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e Quasi-coherent analytic Fréchet sheaves

e A derived version of Taylor’s functional calculus theorem

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 2/32



Gelfand’s functional calculus

@ T = abounded linear operator on a complex Banach space E

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 3/32



Gelfand’s functional calculus

@ T = abounded linear operator on a complex Banach space E
@ %(E) = the algebra of bounded linear operators on E

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 3/32



Gelfand’s functional calculus

@ T = abounded linear operator on a complex Banach space E
@ %(E) = the algebra of bounded linear operators on E

C[1] LOIL B(E) AP tes T f(T) def APy (Y .

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 3/32



Gelfand’s functional calculus

@ T = abounded linear operator on a complex Banach space E
@ %(E) = the algebra of bounded linear operators on E

poly

C[1] - B(E) AP tes T f(T) def APy (Y .
incl.

o(C)

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 3/32



Gelfand’s functional calculus

@ T = abounded linear operator on a complex Banach space E
@ %(E) = the algebra of bounded linear operators on E

poly

C[1] - B(E) AP tes T f(T) def APy (Y .
incl.

o(C)

hol
Y

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 3/32



Gelfand’s functional calculus

@ T = abounded linear operator on a complex Banach space E
@ %(E) = the algebra of bounded linear operators on E

poly

C[1] - B(E) AP tes T f(T) def APy (Y .
Yhl(F) = F(T) = 3, 6o T", where
ol f(z) = Zn chz".

incl.

o(C)

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 3/32



Gelfand’s functional calculus
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Gelfand’s functional calculus

@ T = abounded linear operator on a complex Banach space E
@ %(E) = the algebra of bounded linear operators on E

poly

o] = B(E) AVt To A(T)E(f) .

J, 4 Yhl(F) = F(T) = 3, 6o T", where
s P, f(z)=>,cn2".
© o Let U c C be an open set.
)
lres"'/ 7 Question. Does there exist ' making the diagram
o(U) commute?

Theorem (Gelfand, 1941)

® ¢! exists < o(T) C U.

o IfyI! exists, then it is unique.

@ Vi¥!(f) = f(T) = [ f(\)(A1 — T)~'dX, whereT is a contour in U

surrounding o(T).
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Gelfand’s functional calculus

@ T = abounded linear operator on a complex Banach space E
@ %(E) = the algebra of bounded linear operators on E

poly

o] = B(E) AVt To A(T)E(f) .

. / Arl(f) = f(T) =3, ca T", where
s e, f(z)=>,cn2".
© o Let U c C be an open set.
i
lres"'/ 7 Question. Does there exist ' making the diagram
o(U) commute?

Theorem (Gelfand, 1941)
® ¢! exists < o(T) C U.
o IfyI! exists, then it is unique.

@ Vi¥!(f) = f(T) = [ f(\)(A1 — T)~'dX, whereT is a contour in U
surrounding o(T).

@ o(f(T)) =f(a(T)) (the Spectral Mapping Theorem).
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Multivariable functional calculus
Statement of the problem and early developments

e T=(T,...,Ty) € B(E)", LT =TT (i,j=1,....n).
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Multivariable functional calculus
Statement of the problem and early developments

o T=(Ty,....To) e BE), TTi=TT (i,j=1,...,n).
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o(U) algebra.

@ R. Harte (1972): the definition of o(a), a € A", where A is any Banach
algebra.

@ Disadvantage: the Harte spectrum does not carry a holomorphic
functional calculus (L. A. Fialkow, 1985).
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Multivariable functional calculus
Statement of the problem and early developments

o T=(Ty,....To) e BE), TTi=TT (i,j=1,...,n).

poly

Cltr,....t] — #B(E) o Question 1. Is there a multivariable analog
ol /! of Gelfand’s theorem?
hol
o(C") vy @ Question 2. Whatis o(T)?
A @ G. E. Shilov (1953): the definition of o(a),
l’es‘“/ - ac A", where Ais a commutative Banach
o(U) algebra.

@ R. Harte (1972): the definition of o(a), a € A", where A is any Banach
algebra.

@ Disadvantage: the Harte spectrum does not carry a holomorphic
functional calculus (L. A. Fialkow, 1985).

@ The best solution: J. L. Taylor (1970).
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The Koszul complex

@ E = aBanach space;
o T=(Ty,...,T.)e B(E)", T,T,=TT (i,j=1,...,n).
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The Koszul complex

@ E = aBanach space;
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The Koszul complex

@ E = aBanach space;

o T=(Ty,....T) e BE)", TiTi=TT (i.j=1,...,n).
@ Ky(T,E)=Ex AN°C" (p=0,...,n);

@ dp: Ky(T,E) = Kp_1(T, E),

p
x@e N Nepr Yy (N Tix@e, A NG A A8,
k=1
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The Koszul complex

E = a Banach space;

T=(T.....Ta) € BE)", TT=T;T, (i,j=1,....n).
Ky(T,E)=EaA\°C" (p=0,...,n);

p: Ko(T,E) = Ko_1(T, E),

p
x@e N Nepr Yy (N Tix@e, A NG A A8,
k=1

dpdp11 = 0 for all p. Hence we have a chain complex
0+ Ko(T,E) « Ki(T,E) -+ Ky(T,X) < 0.
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The Koszul complex
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Ky(T,E)=EaA\°C" (p=0,...,n);
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p
x@e N Nepr Yy (N Tix@e, A NG A A8,
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dpdp11 = 0 for all p. Hence we have a chain complex
0+ Ko(T,E) « Ki(T,E) -+ Ky(T,X) < 0.

Definition
K(T,E) = (Ko(T, E), dp) is the Koszul complex of T.
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The Koszul complex

E = a Banach space;

T=(T.....Ta) € BE)", TT=T;T, (i,j=1,....n).
Ky(T,E)=EaA\°C" (p=0,...,n);

p: Ko(T,E) = Ko_1(T, E),

p
x@e N Nepr Yy (N Tix@e, A NG A A8,
k=1

dpdp11 = 0 for all p. Hence we have a chain complex
0+ Ko(T,E) « Ki(T,E) -+ Ky(T,X) < 0.

