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Introduction

Integration - product formulae

Classical integration by parts

Let x; = [, a(s)ds,y: = [y B(s)ds. Then

Xty = /Ot(a(s)ys+x5[3’(s))ds
_ / / (a(s)B(r) + o(r)B(s))drds
0 0
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Introduction

Integration - product formulae

Wiener integration by parts

Let X; = [; f(s)dWs, Y: = [{ g(s)dWs. Then

Xty = /Ot(a(s)ys+x5[3’(s))ds
_ / / (a(s)B(r) + o(r)B(s))drds
0 0
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Introduction

Integration - product formulae

Wiener integration by parts

Let X; = [; f(s)dWs, Y: = [{ g(s)dWs. Then
XeYr = /O(f(s)Ys+ng(s))dW5+/0 f(s)g(s)ds

= [ [ 000+ fesnawaw. + [ #(s)e(s)as
0 0 JO
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Introduction

Integration - product formulae

Quantum stochastic integration by parts

Let X, = [if F(s)dAs, Y: = [if G(s)dAs. Then

t

XY, = / (F(5) e + Xeg(s))dWs + / et
= [ [ 60 + esnaman. + [ f(o)(s)ds
0
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Introduction

Integration - product formulae

Quantum stochastic integration by parts

Let X; = [ F(s)dAs, Y: = [if G(s)dAs. Then
t

XYy = /(FSY5+X5GS+FSAGS)d/\S
0

t s t
= //(FerJrFsGr)d/\rd/\er/ F.AG.dA..
0 0 0
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Introduction

Motivations

@ Fock space provides a universal arena for stochastic calculus.
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Introduction

Motivations

@ Fock space provides a universal arena for stochastic calculus.
@ 'Duality transforms’ induce algebraic structure on Fock space.

© Products of stochastic integrals are expressible in closed-form
formulas.
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Introduction

Motivations

o
2]
o

Fock space provides a universal arena for stochastic calculus.
'Duality transforms’ induce algebraic structure on Fock space.

Products of stochastic integrals are expressible in closed-form
formulas.

@ Known classical examples are particular cases of a general
quantum picture.
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Quantum Wiener integrals

Multiple Wiener integrals

Let (W;)¢>0 be the canonical one-dimensional Wiener process on
(Q,F,P).
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Quantum Wiener integrals

Multiple Wiener integrals

Let (W;)¢>0 be the canonical one-dimensional Wiener process on
(Q, F, P). One can form multiple Wiener integrals:

In(f) = // f(tr, - s tn)dWy...dW,, € L2(Q, F, P)

fel2(An), A" = {(t1, + ,ta) €[0,00)": t; < ... < t,}.
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Quantum Wiener integrals

Multiple Wiener integrals

Let (W;)¢>0 be the canonical one-dimensional Wiener process on
(Q, F, P). One can form multiple Wiener integrals:

I(f) = / / (t1,--- , t)dWy...dW,, € L2(Q, F, P)

fel2(An), A" = {(t1, + ,ta) €[0,00)": t; < ... < t,}.

Theorem (Wiener-Segal-1t6)

[2(Q,F,P) = @/ (L2(A

n>0
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Quantum Wiener integrals

Multiple Wiener integrals

Let (W;)¢>0 be the canonical one-dimensional Wiener process on
(Q, F, P). One can form multiple Wiener integrals:

I(f) = / / (t1,--- , t)dWy...dW,, € L2(Q, F, P)

fel2(An), A" = {(t1, + ,ta) €[0,00)": t; < ... < t,}.

Theorem (Wiener-Segal-1t6)

[2(Q,F,P) = @/ (L2(A

n>0

Also: compensated Poisson process, certain Azéma martingales.
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Quantum Wiener integrals

Noncommutative probability

Probability Quantum probability
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Quantum Wiener integrals

Noncommutative probability

Probability Quantum probability
L>(Q, F, P)
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Quantum Wiener integrals

Noncommutative probability

Probability Quantum probability
L>*(Q,F,P) | (A w),Av.N.a., wnormal state
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Quantum Wiener integrals

Noncommutative probability

Probability Quantum probability
L>*(Q,F,P) | (A w),Av.N.a., wnormal state
10, A€ F
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Quantum Wiener integrals

Noncommutative probability

Probability Quantum probability
L>*(Q,F,P) | (A w),Av.N.a., wnormal state
1a,Ace F p=p'=p’c A
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Quantum Wiener integrals

Noncommutative probability

Probability Quantum probability

L>*(Q,F,P) | (A w),Av.N.a., wnormal state
1a,Ace F p=p'=p’c A

f:Q— Xrv. | F: B— A unital x —homomorphism
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Quantum Wiener integrals

Noncommutative probability

Probability Quantum probability
L>*(Q,F,P) | (A w),Av.N.a., wnormal state

1a,Ace F p=p'=p’c A
f:Q— Xrv. | F: B— A unital x —homomorphism
Pof! woF.
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Quantum Wiener integrals

