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Background and preliminary

e Property T for locally compact groups was first introduced by
D. Kazhdan in the 1960s. He used it to show that some lattices
are finitely generated. This notion was proved to be very useful
and has many equivalent formulations.
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Background and preliminary

e Property T for locally compact groups was first introduced by
D. Kazhdan in the 1960s. He used it to show that some lattices
are finitely generated. This notion was proved to be very useful
and has many equivalent formulations.

¢ P. Fima partially extended the notion of property T to discrete
quantum groups and he showed that discrete quantum groups
with property T are of Kac type.

¢ D. Kyed and M. Soltan partially generalize some equivalences
of property T to discrete quantum groups.

¢ D. Kyed obtained a Delorme-Guichardet type theorem (a
cohomology description for property T) for discrete quantum
groups.

e M. Daws, P. Fima, A. Skalski and S. White gave the definition
of property T for general locally compact quantum groups, in
their paper on the Haagerup property.
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Background and preliminary

e If Gis alocally compact group and n: G — L£(9) is a
continuous unitary representation, then a net {¢;},; of unit
vectors in ) is called an almost invariant unit vector (for ) if

sup [|ue(&i) — &ill — 0,
tek

for any compact subset K C G.
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Background and preliminary

e If Gis alocally compact group and n: G — L£(9) is a
continuous unitary representation, then a net {¢;},; of unit
vectors in ) is called an almost invariant unit vector (for ) if

sup [|ue(&i) — &ill — 0,
tek

for any compact subset K C G.

e We denote by C*(G) the full group C*-algebra of G and by 7,
the *-representation of C*(G) induced by .

e 15 is the trivial one-dimensional representation of G.

e Gis the topological space of irreducible unitary
representations of G.
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e G is said to have property T if any continuous unitary
representation of G that has an almost invariant unit vector
actually has an invariant unit vector.
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Background and preliminary

e G is said to have property T if any continuous unitary
representation of G that has an almost invariant unit vector
actually has an invariant unit vector.

e Property T of G is equivalent to:

(T1) C*(G) = kermq, @ C canonically.

T2) 3 minimal projection p € M(C*(G)) such that m1,(p) = 1.

T4) All fin. dim. representations in G are isolated points.

(T2)

(T3) 1 is an isolated point in G.

(T4) C

(T5) Fafin. dim. representation in G which is an isolated point.
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Background and preliminary

e G is said to have property T if any continuous unitary
representation of G that has an almost invariant unit vector
actually has an invariant unit vector.

e Property T of G is equivalent to:

(T1) C*(G) = kermq, @ C canonically.

(T2) 3 minimal projection p € M(C*(G)) such that w1 ,(p) = 1.
(T3) 1 is an isolated point in G.

(T4) All fin. dim. representations in G are isolated points.

(T5) Fafin. dim. representation in G which is an isolated point.

e The equivalences of prop. T with T1-T5 for discrete quantum
groups are some of the main results in the paper by Kyed and
Soltan.
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Background and preliminary

e G is said to have property T if any continuous unitary
representation of G that has an almost invariant unit vector
actually has an invariant unit vector.

e Property T of G is equivalent to:

(T1) C*(G) = kermq, @ C canonically.

(T2) 3 minimal projection p € M(C*(G)) such that w1 ,(p) = 1.
(T3) 1 is an isolated point in G.

(T4) All fin. dim. representations in G are isolated points.