Definition
K(T,E) = (Ko(T, E), dp) is the Koszul complex of T.

I n=1, then K(T,E) = (0 « E <L E « 0).
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The Taylor spectrum

o/\:(/\1,...,>\n)€(C”, T*)\Z(T1*)\11,...,Tnf>\n1).
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The Taylor spectrum

o/\:(/\1,...,>\n)€(C”, T*)\Z(T1*)\11,...,Tnf>\n1).

Definition
The Taylor spectrum of Tis o(T) = {\ € C": K(T — \, E) is not exact}.

If n=1, then

0<—E<ﬂE<—O
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The Taylor spectrum

@ A=\, M) €ECT, T—A=(T1 = M1,...,Tp— A1)

Definition
The Taylor spectrum of Tis o(T) = {\ € C": K(T — \, E) is not exact}.

If n=1, then

0+ E Pt Ly~ 0 isexact &< T — M1 s invertible.

Hence o(T) is the usual spectrum of T.
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Taylor’s functional calculus

Theorem (Taylor, 1970-72)

@ If U is an open subset of C" and o(T) C U, then there exists a unital
continuous homomorphism

vl o(U) — B(E), z— T (i=1,...,n). (1)
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Taylor’s functional calculus

Theorem (Taylor, 1970-72)

@ If U is an open subset of C" and o(T) C U, then there exists a unital
continuous homomorphism

L G(U) — BE), zies T (i=1,...,n). (1)
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vl is unique.

Theorem (Taylor, 1970)

For each holomorphic map f: U — C™, we have o(f(T)) = f(o(T)).
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Taylor’s functional calculus

Theorem (Taylor, 1970-72)

@ If U is an open subset of C" and o(T) C U, then there exists a unital
continuous homomorphism

L G(U) — BE), zies T (i=1,...,n). (1)

@ IfU c C" is a domain of holomorphy and ~¥" exists, then o(T) C U, and
vl is unique.

Theorem (Taylor, 1970)

For each holomorphic map f: U — C™, we have o(f(T)) = f(o(T)).

o Here f(T) & yMI(f) if m =1, and
o H(T) X (F(T),....fn(T))if f=(F,...,[n) € G(U,CM).
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Two approaches to Taylor’s functional calculus

@ Taylor’s 1st approach (1970): an abstract form of the Cauchy-Weil
integral.
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@ Taylor’s 2nd approach (1972): Topological Homology.

Further developments:

@ Taylor’s 1st approach: E. Albrecht, M. Andersson, R. Curto, S. Frunza,
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Two approaches to Taylor’s functional calculus

@ Taylor’s 1st approach (1970): an abstract form of the Cauchy-Weil
integral.

@ Taylor’s 2nd approach (1972): Topological Homology.

Further developments:
@ Taylor’s 1st approach: E. Albrecht, M. Andersson, R. Curto, S. Frunza,

V. Miiller, F.-H. Vasilescu. . .
@ Taylor's 2nd approach: J. Eschmeier, M. Putinar, R. Levi.
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Functional calculus via Banach modules

{ Commuting n-tuples } _ horag?r:ic;%%?ssms . { Banach }
To,....T) e BE)" [~ ) @(C")-modules
( 1 ) I'l) € ( ) ﬁ;((cn) *)@(E) ( )
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the respective n-tuple of operators.
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@ Given a Banach ¢(C™)-module M, let c(M) = o(T), where T € B(M)" is
the respective n-tuple of operators.

@ Given an open subset U c C", let ry: ¢(C") — ¢ (U) denote the
restriction map.

@ We have a “forgetful” functor rsz ¢0(U)-Banmod — ¢(C")-Banmod.

@ Observation. T € #(M)" admits a holomorphic functional calculus on U
< 3N € ¢(U)-Banmod such that M = r{,N in ¢(C")-Banmod.
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Functional calculus via Banach modules

—N

Commuting n-tuples } _ horag?r:i(;%%?ssms } . { Banach }
To,....T) e BE)" [~ ) @(C")-modules
( 1 ) I'l) € ( ) ﬁ((cn) *)%(E) ( )

@ Given a Banach ¢(C™)-module M, let c(M) = o(T), where T € B(M)" is
the respective n-tuple of operators.

@ Given an open subset U c C", let ry: ¢(C") — ¢ (U) denote the
restriction map.

@ We have a “forgetful” functor rsz ¢0(U)-Banmod — ¢(C")-Banmod.

@ Observation. T € #(M)" admits a holomorphic functional calculus on U
< 3N € ¢(U)-Banmod such that M = r{,N in ¢(C")-Banmod.

@ Question. Suppose o(M) C U. By Taylor’'s theorem, N exists.
Is it possible to construct N explicitly?
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An explicit formula for the functional calculus

@ Taylor (1972): if U is a domain of holomorphy, then

N = 0(U)®p(cm M.
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An explicit formula for the functional calculus

@ Taylor (1972): if U is a domain of holomorphy, then

N = 0(U)®p(cm M.

@ For general U, N is the Oth cohomology of a certain double complex C.
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An explicit formula for the functional calculus

@ Taylor (1972): if U is a domain of holomorphy, then

N = 0(U)®p(cm M.

@ For general U, N is the Oth cohomology of a certain double complex C.

@ Disadvantage: C is rather complicated and is not canonically
determined by M.
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An explicit formula for the functional calculus

@ Taylor (1972): if U is a domain of holomorphy, then

N =T(U, Ocn) & p(en M.

@ For general U, N is the Oth cohomology of a certain double complex C.

@ Disadvantage: C is rather complicated and is not canonically
determined by M.
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An explicit formula for the functional calculus

@ Taylor (1972): if U is a domain of holomorphy, then

N =T(U, Ocn) & p(en M.