Fock space

Fix Hilbert space k.
Set K= L2(R;;k),k®*" =k®...®k (k¥ = C) and

KY" = Lin{f®": f € K}.
Symmetric Fock space over K:

F=T(K) =Pk

n>0
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Quantum Wiener integrals

Fock space

Fix Hilbert space k.
Set K= L2(R;;k),k®*" =k®...®k (k¥ = C) and

KY" = Lin{f®": f € K}.
Symmetric Fock space over K:

F=T(K) =Pk

n>0

K and F decompose as follows:
_ k _ 1k k
K'=Kio,of © Kityools  F* = Flo.o[ @ Flt.oa]

where K; := L2(/; k) and Ff := I'(K;) for | C R.
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Quantum Wiener integrals

Exponential vectors

f®2 fFon
e(f)=(1,f,—
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Quantum Wiener integrals

Exponential vectors

f®2 fFon
17f777"'7 PR
V2 Vn!

Exp := Lin{e(f): f € L>(Ry;k)}.

e(f) = ( )-
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Quantum Wiener integrals

Exponential vectors

F®2 fFon
e(f) = (1, f,%7~-- , \m,)

Exp := Lin{e(f): f € L>(Ry;k)}.

Q:=¢(0)=(1,0,0,...).
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Quantum Wiener integrals

Exponential vectors

F®2 fFon
e(f) = (1, f,%7~-- , \m,)

Exp := Lin{e(f): f € L>(Ry;k)}.

Q:=¢(0)=(1,0,0,...).

wa(A) = (Q, AQ).
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Quantum Wiener integrals

Topological version of Schiirmann Reconstruction Theorem

Theorem (Das-Lindsay 2012, Lindsay—Skalski 2004)

Every quantum Lévy process is (equivalent to) a Fock space
quantum Lévy process, i.e. a process

Us.t: A = (B(FX),wq))o<s<t for some Hilbert space k.
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Quantum Wiener integrals

Topological version of Schiirmann Reconstruction Theorem

Theorem (Das-Lindsay 2012, Lindsay—Skalski 2004)

Every quantum Lévy process is (equivalent to) a Fock space
quantum Lévy process, i.e. a process

Us.t: A = (B(FX),wq))o<s<t for some Hilbert space k.
Moreover, this process is expressible in terms of multiple quantum
Wiener integrals.
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Quantum Wiener integrals

Guichardet space 1: Definition

Definition

I' =Fin(Ry); I =Fin([s,t[)
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Quantum Wiener integrals

Guichardet space 1: Definition

Definition

I' =Fin(Ry); I =Fin([s,t[)
{s1 < ...<sp}r (51, - ,s0) € RY;
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Quantum Wiener integrals

Guichardet space 1: Definition

Definition

I' =Fin(Ry); I =Fin([s,t[)
{s1 < ...<sp}r (51, - ,s0) € RY;

p({0}) = L.
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Quantum Wiener integrals

Guichardet space 1: Definition

Definition

I' =Fin(Ry); I =Fin([s,t[)
{s1 <...<sp} = (s1, -+ ,sn) € RY;

p({0}) = L.

/,L(FOJ) = et.
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Quantum Wiener integrals

Guichardet space 1: Definition

Definition

I'=Fin(R+); I% = Fin([s, t])
{51 L 000 <5n}’_>(51,‘-- 75n) cR":
n({0}) = 1.

M(Fo,t) = e,

We denote the sets by Greek letters - «, 3, 7.
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Quantum Wiener integrals

Guichardet space 1: Definition

Definition
I' =Fin(Ry); I = Fin([s, t[)
{s1 <...<sp} = (s1, -+ ,sn) € RY;
p({0}) = 1.
(o) = e
We denote the sets by Greek letters - «, 3, 7.

Definition

F2{F € X(I; P K®") : Voer F(o) € K¥#7}.
n>0
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Quantum Wiener integrals

Guichardet space 2: Explanation

Let x be a vector from the Fock space over L?(R,; k) = K. Then

X € (C,K,K®2 )
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Quantum Wiener integrals

Guichardet space 2: Explanation

Let x be a vector from the Fock space over L?(R,; k) = K. Then

x(o) € (C kK2, ..., )
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Quantum Wiener integrals

Guichardet space 2: Explanation

Let x be a vector from the Fock space over L?(R,; k) = K. Then

x(0) € (C,k k%2, ..., )
1

g
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Quantum Wiener integrals

Guichardet space 2: Explanation

Let x be a vector from the Fock space over L?(R,; k) = K. Then

x(o)  €(C,k,k®2, ..., )
1
o ={s1<..<sp}
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Quantum Wiener integrals

Guichardet space 2: Explanation

Let x be a vector from the Fock space over L?(R,; k) = K. Then

x(0) € (C,kk®2, ..., k& )
{ e

o ={s1 <..<sp}
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Quantum Wiener integrals