(T5) Fafin. dim. representation in G which is an isolated point.

e The equivalences of prop. T with T1-T5 for discrete quantum
groups are some of the main results in the paper by Kyed and
Soltan.

e (Delorme-Guichardet theorem) If G is o-compact, then it has
property T if and only if H'(G, 1) = (0) for any continuous
unitary representation p of G.
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Some notations and prelimiaries concerning a C*-algebra A:
e Rep(A): unitary equiv. classes of non-deg. -rep. of A
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Some notations and prelimiaries concerning a C*-algebra A:
e Rep(A): unitary equiv. classes of non-deg. -rep. of A
o If (11, 9), (v, R) € Rep(A), we set
*pcvrifdisom. V:9H — Rst ula) = V'v(a)V, Vae A
*u < vifkerv C ker p.
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Some notations and prelimiaries concerning a C*-algebra A:
e Rep(A): unitary equiv. classes of non-deg. «-rep. of A
o If (11, 9), (v, R) € Rep(A), we set
*pcvrifdisom. V:9H — Rst ula) = V'v(a)V, Vae A
*u = vitkerv Ckerp.
e A C Rep(A): irred. rep. (equip with Fell top.)

Lemma

Let A be a C*-algebra and (i1, $)) € A.
(a) The following statements are equivalent.

@ . is an isolated point in A.
Q V(m, &) € Rep(A) with u < 7, one has j C .
Q A=kerud ﬂyez\\{#} kerv.

(b) Ifdim $ < oo, then {u} is a closed subset of A.
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Notations and prelimiaries on loc. comp. quant. groups:

e G: aloc. comp. quant. group with reduced C*-algebraic
presentation (Co(G), A, p, v).
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e G: aloc. comp. quant. group with reduced C*-algebraic
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e Uec M(KX($)® Co(G)) is called a unitary corepresentation of
Co(G) if (id ® A)(U) = Uy Uy3.
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presentation (Cy(G), A, p, ).

e Uec M(KX($)® Co(G)) is called a unitary corepresentation of
Co(G) if (id ® A)(U) = Uy Uy3.

e We denote by 1 € M(Cy(G)) the identity (which is the trivial
1-dim. unit. corepn.)

o (C3(G), A"): the universal Hopf C*-alg. associate with the
dual group G of G.
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Notations and prelimiaries on loc. comp. quant. groups:

e G: aloc. comp. quant. group with reduced C*-algebraic
presentation (Cy(G), A, p, ).

e U e M(X($) ® Cy(G)) is called a unitary corepresentation of
Co(G) if (id ® A)(U) = Us2Uss.

e We denote by 1 € M(Cy(G)) the identity (which is the trivial
1-dim. unit. corepn.)

o (C3(G), A"): the universal Hopf C*-alg. associate with the
dual group G of G.

o Ve M(Cg(@) ® Co(G)): unitary that implements the bij.
corresp. between unitary coreprens. of Co(G) and non-deg.
*-repns. of Cj(G) through U = (my ®id)(Vg).
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e (\g, L?(G)) is the GNS representation for .
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U-invariant unit vector if || U(& @ n) — & @ || — 0, Vn € L3(G).

¢ U has a non-zero invariant vector < m, C my.
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Background and preliminary

e (\g, L?(G)) is the GNS representation for .

e U e M(X($) ® Co(G)): unitary corepn. of Co(G).

(@) ¢ € His s.t.b. a U-invariantif U(¢ @ n) = ¢ @1, Vi € L?(G).
(b) A net {¢;};c5 of unit vectors in $) is called an almost
U-invariant unit vector if || U(& @ n) — & @ || — 0, Vn € L3(G).

¢ U has a non-zero invariant vector < m, C my.

e U has almost invariant vectors < ., < my.
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Property T and some equivalent forms

Definition

G is said to have property T if every unit. corepn. of Cy(G)
having an almost invar. unit vector has a non-zero inv. vector.
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Property T and some equivalent forms

Definition

G is said to have property T if every unit. corepn. of Cy(G)
having an almost invar. unit vector has a non-zero inv. vector.

The following extends some results in the paper by Kyed and
Soltan:

Proposition
The following statements are equivalent.

(0) G has property T

(1) CY(G) = kermy, @ C.

(2) 3 aproj. pg € M(CY(G)) with pe C4(G)pe = Cpg and
7T1G(p((;,) =1

(38) m1 Is an isolated point in Cg(@).