@ For general U, N is the Oth cohomology of a certain double complex C.

@ Disadvantage: C is rather complicated and is not canonically
determined by M.

@ Goal:

N = RI (U, Gcn) &5 cn M.

@ RI is the total right derived functor of I',

° @"ﬁ(cn) is the total left derived functor of @ﬁ(cn)-
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The idea of derived category

@ A= an algebra
@ F: A-mod — Vect an additive covariant functor
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The idea of derived category

@ A= an algebra
@ F: A-mod — Vect an additive covariant functor

Classical derived functors

@ Take an A-module M;
@ Choose a projective resolution 0+ M+« Py + Py + ---;
@ Apply Ftoget 0+ F(Py)« F(Py) + ---;

@ Take the homology of the above complex to get the classical left derived
functors Lo F(M), L1 F(M), ...
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The idea of derived category

@ A= an algebra
@ F: A-mod — Vect an additive covariant functor

Classical derived functors

@ Take an A-module M;
@ Choose a projective resolution 0+ M+« Py + Py + ---;
@ Apply Ftoget 0+ F(Py)« F(Py) + ---;

@ Take the homology of the above complex to get the classical left derived
functors Lo F(M), L1 F(M), ...

@ Grothendieck’s idea: the last step is redundant.

@ It is convenient to define the “total” left derived functor LF (M) to be the
complex F(P), where P is a projective resolution of M.

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 11/32



The idea of derived category

@ A= an algebra
@ F: A-mod — Vect an additive covariant functor

Classical derived functors

@ Take an A-module M;
@ Choose a projective resolution 0+ M+« Py + Py + ---;
@ Apply Ftoget 0+ F(Py)« F(Py) + ---;

@ Take the homology of the above complex to get the classical left derived
functors Lo F(M), L1 F(M), ...

@ Grothendieck’s idea: the last step is redundant.

@ It is convenient to define the “total” left derived functor LF (M) to be the
complex F(P), where P is a projective resolution of M.

@ Problem: if P and Q are projective resolutions of M, then F(P) % F(Q).
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The idea of derived category

@ A= an algebra
@ F: A-mod — Vect an additive covariant functor

Classical derived functors

@ Take an A-module M;
@ Choose a projective resolution 0+ M+« Py + Py + ---;
@ Apply Ftoget 0+ F(Py)« F(Py) + ---;

@ Take the homology of the above complex to get the classical left derived
functors Lo F(M), L1 F(M), ...

@ Grothendieck’s idea: the last step is redundant.

@ It is convenient to define the “total” left derived functor LF (M) to be the
complex F(P), where P is a projective resolution of M.

@ Problem: if P and Q are projective resolutions of M, then F(P) % F(Q).

@ Solution: add new morphisms to the category of complexes in such a
way that F(P) and F(Q) become isomorphic in the new category.
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The construction of the derived category

an exact category .o/
(e.g., the category of Fréchet modules
over a Fréchet algebra)

’the category C(«”) of cochain complexes over </ ‘

quot.

’the homotopy category H(.«) ‘

localization

|the derived category D(/)]
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Exact categories

Quasi-definition (D. Quillen, 1973; A. Heller, 1958)

An exact category is (7, &), where </ is an additive category and & is a class
of diagrams in <7 of the form

XLy?z

which are called exact pairs (or short admissible sequences) and which
satisfy a number of axioms.
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Examples of exact categories

@ o/ = any additive category
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Examples of exact categories

@ o/ = any additive category, & = split exact pairs. (&7, &) = .
@ o/ = an additive category with kernels and cokernels,

& = the class of all exact pairs in <.

&/ is quasi-abelian if (&7, &) is an exact category

(D. A. Raikov (1969), J.-P. Schneiders (1999), W. Rump (2001)).
@ A = a Fréchet algebra.

o/ = {Fréchet A-modules} is quasi-abelian.

A-mod & (<7, {all exact pairs}).

@ In particular, Fr = C-mod is quasi-abelian.

@ A = a Fréchet algebra.
o/ = {Fréchet A-modules}.
& = {exact pairs Pin o : P splits in Fr}.

def

A-mod = (7, &).
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Examples of exact categories

@ o/ = any additive category, & = split exact pairs. (&7, &) = .
@ o/ = an additive category with kernels and cokernels,

& = the class of all exact pairs in <.

&/ is quasi-abelian if (&7, &) is an exact category

(D. A. Raikov (1969), J.-P. Schneiders (1999), W. Rump (2001)).
@ A = a Fréchet algebra.

o/ = {Fréchet A-modules} is quasi-abelian.

A-mod & (<7, {all exact pairs}).

@ In particular, Fr = C-mod is quasi-abelian.

@ A = a Fréchet algebra.
o/ = {Fréchet A-modules}.
& = {exact pairs Pin o : P splits in Fr}.

def

A-mod = (7, &).

@ mod-A, mod-A, A-mod-B, A-mod-B...
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Categories of complexes

@ &/ = an exact category
@ C(«) = the category of cochain complexes over .«
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@ C(«) = the category of cochain complexes over .«
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Categories of complexes

@ &/ = an exact category
@ C(«) = the category of cochain complexes over .«
@ We convert each chain complex (X;, dy) into a cochain one by letting
X"=X_p, d"=d_.
@ The homotopy category H(<):
e ObH(«) = ObC(«)
@ Homy ) (X, Y) = Homgy (X, Y)/{f: X = Y : fis zero homotopic}
@ Both C(«) and H(«/) are additive categories.
@ The shift functor [1]: C(«/) — C(«), H(&) — H(«):
o If X € C(«/), then X[1]" £ X"*! and df;; = —dg™";
e If f: X — Y is a morphism in C(«), then f[1]" & ™1,
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Admissible complexes

Definition

A cochain complex X € C(«) is admissible if, for every n € Z,
@ d": X" — X" has a kernel, and
@ Kerd” — X" — Kerd™*' is an admissible pair.
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Admissible complexes

A cochain complex X € C(«) is admissible if, for every n € Z,
@ d": X" — X" has a kernel, and
@ Kerd” — X" — Kerd"t' is an admissible pair.

