cajs1,---), 6 as above
@ Note these are indeed bimodules, which are submodules of L"*2(A, C)
@ We need to check that the modules are all bi-injective.
o We give a bimodule projection from L"+2(A, C) onto LE™(A, C)
© Set T(---,j,a41, ) = LIM\ 322, T(--+, aja}, braji, )
o This is a bimodule map, and T is normal between a; and aj1
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In fact for dual modules we can use even more resolutions
we only need to have a bi-injective resolution of A’.
Note the I, = P/, would be such a bi-injective resolution

Normalisation w.r.t. and amenable subalgebra
Let

B be an amenable subalgebra of A

We set I, = L’éfrz(A7 C) such that for c € Band a; € A
T(---,ajc,aj41,---)=T(---,aj,cajy1,---),  as above

Note these are indeed bimodules, which are submodules of L"2(A, C)
We need to check that the modules are all bi-injective.

We give a bimodule projection from L"+2(A, C) onto L(A, C)

Set T(-+-, 45,841, ) = LIMy 3222, T(--+, jap, braj, )

This is a bimodule map, and T is normal between a; and aj1

Now repeat in each place to make fully B-normal
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Cyclic Cohomology — a quick review

Recall
e We compute the simplicial cohomology, HH"(A) using the complex

= LN AA) = L"(AA) = LY A A) —
@ which is actually just
—n ——n—+1 ——n+2
(R A (R A= (R A —
@ this extra symmetry allows us to impose an extra condition on our
multilinear maps. We say a map T is cyclic if

T(a1,a2,...,an)(a0) = (=1)"T(az, as3,...,a0)(a1)

@ Surprisingly if T is cyclic then so is § T, this allows us to make the
definitions
o Z(C"(A) the space of cocycles which are cyclic;
e BC"(A) the space of boundaries of cyclic cochains; (not coboundaries
which are cyclic);
o HC"(A) = ZC"(A)/BC"(A).
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7.1 Connes-Tzygan

@ The Simplicial and the Cyclic cohomology groups are connected by
the Connes-Tzygan long exact sequences.

0 — HHY(A) = HCY(A) = HC?(A) — HH?(A) — HCHA) — - --
— HH"(A) = HC"HA) = HC™HA) = HH"THA) — - -

@ 2 Observations
o If, for large n, HH"(A) = 0 then HC"1(A) =2 HC"1(A) and so we
only have HC°¥(A) and HCe"*"(A);
o If, for large n, HC"(A) = 0 then HH"(A) = 0;
o In fact it rarely happens like this as HC°¥(C) = 0 and HC®*"(C) = 0,
but HC"~1(A) = HC"F1(A) is often enough to deduce the triviality of
the higher simplicial cohomology groups.
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7.2 Example of Cyclic Cohomology

e e.g. 1: The algebras /1(Z,,+) has simplicial derivations, namely

D(z")(z") = nD(})(z"" 1) = T D(""")(1) = 7p(2"")

where 7p is any element of A’ (trace), which vanishes on 1.
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e e.g. 1: The algebras /1(Z,,+) has simplicial derivations, namely

D(z")(2") = nD()(z"" ") = T D(2"™)(1) = (")
n+m
where 7p is any element of A’ (trace), which vanishes on 1.

@ However the following simple computation shows that /}(Z,, +) has
no simplicial derivations:

n n

D(z")(z"™) = D(z"™)(1) =

n+m n+m

D(1)(z"™™) = 0.
@ It then follows from the Connes-Tzygan long exact sequence
0 — HH(A) = HCO(A) — HC?(A) = 0

which gives HC?(A) = C.
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7.3 Vanishing Higher Cyclic Cohomology

@ Recall a 2-cocycle ¢ is called cyclic if ¢(f, g)(h) = +¢(g, h)(f).
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@ Recall a 2-cocycle ¢ is called cyclic if ¢(f, g)(h) = +¢(g, h)(f).

@ Given any trace 7 we can define a cyclic 2-cocycle by
o-(f,g)(h) = 7(fgh). [Check the cocycle identity.]

@ Moreover, it is difficult for such cyclic 2-cocycles to cobound, for if
¢ = 01, then given any idempotent e € A, we have

d(e, e)(e) = v(e)(e?) — v(e?)(2) + v(e)(e®) = v(e)(e).
but as 7(e) = T(eee) = ¢(e, e)(e) = —(e)(e) = 0.

@ Thus we have a non-vanishing class in HC?(A) whenever we have a
trace which does not vanish on some idempotent.

@ However, this is often the only way they can arise.
o (Recall, we have already seen that HC?(¢*(Z,,+)) = C.)

@ However, for G, the Hilbert-Schmidt operators, one can see that
o-(f,g)(h) = 7(fgh), but G, has no non-trivial trace.
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7.4 ldempotents and Cyclic Cohomology

o Let 7 be a trace on A. So 7 € HC(A)
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Imagine e(t) is a differentiable family of idempotents
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°
°

°

°

@ cetee=¢
@ eé+ ecée=eé

o 7(eé) + T(eée) = 7(eé)
o 7(eé) + T(eeé) = 71(eé)
°

0=7(eeé) =7(e€) =7(ée) =0
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7.4 ldempotents and Cyclic Cohomology

Let 7 be a trace on A. So 7 € HC(A)
Imagine e(t) is a differentiable family of idempotents
Note 7(e) = 7(é)
e?=e
eét+ée=é
eé + eée = eé
T(eé) + 1(eée) = 7(eé)
T(eé) + T(eeé) = 1(eé)
= 7(eeé) = 7(eé) = 7(ée) =0
7(e) =7(é) =T(eé+ée) =0
So 7(e) is constant on components
Now, given ¢ € HC?(A)
Show ¢(e, e)(e) =0 [EX]
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