—
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Property T and some equivalent forms

For the corresp. of (T4) and (T5), we need the notion of “tensor
products” and “contragredients” of unit. corepns.
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Property T and some equivalent forms

For the corresp. of (T4) and (T5), we need the notion of “tensor
products” and “contragredients” of unit. corepns.

e If V is another unit. corepn. of Cy(G) on a Hil. sp. R, then
UDV := Uiz Vo € M(K(H @ R) @ Co(G)) is a unit. corepn.
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Property T and some equivalent forms

For the corresp. of (T4) and (T5), we need the notion of “tensor
products” and "contragredients” of unit. corepns.

e If V is another unit. corepn. of Cy(G) on a Hil. sp. &, then
UDV := Uiz Vo € M(K(H @ R) @ Co(G)) is a unit. corepn.
e Suppose G is of Kac type and « : Cy(G) — Cy(G) is the

antipode. If 7 : K(£) — X(R) is the canon. anti-isom., then

V.= (r®k)(V) e M(X(R)® Cy(G)) is a unit. corepn.
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For the corresp. of (T4) and (T5), we need the notion of “tensor
products” and "contragredients” of unit. corepns.

e If V is another unit. corepn. of Cy(G) on a Hil. sp. &, then
UDV := Uiz Vo € M(K(H @ R) @ Co(G)) is a unit. corepn.
e Suppose G is of Kac type and « : Cy(G) — Cy(G) is the

antipode. If 7 : K(8&) — K(&) is the canon. anti-isom., then
V.= (r®k)(V) e M(X(R)® Cy(G)) is a unit. corepn.
e If one identifies $ @ & with the space of Hilbert-Schmidt

operators from £ to §, then
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Property T and some equivalent forms

For the corresp. of (T4) and (T5), we need the notion of “tensor
products” and "contragredients” of unit. corepns.

e If V is another unit. corepn. of Cy(G) on a Hil. sp. &, then
UDV := Uiz Vo € M(K(H @ R) @ Co(G)) is a unit. corepn.
e Suppose G is of Kac type and « : Cy(G) — Cy(G) is the

antipode. If 7 : K(8&) — K(&) is the canon. anti-isom., then
V.= (r®k)(V) e M(X(R)® Cy(G)) is a unit. corepn.
e If one identifies $ @ & with the space of Hilbert-Schmidt

operators from £ to §, then

Suppose that G is of Kac type. T € $ @ 8 is UD V-invariant if
andonly if U(T®1)V* = T ® 1 (as operators from & @ L?(G) to
H e L2(G)).
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Property T and some equivalent forms

G is of Kac type.

Proposition

™ C Ty@y if and only if 3 a fin. dim. unit. corepn. W s.t.
Tw C Ty ande C my.
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Property T and some equivalent forms

G is of Kac type.

Proposition

™ C Ty@y if and only if 3 a fin. dim. unit. corepn. W s.t.
Tw C Ty ande C my.

Theorem

Then property T of G is also equivalent to the following
Statements.

(4) All fin. dimen. irred. repn. of C(G) are isolated points in
CL(G).
(5) Cg(@) =~ B® My(C) for a C*-algebra B and n € N.
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Delorme-Guichardet type theorem?

e Let u: G — L(9) be a strongly cont. unit. repn. A continuous
map c: G — $is called a
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e Let u: G — L(9) be a strongly cont. unit. repn. A continuous
map c: G — $is called a
* 1-cocycle for i if c(st) = us(c(t)) + c(s) (s, t € G).
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* 1-cocycle for i if c(st) = us(c(t)) + c(s) (s, t € G).

* 1-coboundary for p if 3¢ € $ s.t. ¢(s) = us(§) — € (s € G).
If Z'(G; 1) := {1-cocycles} and B'(G; 1) := {1-coboundaries},

Ng Property T for locally compact quantum groups



Delorme-Guichardet type theorem?

e Let u: G — L(9) be a strongly cont. unit. repn. A continuous
map c: G — $is called a
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e Let u: G — L(9) be a strongly cont. unit. repn. A continuous
map c: G — $is called a

* 1-cocycle for i if c(st) = us(c(t)) + c(s) (s, t € G).