V.

Examples
@ If &7 is abelian, then X € C(/) is admissible < X is exact.
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V.
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@ If &7 is abelian, then X € C(/) is admissible < X is exact.
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Admissible complexes

A cochain complex X € C(«) is admissible if, for every n € Z,
@ d": X" — X" has a kernel, and
@ Kerd” — X" — Kerd"t' is an admissible pair.

V.

Examples
o If o/ is abelian, then X € C
o If o = o, then X € C(o/
o If &/ = A-mod, then X € C
o If &/ = A-mod, then X € C

—

o) is admissible < X is exact.

is admissible <= X is split exact.

2/) is admissible <= X is split exact in Fr.
&) is admissible <= X is exact.

~

—~
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Quasi-isomorphisms

@ Let f: X — Y be a morphism in C(«).
@ The mapping cone of f is the complex M(f) given by

n n+1 n n _d),}-H 0
M) =X"Ta Y dM(f) = 1t -
f ay
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@ The mapping cone of f is the complex M(f) given by

n n+1 n n _d),}-H 0
M) =X"Ta Y dM(f) = 1t -
f ay

Definition

A morphism f: X — Y in C(&) is a quasi-isomorphism (qis) if M(f) is
admissible.
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Quasi-isomorphisms

@ Let f: X — Y be a morphism in C(«).
@ The mapping cone of f is the complex M(f) given by

n n+1 n n _d),}-H 0
M(E)" = X" @Y™, diyy = X
f ay

Definition
A morphism f: X — Y in C(&) is a quasi-isomorphism (qis) if M(f) is
admissible.

Examples

@ If o7 is abelian, then f: X — Yisaqis < H"(f): H"(X) — H"(Y)is an
isomorphism for every n.

| A
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M(E)" = X" @Y™, diyy = X
f ay

Definition
A morphism f: X — Y in C(&) is a quasi-isomorphism (qis) if M(f) is
admissible.

Examples
@ If o7 is abelian, then f: X — Yisaqis < H"(f): H"(X) — H"(Y)is an
isomorphism for every n.
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| A
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Examples
@ If o7 is abelian, then f: X — Yisaqis < H"(f): H"(X) — H"(Y)is an
isomorphism for every n.
o If o7 = .o/, then f: X — Yisaqis <= fis ahomotopy equivalence.
@ If &/ = A-mod, then f: X — Yisaqis < fisahmt. equiv. in C(Fr).
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Quasi-isomorphisms

@ Let f: X — Y be a morphism in C(«).
@ The mapping cone of f is the complex M(f) given by

n n+1 n n _d),}-H 0
M) =X"Te Y0 dun = | o gn
Definition

A morphism f: X — Y in C(&) is a quasi-isomorphism (qis) if M(f) is
admissible.

vy

Examples

@ If o7 is abelian, then f: X — Yisaqis < H"(f): H"(X) — H"(Y)is an
isomorphism for every n.

o If o7 = .o/, then f: X — Yisaqis <= fis ahomotopy equivalence.
@ If &/ = A-mod, then f: X — Yisaqis < fisahmt. equiv. in C(Fr).

@ If &/ = A-mod, then f: X — Yisaqis < H"(f): H'(X) — H"(Y) is an
isomorphism for every n.

v
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The derived category

The derived category of <7 is (D(</), q.r), Where
@ D(«) is a category;
® q: H(&) — D(&) is a functor that takes quasi-isomorphisms to
isomorphisms;
@ For each category % and each functor F: H(«) — £ that takes
quasi-isomorphisms to isomorphisms there exists a unique functor
G: D(«) — # making the following diagram commute:

H(«) Lt~ 2

-
7
le 4
7 G
7
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Construction of D(«7)

@ ObD(«/) = ObH() = Ob C().

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 19/32



Construction of D(«7)

@ ObD(«/) = ObH(%) = ObC().
@ Given X, Y € Ob(D(«)), let

-1

Homp ) (X, Y) = {“right fractions” fs~' : sis a qis}

= {eqv. classes of pairs (f,s) : X & Z Ly,
f is any morphism, sis a qis}.

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 19/32



Construction of D(«7)

@ ObD(«/) = ObH(%) = ObC().
@ Given X, Y € Ob(D(«)), let

-1

Homp ) (X, Y) = {“right fractions” fs~' : sis a qis}

= {eqv. classes of pairs (f,s) : X & Z Ly,
f is any morphism, sis a qis}.
4
s f
A
XE W Py

(gt ") o (fs™") E (gh)(su)~".

@ (f,8) ~(9,t) < 3(h, u) making the diagram commute.

@ Composition:

_ U
aqisu , ~ \ 3n
» N
s 4 f ot w g
YN X
X Y V4
@ D(&) is an additive category.
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Subcategories of D(.«)

o CT(«) ={X e C(«):3IN e Zsuch that X" =0Vn < N}.
0 C(«)={XeC(«):3N € Zsuchthat X" =0Vn > N}.
e Ct(«)=CH(«)NC ().

—_
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Subcategories of D(.«)

° C+(d) ={X € C(«) : IN € Z such that X" = 0 Vn < N}.
C(&)={XeC(«):3IN e Zsuchthat X" =0Vn > N}.

° Cb(d) =CH () NC ().

o Ct(o) L% HE (o) 2% D ().

o Co(o7) X% Ho(or) 2% DO(7).
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Subcategories of D(.«)

° C+(d) ={X € C(«) : IN € Z such that X" = 0 Vn < N}.
C(&)={XeC(«):3IN e Zsuchthat X" =0Vn > N}.

° Cb(d) =CH()NC ().

o Ct(o) L% HE (o) 2% D ().

o Co(o7) X% Hb(or) 2% Db(a7).

e DY (&), D~ (&), D?(«) are full additive subcategories of D(.<7).

quot.
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Subcategories of D(.«)

° C+(M) ={X € C(«) : IN € Z such that X" = 0 Vn < N}.
C(&)={XeC(«):3IN e Zsuchthat X" =0Vn > N}.

° Cb(%) =CH () NC ().

o Ct(o) L% HE (o) 2% D ().

o Co(o7) X% Ho(or) 2% DO(7).

e DY (&), D~ (&), D?(«) are full additive subcategories of D(.<7).

@ </ is a full additive subcategory of D°(«7) : X+ (0 — X — 0).

quot.
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Derived functors of exact functors

@ o/, % = exact categories F: o/ — % an additive functor
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Derived functors of exact functors

@ o/, % = exact categories F: o/ — % an additive functor
o C(F): C(&) — C(£) H(F): H(«7) — H(%)
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Derived functors of exact functors

@ o/, % = exact categories F: o/ — % an additive functor
o C(F): C(&) — C(£) H(F): H(«7) — H(%)

H(w) 22

¢qge

qgt\L
D() D(%)
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Derived functors of exact functors

@ o/, % = exact categories F: o/ — % an additive functor
o C(F): C(&) — C(£) H(F): H(«7) — H(%)

H(w) 22
qgt\L

D(«) - ~ = D(&)

-

q=»
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Derived functors of exact functors

@ o/, % = exact categories F: o/ — % an additive functor
o C(F): C(&) — C(£) H(F): H(«7) — H(%)

H(w) 22
QM\L

D(«) - ~ = D(&)

q=»

-

@ In general, there is no functor D(«) — D(%) making the above diagram
commute.
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Derived functors of exact functors

@ o/, % = exact categories F: o/ — % an additive functor
o C(F): C(&) — C(£) H(F): H(«7) — H(%)

H(w) 22 H(2)
%z\L \Lq@

@ In general, there is no functor D(«) — D(%) making the above diagram
commute.

Definition

Fis exact <= F: { admissible pairs } — { admissible pairs }
<= C(F): { admissible complexes } — { admissible complexes }
< F:{qis} — {qis }.

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 21/32



Derived functors of exact functors

@ o/, % = exact categories F: o/ — % an additive functor
o C(F): C(&) — C(£) H(F): H(«7) — H(%)

H(w) 22 H(2)
%z\L \Lq@

@ In general, there is no functor D(«) — D(%) making the above diagram
commute.

Definition

Fis exact <= F: { admissible pairs } — { admissible pairs }
<= C(F): { admissible complexes } — { admissible complexes }
< F:{qis} — {qis }.

@ Fis exact «< there exists a unique functor D(«/) — D(%) making the
above diagram commute.
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F-projective subcategories

Let F: & — £ be an additive functor.
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F-projective subcategories

Let F: & — £ be an additive functor.

A full additive subcategory & C « is F-projective if
(FP1) VX € & 3dP € & and an adm. epi P — X.
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F-projective subcategories

Let F: & — 2 be an additive functor.
Definition
A full additive subcategory & C « is F-projective if

(FP1) VX € & 3dP € & and an adm. epi P — X.
(FP2) X - Y —>Zadm., Y, Ze & — X € Z.
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F-projective subcategories

Let F: o/ — % be an additive functor.
Definition
A full additive subcategory & C « is F-projective if
(FP1) VX € & 3dP € & and an adm. epi P — X.
(FP2) X - Y —>Zadm., Y, Ze & — X € Z.
(FP3) X =Y —>Zadm., X,Y,Z e & — FX — FY — FZ adm.
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F-projective subcategories

Let F: o/ — % be an additive functor.

Definition

A full additive subcategory & C « is F-projective if
(FP1) VX € & 3dP € & and an adm. epi P — X.
(FP2) X - Y —>Zadm., Y, Ze & — X € Z.

(FP3) X =Y —>Zadm., X,Y,Z e & — FX — FY — FZ adm.
F-injective subcategories are defined dually.
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F-projective subcategories

Let F: o/ — % be an additive functor.
A full additive subcategory & C & is F-projective if

(FP1) VX € & 3dP € & and an adm. epi P — X.

(FP2) X - Y —>Zadm., Y, Ze & — X € Z.

(FP3) X =Y —>Zadm., X,Y,Z e & — FX — FY — FZ adm.
F-injective subcategories are defined dually.

Example

@ P e « is projective if for each admissible epi X — Y in &/ the map
Hom(P, X) — Hom(P, Y) is onto.
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F-projective subcategories

Let F: o/ — % be an additive functor.
A full additive subcategory & C & is F-projective if

(FP1) VX € & 3dP € & and an adm. epi P — X.

(FP2) X - Y —>Zadm., Y, Ze & — X € Z.

(FP3) X =Y —>Zadm., X,Y,Z e & — FX — FY — FZ adm.
F-injective subcategories are defined dually.

Example

@ P e « is projective if for each admissible epi X — Y in &/ the map
Hom(P, X) — Hom(P, Y) is onto.
o & = {projectives} satisfies (FP2) and (FP3) for every F.
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F-projective subcategories

Let F: o/ — % be an additive functor.
A full additive subcategory & C & is F-projective if

(FP1) VX € & 3dP € & and an adm. epi P — X.

(FP2) X - Y —>Zadm., Y, Ze & — X € Z.

(FP3) X =Y —>Zadm., X,Y,Z e & — FX — FY — FZ adm.
F-injective subcategories are defined dually.

Example

@ P e « is projective if for each admissible epi X — Y in &/ the map
Hom(P, X) — Hom(P, Y) is onto.
o & = {projectives} satisfies (FP2) and (FP3) for every F.