* 1-coboundary for p if 3¢ € $ s.t. ¢(s) = us(§) — € (s € G).
If Z'(G; 1) := {1-cocycles} and B'(G; 1) := {1-coboundaries},
then H'(G; 1) := Z'(G; 1)/B'(G; 1) is called the first
cohomology of G with coefficient in (1, $).
¢ Problem: loc. comp. quant. groups “may not have point”
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e Let u: G — L(9) be a strongly cont. unit. repn. A continuous
map c: G — $is called a

* 1-cocycle for i if c(st) = us(c(t)) + c(s) (s, t € G).

* 1-coboundary for p if 3¢ € $ s.t. ¢(s) = us(§) — € (s € G).
If Z'(G; 1) := {1-cocycles} and B'(G; 1) := {1-coboundaries},
then H'(G; 1) := Z'(G; 1)/B'(G; 1) is called the first
cohomology of G with coefficient in (1, $).
¢ Problem: loc. comp. quant. groups “may not have point”

~

e Suppose G is discrete and (Pol(G), A, S, ¢) is the Hopf *-alg.
of matrix coefficents of G. Kyed defined a cohom. theory of
(Pol(G), £) with coeff. in *-repn of Pol(G), and showed that
property T of G is equiv. to the vanishing of all such cohom.
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e Let u: G — L(9) be a strongly cont. unit. repn. A continuous
map c: G — $is called a
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e Suppose G is discrete and (Pol( ), A, S, ¢) is the Hopf *-alg.
of matrix coefficents of G. Kyed defined a cohom. theory of
(Pol(G), £) with coeff. in *-repn of Pol(G), and showed that
property T of G is equiv. to the vanishing of all such cohom.

e If G is a discrete group I, then Pol( ) = CII].
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Delorme-Guichardet type theorem?

e Let u: G — L(9) be a strongly cont. unit. repn. A continuous
map c: G — $is called a

* 1-cocycle for i if c(st) = us(c(t)) + c(s) (s, t € G).

* 1-coboundary for p if 3¢ € $ s.t. ¢(s) = us(§) — € (s € G).
If Z'(G; 1) := {1-cocycles} and B'(G; 1) := {1-coboundaries},
then H'(G; 1) := Z'(G; 1)/B'(G; 1) is called the first
cohomology of G with coefficient in (1, $).
e Problem: loc. comp. quant. groups “may not have point”

e Suppose G is discrete and (Pol( ), A, S, ¢) is the Hopf *-alg.
of matrix coefficents of G. Kyed defined a cohom. theory of
(Pol(G), £) with coeff. in *-repn of Pol(G), and showed that
property T of G is equiv. to the vanishing of all such cohom.

e If G is a discrete group I, then Pol( ) = CII].
e How about locally compact groups?
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Delorme-Guichardet type theorem?

e G: loc. cpt. group with strongly cont. unit. repn.
w: G— L(9).

Ng Property T for locally compact quantum groups



Delorme-Guichardet type theorem?

e G: loc. cpt. group with strongly cont. unit. repn.
w: G— L(9).

e C;(G) : all cont. funct. with compact support.

Ng Property T for locally compact quantum groups



Delorme-Guichardet type theorem?

e G: loc. cpt. group with strongly cont. unit. repn.
w: G— L(9).
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e ji: Cc(G) — L(9H) the *-repn induced by .
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e G: loc. cpt. group with strongly cont. unit. repn.
w: G— L(9).
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e G: loc. cpt. group with strongly cont. unit. repn.
w: G— L(9).