@ If &/ has enough projectives (i.e., & satisfies (FP1)), then & is
F-projective for every F.
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Derived functors

Let & C & be a full additive subcategory satisfying (FP1). Then
e VX eC (&) IPeC (Z)andaqis P — X.
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Derived functors

Let & C & be a full additive subcategory satisfying (FP1). Then

e VX eC (&) IPeC (Z)andaqis P — X.

e D (2) EN D~ (<) is an equivalence.
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Derived functors

Let & C & be a full additive subcategory satisfying (FP1). Then

VX eC (&) IPeC (£)andaqis P — X.

e D (2) EN D~ (<) is an equivalence.

@ Suppose that & C « is F-projective.
exact

— T
H_(f@) R H_(JZ{) B H_(e%))

| |

D™ (#) — D" (&) D™(#)
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Derived functors

Let & C & be a full additive subcategory satisfying (FP1). Then

VX eC (&) IPeC (£)andaqis P — X.

e D (2) EN D~ (<) is an equivalence.

@ Suppose that & C « is F-projective.
exact

— T
H_(f@) R H_(JZ{) B H_(e%))

H=(F)
T
PN )

@ Definition. The left derived functor of F is
LF =aol™": D (&) — D~ (XA).
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Derived functors

Let & C & be a full additive subcategory satisfying (FP1). Then

VX eC (&) IPeC (£)andaqis P — X.

e D (2) EN D~ (<) is an equivalence.

@ Suppose that & C « is F-projective.
exact

— T
H_(f@) R H_(JZ{) B H_(e%))

H=(F)
T
PN )

@ Definition. The left derived functor of F is
LF =aol™": D (&) — D~ (XA).

@ Right derived functors are defined dually.
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Classical derived functors

@ Suppose that £ is quasi-abelian, and let n € Z.

(%) -2
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Classical derived functors

@ Suppose that £ is quasi-abelian, and let n € Z.

H"

c(#) 1~ %
|

H#) /,

%a¢

D(%)

@ Let F: o/ — % be an additive functor such that LF exists.

Definition
The nth classical left derived functor of F is

LoF = H "o LF|y: o — B.

@ Classical right derived functors are defined similarly.
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The derived projective tensor product

@ A = a Fréchet algebra, & = A-mod, % = LCS.
@ Yemod-A F=Y®u-): & — B
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@ A-mod has enough projectives =—> LF exists.
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Example

@ A= anuclear Fréchet algebra, & = A-mod, # = LCS.
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The derived projective tensor product

@ A = a Fréchet algebra, & = A-mod, % = LCS.

@ Yemod-A, F=Y&u-): o — B

@ A-mod has enough projectives = LF exists.

@ LF(X) = Y@ZX is the derived projective tensor product of Y and X.
o L,F(X)=Tora(Y, X).

Example
@ A = anuclear Fréchet algebra, «# = A-mod, 4 = LCS.
® Yenmod-A F=Y&(-): o — B
@ A-mod does not have enough projectives (Geiler 1978 for A = C).
@ Nevertheless, {projectives in A-mod} is F-projective = LF exists
(follows from the fact that Y &(—): Fr — Fr is exact).

o LF(X) = Y&5X.
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The derived projective tensor product

L

D~ (nmod-A) x D~ (A-mod) — % Lcs

|

D~ (nmod-A) x D~ (A-mod)
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Quasi-coherent analytic Fréchet sheaves

@ X = a finite-dimensional Stein space (e.g., C")
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@ X = a finite-dimensional Stein space (e.g., C")
@ 0Ux = the sheaf of germs of holomorphic functions on X

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories



Quasi-coherent analytic Fréchet sheaves
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Quasi-coherent analytic Fréchet sheaves

@ X = a finite-dimensional Stein space (e.g., C")
@ 0Ux = the sheaf of germs of holomorphic functions on X
@ # = an analytic sheaf on X (i.e., a sheaf of &x-modules)

@ % is a Fréchet sheaf if

e for each open U C X % (U) is a Fréchet &(U)-module;
o Z(U) — Z#(V)is continuous (V C U open).
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Quasi-coherent analytic Fréchet sheaves

@ X = a finite-dimensional Stein space (e.g., C")
@ 0Ux = the sheaf of germs of holomorphic functions on X
@ # = an analytic sheaf on X (i.e., a sheaf of &x-modules)

@ % is a Fréchet sheaf if

e for each open U C X % (U) is a Fréchet &(U)-module;
o Z(U) — Z#(V)is continuous (V C U open).

Definition (J.-P. Ramis and G. Ruget, 1974)

An analytic Fréchet sheaf .# is quasi-coherent if for each Stein open set
ucX

o Tor!™(6(U), #(X)) = 0 for k > 0 and is Hausdorff for k = 0;
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Quasi-coherent analytic Fréchet sheaves

@ X = a finite-dimensional Stein space (e.g., C")
@ 0Ux = the sheaf of germs of holomorphic functions on X
@ # = an analytic sheaf on X (i.e., a sheaf of &x-modules)

@ % is a Fréchet sheaf if

e for each open U C X % (U) is a Fréchet &(U)-module;
o Z(U) — Z#(V)is continuous (V C U open).

Definition (J.-P. Ramis and G. Ruget, 1974)

An analytic Fréchet sheaf .# is quasi-coherent if for each Stein open set
ucX

o Tor!™(6(U), #(X)) = 0 for k > 0 and is Hausdorff for k = 0;
@ O(U)®gx) Z(X) — F(U) is an isomorphism.

@ Example. Ox, any coherent analytic sheaf.
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Quasi-coherent analytic Fréchet sheaves

@ X = a finite-dimensional Stein space (e.g., C")
@ 0Ux = the sheaf of germs of holomorphic functions on X
@ # = an analytic sheaf on X (i.e., a sheaf of &x-modules)

@ % is a Fréchet sheaf if

e for each open U C X % (U) is a Fréchet &(U)-module;
o Z(U) — Z#(V)is continuous (V C U open).

Definition (J.-P. Ramis and G. Ruget, 1974)

An analytic Fréchet sheaf .# is quasi-coherent if for each Stein open set
ucX

o Tor!™(6(U), #(X)) = 0 for k > 0 and is Hausdorff for k = 0;
@ O(U)®gx) Z(X) — F(U) is an isomorphism.