e C;(G) : all cont. funct. with compact support.
e ji: Cc(G) — L(9H) the *-repn induced by .
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e V 1-cocycle c, define ®(c)(f) := [;f(t)c(t)dt (f € Cc(G))
<—> “1-cocycle” (or derlvatlon)for (fi, £G)
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e G: loc. cpt. group with strongly cont. unit. repn.
w: G— L(9).

e C;(G) : all cont. funct. with compact support.
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e V 1-cocycle c, define ®(c)(f) := [;f(t)c(t)dt (f € Cc(G))
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e Need a topology on C.(G) satisfying

@ any cont. *-repn of C.(G) is of the form fi for a cont. unit.
repn of G;
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@ any cont. *-repn of C.(G) is of the form fi for a cont. unit.
repn of G;
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Delorme-Guichardet type theorem?

e G: loc. cpt. group with strongly cont. unit. repn.
w: G— L(9).

e C;(G) : all cont. funct. with compact support.
e ji: Cc(G) — L(9H) the *-repn induced by .
e ¢ : C¢(G) — C canonical character.

e V 1-cocycle c, define ®(c)(f) := [;f(t)c(t)dt (f € Cc(G))
<—> “1-cocycle” (or “derivation’ ) for (fi, £G)
e Need a topology on C.(G) satisfying

@ any cont. *-repn of C.(G) is of the form fi for a cont. unit.
repn of G;

@ if cis a cont. 1-cocyc., then ®(c) is cont.

© every cont. “1-cocyc. for (fi,eg)” is of the form ®(c) for a
unique cont. 1-cocycle c for p.
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e Bisa*-alg.,e: B— Ca*-char. and 7 : B— £($) a *-repn.
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e Bisa*-alg.,e: B— Ca*-char. and 7 : B— £($) a *-repn.

ef:B— Hiscalleda
* 1-cocycle for (w,€) if 6(ab) = w(a)d(b) + 0(a)s(b) (a, b € B);
* 1-coboundary for (m,¢) if 3¢ € $H with 0(a) = &e(a) — pn(a)é.
e 1-cocycle for (7, ) = “(m, £)-derivation”
e 1-coboundary for (m, ) = “inner (r, £)-derivation”

¢ R(G) := {non-empty compact subsets of G}.
e VK € R(G), set Ck(G) := {cont. funct. with support in K}.

e A linear map ¢ from C.(G) to a normed space E is s.t.b:
(a) locally bounded, if 0|c, (g is L'-bounded VK € &(G).
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e Bisa*-alg.,e: B— Ca*-char. and 7 : B— £($) a *-repn.

ef:B— Hiscalleda
* 1-cocycle for (w,€) if 6(ab) = w(a)d(b) + 0(a)s(b) (a, b € B);
* 1-coboundary for (m,¢) if 3¢ € $H with 0(a) = &e(a) — pn(a)é.
e 1-cocycle for (7, ) = “(m, £)-derivation”
e 1-coboundary for (m, ) = “inner (r, £)-derivation”

¢ R(G) := {non-empty compact subsets of G}.

e VK € R(G), set Ck(G) := {cont. funct. with support in K}.

e A linear map ¢ from C.(G) to a normed space E is s.t.b:

(a) locally bounded, if 0|c, (g is L'-bounded VK € &(G).

(b) continuously locally bounded, if 3 a family {rk }ken() IN R4
10O < rkllflla (K € R(G); f € Ck(G)),
* Ve > 0,3 acompact neigh. Uof es.t. kx <eif KC U.
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Proposition

Ifr: Co(G) — L($) is a non-deg. *-repn., 3 a stronly cont. unit.
repn. p of G on $ with = = [i if and only if 7 is loc. bdd.
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Ifr: Co(G) — L($) is a non-deg. *-repn., 3 a stronly cont. unit.
repn. i of G on $) with = = fi if and only if 7 is loc. bdd.

0: Ce(G) — 9 aloc. bdd. 1-cocyc. for (fi,eG);
c: G— $acont. 1-cocyc. for .
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Ifr: Co(G) — L($) is a non-deg. *-repn., 3 a stronly cont. unit.
repn. i of G on $) with = = fi if and only if 7 is loc. bdd.

0: Ce(G) — 9 aloc. bdd. 1-cocyc. for (fi,eG);
c: G— $ acont. 1-cocyc. for .
(a) 3 weakly cont. 1-cocyc. V() for p s.t.

(6(9).C) = Jga(t)(W(0)(1),¢) dt (g € Ce(G): € € 9).
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Ifr: Co(G) — L($) is a non-deg. *-repn., 3 a stronly cont. unit.
repn. i of G on $) with = = fi if and only if 7 is loc. bdd.

0: Ce(G) — 9 aloc. bdd. 1-cocyc. for (fi,eG);

c: G— $ acont. 1-cocyc. for .

(a) 3 weakly cont. 1-cocyc. V() for p s.t.

(0(9).C) = Jga(t)(W(0)(1),¢) dt (g € Ce(G): € € 9).

(b) ®(c) is cont. loc. bdd. 1-cocyc. for (fi,eg) s.t. W(®(c)) = c.
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Ifr: Co(G) — L($) is a non-deg. *-repn., 3 a stronly cont. unit.
repn. i of G on $) with = = fi if and only if 7 is loc. bdd.

0: Ce(G) — 9 aloc. bdd. 1-cocyc. for (fi,eG);

c: G— $ acont. 1-cocyc. for .

(a) 3 weakly cont. 1-cocyc. V() for p s.t.

(6(9),C) = Jaa()(W()(1),¢) at (g € Cc(G): € € 9).

(b) ®(c) is cont. loc. bdd. 1-cocyc. for (fi,eg) s.t. W(®(c)) = c.
(c) If 6 is cont. loc. bdd., then V() is cont. and (W (0)) = 6.
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Ifr: Co(G) — L($) is a non-deg. *-repn., 3 a stronly cont. unit.
repn. i of G on $) with = = fi if and only if 7 is loc. bdd.

0: Ce(G) — 9 aloc. bdd. 1-cocyc. for (fi,eG);

c: G— $ acont. 1-cocyc. for .

(a) 3 weakly cont. 1-cocyc. V() for p s.t.

(0(9).C) = Jga(t)(W(0)(1),¢) dt (g € Ce(G): € € 9).

(b) ®(c) is cont. loc. bdd. 1-cocyc. for (fi,eg) s.t. W(®(c)) = c.
(c) If 6 is cont. loc. bdd., then V() is cont. and (W (0)) = 6.
(d) 6 is L' -bounded if and only if W(0) is a 1-coboundary.
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Definition

By : loc. convex *-alg.; ¢ : B — C a P-cont. *-character. We say
that (By, €) has property (FH) if VP-cont. non-deg. *-repn

m: B — L($), any P-cont. 1-cocycle for (w,¢) is a
1-coboundary.
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m: B — L($), any P-cont. 1-cocycle for (w,¢) is a
1-coboundary.

e For Ban. alg., prop. (FH) is a weaker version of c-amenability.
e If Bis a unital Ban. *-alg. and (B, ¢) has prop. (FH), then
kere = kere - kere.

Ng Property T for locally compact quantum groups



Delorme-Guichardet type theorem?

Definition
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identity (e.g. when Bis a C*-alg), then (B, ) has prop. (FH).
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Definition

By : loc. convex *-alg.; ¢ : B — C a P-cont. *-character. We say
that (By, €) has property (FH) if VP-cont. non-deg. *-repn

m: B — L($), any P-cont. 1-cocycle for (w,¢) is a
1-coboundary.

e For Ban. alg., prop. (FH) is a weaker version of c-amenability.
e If Bis a unital Ban. *-alg. and (B, ¢) has prop. (FH), then
kere = kere - kere.

e If Bis a Ban. *-alg. and ker ¢ has a bounded approximate
identity (e.g. when Bis a C*-alg), then (B, ) has prop. (FH).
e If Bis a left amen. F-alg. with isom. invol. and ¢ € B* is the
identity with (b*) = £(b)*, then (B, ) has prop. (FH).