@ Example. Ox, any coherent analytic sheaf.

@ Fact. (QCoh(X), all exact pairs) is an exact category
(follows from M. Putinar, 1980).
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The derived functor of sections

@ U cC Xopen
e IN(U,—): QCoh(X) — ¢(U)-mod
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Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 28/32



The derived functor of sections
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@ Definition. A sheaf % over X is soft if #(X) — .%(Z) is onto for every
closed Z C X.

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 28/32
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@ Does there exist R (U, —)?

@ Definition. A sheaf % over X is soft if #(X) — .%(Z) is onto for every
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The derived functor of sections

@ U cC Xopen

@ I'(U,—): QCoh(X) — ¢(U)-mod is not exact (unless U is a Stein set)

@ Does there exist R (U, —)?

@ Definition. A sheaf % over X is soft if #(X) — %#(Z) is onto for every
closed Z C X.

@ Examples. €x; €yx°; each sheaf of modules over €x or €x°.

Theorem (M. Putinar, 1986)
@ Each soft analytic Fréchet sheaf is quasi-coherent.

@ fForeach % € QCoh(X) there exists a resolution .7 — . consisting of
soft analytic Fréchet sheaves.
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The derived functor of sections

@ U cC Xopen

@ I'(U,—): QCoh(X) — ¢(U)-mod is not exact (unless U is a Stein set)

@ Does there exist RI[(U, —)?

@ Definition. A sheaf % over X is soft if #(X) — %#(Z) is onto for every
closed Z C X.

@ Examples. €x; €yx°; each sheaf of modules over €x or €x°.

Theorem (M. Putinar, 1986)

@ Each soft analytic Fréchet sheaf is quasi-coherent.
@ fForeach % € QCoh(X) there exists a resolution .7 — . consisting of
soft analytic Fréchet sheaves.

v

Corollary

@ For each open set U C X the subcategory {soft sheaves} C QCoh(X) is
(U, —)-injective.
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The derived functor of sections

@ U cC Xopen

@ I'(U,—): QCoh(X) — ¢(U)-mod is not exact (unless U is a Stein set)

@ Does there exist RI[(U, —)?

@ Definition. A sheaf % over X is soft if #(X) — %#(Z) is onto for every
closed Z C X.

@ Examples. €x; €yx°; each sheaf of modules over €x or €x°.

Theorem (M. Putinar, 1986)

@ Each soft analytic Fréchet sheaf is quasi-coherent.
@ fForeach % € QCoh(X) there exists a resolution .7 — . consisting of
soft analytic Fréchet sheaves.

v

Corollary
@ For each open set U C X the subcategory {soft sheaves} C QCoh(X) is
(U, —)-injective.
@ There exists RI'(U, —): DT(QCoh(X)) — D*(&(U)-mod).

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories 28/32



The Taylor spectrum

A = a nuclear Fréchet algebra, N € D~ (nmod-A), M € D~ (A-mod).
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N and M are disjoint over A (N L4 M) if N&5 M = 0.
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The Taylor spectrum

A = a nuclear Fréchet algebra, N € D~ (nmod-A), M € D~ (A-mod).

Definition

N and M are disjoint over A (N L4 M) if N&5 M = 0.

X = a finite-dimensional Stein space (e.g. C"), A= ¢(X), M € D~ (A-mod).

Definition
The resolvent set of M is

p(M) = {X € X:3anbhd U > A such that 6(U) L M}
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Definition

N and M are disjoint over A (N L4 M) if N&5 M = 0.

X = a finite-dimensional Stein space (e.g. C"), A= ¢(X), M € D~ (A-mod).

Definition
The resolvent set of M is

p(M) = {X € X:3anbhd U > A such that 6(U) L M}

The spectrum of M is (M) = X'\ p(M).
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The Taylor spectrum

A = a nuclear Fréchet algebra, N € D~ (nmod-A), M € D~ (A-mod).

Definition

N and M are disjoint over A (N L4 M) if N&5 M = 0.

X = a finite-dimensional Stein space (e.g. C"), A= ¢(X), M € D~ (A-mod).

Definition
The resolvent set of M is

p(M) = {X € X:3anbhd U > A such that 6(U) L M}

The spectrum of M is (M) = X'\ p(M).

@ o(M) is closed.
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The Taylor spectrum

A = a nuclear Fréchet algebra, N € D~ (nmod-A), M € D~ (A-mod).

Definition

N and M are disjoint over A (N L4 M) if N&5 M = 0.

X = a finite-dimensional Stein space (e.g. C"), A= ¢(X), M € D~ (A-mod).

Definition
The resolvent set of M is

p(M) = {X € X:3anbhd U > A such that 6(U) L M}

The spectrum of M is (M) = X'\ p(M).

@ o(M) is closed.
@ If M € A-mod, then \ € p(M) <= there exists a nbhd U > ) such that
Torf(6(U), M) = 0 for all k € Z (equiv. to Putinar’s definition (1980)).
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The presheaf associated to M

Given an open set U c X, let . (U) = RT(U, &x) &3 M € Db(6(U)-mod).
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The presheaf associated to M

Given an open set U C X, let .#Z(U) = RI'(U, Ox) @): M € D*(¢(U)-mod).
Properties of . (U)

o ./ (X)=M.
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The presheaf associated to M

Given an open set U c X, let . (U) = RT(U, &x) &3 M € Db(6(U)-mod).

Properties of . (U)
o ./ (X)= M.
@ V c Uc X open = 3 acanonical map .Z(U) — . (V).
@ ./ is a presheaf on X with values in D?(Fr).

| A

Proposition

@ Let U be an open subset of X. Then
UnoM)=9 <= #(U)=0.

\
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The presheaf associated to M

Given an open set U c X, let . (U) = RT(U, &x) &3 M € Db(6(U)-mod).