Ng Property T for locally compact quantum groups



Delorme-Guichardet type theorem?

Definition

By : loc. convex *-alg.; ¢ : B — C a P-cont. *-character. We say
that (By, €) has property (FH) if VP-cont. non-deg. *-repn

m: B — L($), any P-cont. 1-cocycle for (w,¢) is a
1-coboundary.

e For Ban. alg., prop. (FH) is a weaker version of e-amenability.
e If Bis a unital Ban. *-alg. and (B, ¢) has prop. (FH), then
kere = kere - kere.

e If Bis a Ban. *-alg. and ker ¢ has a bounded approximate
identity (e.g. when Bis a C*-alg), then (B, ) has prop. (FH).
e If Bis a left amen. F-alg. with isom. invol. and ¢ € B* is the
identity with (b*) = £(b)*, then (B, ) has prop. (FH).

e If G is an amen. loc. comp. quant. gp. of Kac type, then
(L'(G) ,m.) has prop. (FH).

H.||L1(G)
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e Consider T to be the loc. convex inductive top. on C¢(G)
induced by the sys. {(Cx(G), |l - HU(G))}KER(G) of normed sp.
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e A linear map V¥ from C¢(G) to a normed sp E is loc. bdd < it
is T-cont.
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e Consider T to be the loc. convex inductive top. on C¢(G)
induced by the sys. {(Cx(G), |l - HU(G))}KER(G) of normed sp.

e A linear map V¥ from C¢(G) to a normed sp E is loc. bdd < it
is T-cont.

Theorem

Let G be a loc. comp. group.

(a) If G is 2nd countable, then (C¢(G)s,eg) has prop. (FH)
< Ghasprop. T.

Ng Property T for locally compact quantum groups



Delorme-Guichardet type theorem?

e Consider T to be the loc. convex inductive top. on C¢(G)
induced by the sys. {(Cx(G), |l - HU(G))}KER(G) of normed sp.

e A linear map V¥ from C¢(G) to a normed sp E is loc. bdd < it
is T-cont.

Theorem

Let G be a loc. comp. group.

(a) If G is 2nd countable, then (C¢(G)s,eg) has prop. (FH)
< Ghasprop. T.

(b) (L'(G) eg) always has prop. (FH).

II.“U(G)’
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e Consider T to be the loc. convex inductive top. on C¢(G)
induced by the sys. {(Cx(G), |l - HU(G))}KER(G) of normed sp.

e A linear map V¥ from C¢(G) to a normed sp E is loc. bdd < it
is T-cont.

Theorem

Let G be a loc. comp. group.

(a) If G is 2nd countable, then (C¢(G)s,eg) has prop. (FH)
< Ghasprop. T.

(b) (L (G)”.”U(G),z-:e) always has prop. (FH).
(c) (A(G).|; 6e) has prop. (FH).
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e Consider T to be the loc. convex inductive top. on C¢(G)
induced by the sys. {(Cx(G), |l - HU(G))}KER(G) of normed sp.

e A linear map V¥ from C¢(G) to a normed sp E is loc. bdd < it
is T-cont.

Theorem

Let G be a loc. comp. group.

(a) If G is 2nd countable, then (C¢(G)s,eg) has prop. (FH)
< Ghasprop. T.

(b) (L (G)ll'Hu(G)’EG) always has prop. (FH).
(c) (A(G).|; 6e) has prop. (FH).

e One may also define char. amen. for loc. conv. *-alg. If G is
2nd count., C¢(G)y is eg-amen. if and only if G is compact.
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Reference:
1. X. Chen and C.K. Ng, Property T for general locally compact

quantum groups, preprint.

2. X. Chen, A.T.M. Lau and C.K. Ng, Convolution algebras and
property (T) for locally compact groups, in preparation.

Thanks
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