Properties of . (U)
o ./ (X)= M.
@ V c Uc X open = 3 acanonical map .Z(U) — . (V).
@ ./ is a presheaf on X with values in D?(Fr).
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Proposition

@ Let U be an open subset of X. Then
UnoM)=9 <= #(U)=0.

@ Hence p(M) is the largest open subset U C X such that .#(U) = 0.
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The presheaf associated to M

Given an open set U c X, let . (U) = RT(U, &x) &3 M € Db(6(U)-mod).

Properties of . (U)
o ./ (X)= M.
@ V c Uc X open = 3 acanonical map .Z(U) — . (V).
@ ./ is a presheaf on X with values in D?(Fr).

| A

Proposition

@ Let U be an open subset of X. Then
UnoM)=9 <= #(U)=0.

@ Hence p(M) is the largest open subset U C X such that .#(U) = 0.

\

@ Corollary. If M # 0, then o(M) # @.

Alexei Yu. Pirkovskii Taylor’s functional calculus and derived categories



The presheaf associated to M

Given an open set U c X, let . (U) = RT(U, &x) &3 M € Db(6(U)-mod).
Properties of . (U)

o ./ (X)= M.

@ V c Uc X open = 3 acanonical map .Z(U) — . (V).

@ ./ is a presheaf on X with values in D?(Fr).

@ Let U be an open subset of X. Then
UnoM)=9 <= #(U)=0.

@ Hence p(M) is the largest open subset U C X such that .#(U) = 0.

\

@ Corollary. If M # 0, then o(M) # @.
@ Indeed, otherwise .#(X) = 0, but .#Z(X) = M.
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The case of a Banach complex

@ A-Banmod C A-mod D~ (A-Banmod) C D~ (A-mod)
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The case of a Banach complex

@ A-Banmod C A-mod D~ (A-Banmod) C D~ (A-mod)
@ Given A € X, let &(X)actonCby f-z=f(\)z.
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The case of a Banach complex

@ A-Banmod C A-mod D~ (A-Banmod) C D~ (A-mod)
@ Given A € X, let &(X)actonCby f-z = f()\)z.
@ C, = the resulting &(X)-module.
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The case of a Banach complex

@ A-Banmod C A-mod D~ (A-Banmod) C D~ (A-mod)
@ Given A € X, let &(X)actonCby f-z = f()\)z.
@ C, = the resulting &(X)-module.

Proposition
If X is a Stein manifold and M € D~ (A-Banmod), then

p(M) = {)\ € X:Cx Lo M}.
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The case of a Banach complex

@ A-Banmod C A-mod D~ (A-Banmod) C D~ (A-mod)
@ Given A € X, let &(X)actonCby f-z = f()\)z.
@ C, = the resulting &(X)-module.

Proposition
If X is a Stein manifold and M € D~ (A-Banmod), then

p(M) = {)\ € X:Cx Lo M}.

e If M € A-Banmod, then X € p(M) <= Tor{(Cx,M) =0forall k c Z
(equiv. to Taylor’s definition (1972)).
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p(M) = {)\ € X:Cx Lo M}.

e If M € A-Banmod, then X € p(M) <= Tor{(Cx,M) =0forall k c Z
(equiv. to Taylor’s definition (1972)).

@ LetX=C"; z=(z,...,2,) the coordinates on C".

@ 0+ Cy) «+ K(z— M\ A)is afree resolution of C, (Taylor, 1972).
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The case of a Banach complex

@ A-Banmod C A-mod D~ (A-Banmod) C D~ (A-mod)
@ Given A € X, let &(X)actonCby f-z = f()\)z.
@ C, = the resulting &(X)-module.

Proposition
If X is a Stein manifold and M € D~ (A-Banmod), then

p(M) = {)\ € X:Cx Lo M}.

e If M € A-Banmod, then X € p(M) <= Tor{(Cx,M) =0forall k c Z
(equiv. to Taylor’s definition (1972)).

@ LetX=C"; z=(z,...,2,) the coordinates on C".

@ 0+ Cy) «+ K(z— M\ A)is afree resolution of C, (Taylor, 1972).

@ K(z—\A)&aM=K(T -\ M).

@ Torg(Cx, M) = Hk(K(T — X\, M)).
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The case of a Banach complex

@ A-Banmod C A-mod D~ (A-Banmod) C D~ (A-mod)
@ Given A € X, let &(X)actonCby f-z = f()\)z.
@ C, = the resulting &(X)-module.

Proposition
If X is a Stein manifold and M € D~ (A-Banmod), then

p(M) = {)\ € X:Cx Lo M}.

e If M € A-Banmod, then X € p(M) <= Tor{(Cx,M) =0forall k c Z
(equiv. to Taylor’s definition (1972)).

o LetX=C";, z=(z,...,z,) the coordinates on C".

@ 0+ Cy) «+ K(z— M\ A)is afree resolution of C, (Taylor, 1972).

@ K(z—\A)&aM=K(T -\ M).

@ Torg(Cx, M) = Hk(K(T — X\, M)).

@ Hence A € p(M) < K(T — X\, M) is exact
(Taylor’s original definition (1970)).
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Taylor’s functional calculus

Theorem
Consider the following properties of M € D~ (A-mod):
(i) (M) C U;
(i) M= .#(X)— #(U) is an isomorphism in D~ (A-mod);
(i) o(M) c U.
Then (i) = (ii) = (iii).
If, in addition, X is a manifold and M € D~ (A-Banmod), then (i) < (ii).
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Taylor’s functional calculus

Consider the following properties of M € D~ (A-mod):
(i) (M) C U;
(i) M= .#(X)— #(U) is an isomorphism in D~ (A-mod);
(i) o(M) c U.
Then (i) = (ii) = (iii).
If, in addition, X is a manifold and M € D~ (A-Banmod), then (i) < (ii).

Corollary
Let M € A-mod, and suppose that (M) C U. Then
M — H°(.#(U))
is an isomorphism in A-mod.
As a consequence, the action of €(X) on M extends to an action of 0(U).
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