Guichardet space 2: Explanation

Let x be a vector from the Fock space over L?(R,; k) = K. Then

x(0) € (C,kk®2, ..., k& )
{ e

o ={s1 <..<sp}

fel?(Ry;k):

Tr(0) = 1c, Tr(0) = Rseof(s), > e(f).
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Quantum Wiener integrals

Guichardet space 3: quantum Wiener integrands

Let k:=C @k
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Quantum Wiener integrals

Guichardet space 3: quantum Wiener integrands

Let k= C @ k. For f € [2(Ry; k) let f(s) = () € k.
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Quantum Wiener integrals

Guichardet space 3: quantum Wiener integrands

Let k := C @ k. For f € L2(Ry;k) let (s ((15)
Consider F: I' — @ B(k®") such that IF( ) € B(k®#")
neN
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Quantum Wiener integrals

Guichardet space 3: quantum Wiener integrands

Let k := C @ k. For f € L2(Ry;k) let (s ((15)
Consider F: I' — @ B(k®") such that IF( ) € B(k®#")
neN

For F: R, — B(k) we can define m¢: I' — @ B(k®") by
neN

TF{s1 < ...<sp})=F;, ®...® Fs,.
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Quantum Wiener integrals

Guichardet space 4: quantum Wiener integrals

Implicit definition: Multiple quantum Wiener integral
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Quantum Wiener integrals

Guichardet space 4: quantum Wiener integrals

Implicit definition: Multiple quantum Wiener integral

(i, AL (F) ) = eF8) / dor(m5(e), F(0)m5(0))-
FS t

AY = Ag =" AL

n>0

Bi-adaptedness property:

/\E{t(.) = Irpq © () © 17, -
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Quantum Wiener integrals

Guichardet space 4: quantum Wiener integrals

Implicit definition: Multiple quantum Wiener integral

(i, AL (F) ) = eF8) / dor(m5(e), F(0)m5(0))-
FS t

AY = Ag =" AL

n>0

Bi-adaptedness property:

/\E{t(.) = Irpq © () © 17, -

Evolution property:

N (TS (F) = NS (), r < s < t.
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Results

Well-definedness of the integral

Let F = <T %) ‘R, — B(k) = < 5(C) B(k'c)> have the

property that

1K N € Lio (Rt ), ILIL IM-] € Lipe(R+), [IN.]] € Lis(R+).

Then Dom(AY(7g)) D Exp.
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Results

Well-definedness of the integral

Let F = <T %) ‘R, — B(k) = <BLZ(C(;Ci) Bl(gk('k()c)> have the

property that

1K N € Lio (Rt ), ILIL IM-] € Lipe(R+), [IN.]] € Lis(R+).

Then Dom(AY(7g)) D Exp.

Proposition
Let F € Y222 Then Dom(AY(F)) D Exp.
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Results

Quantum Wiener convolution

Definition

For F,G € [}22>°, define FxG: I' = @,y B(k®") by

FxG(o)= Y F(aio)A(an B;0)G(B;0).

aUp=c
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Results

Quantum Wiener convolution

Definition

For F,G € L2 define FxG: I' — @

neN B(k@n) by

FxG(o)= Y F(o;o)A(an B;0)G(B;0).

aUp=c
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Results

Quantum Wiener convolution

Definition

For F,G € [}22>°, define FxG: I' = @,y B(k®") by

FxG(o)= Y F(aio)A(an B;0)G(B;0).

aUp=c
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Results

Placement notation

Let k <neN,o={s;,---,sp},a={si, s}
X :Xl X ...®Xk,X,‘ c B(k)

X(a;0) (i1 ® ... @ up) = ® Yiuj,
i=1
where

Yi: XJ i:ijaje{lv"'vk};
I id{in, ik}
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Results

Placement notation

Let k <neN,o={s;,---,sp},a={si, s}
X :Xl X ...®Xk,X,‘ c B(k)

X(a;0) (i1 ® ... @ up) = ® Yiuj,
i=1

where
)<j I:IJaJG{lvvk}v
Yi = . .
/ P i, g}

X(a;0) = X;

1kt
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Results

Placement notation

Let k <neN,o={s;,---,sp},a={si, s}
X :Xl X ...®Xk,X,‘ c B(k)

X(a;0) (i1 ® ... @ up) = ® Yiuj,
i=1

where
)<j I:IJaJG{lvvk}v
Yi = . .
/ P i, g}

X(a;0) = X;

1kt

0 0
)
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Results

Placement notation

Let k <neN,o={s;,---,sp},a={si, s}
X=X1®..0 XX € B(k)

X(a;0) (i1 ® ... @ up) = ® Yiuj,

where
)<j I:IJaJG{lvvk}v
Yi = . .
/ P i, g}

X(o;0) = X;

PR
0 0
a=(5 1)

FxG(o)= Y F(e;o)A(an B;0)G(B;0).

aUf=c
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Results

Quantum Wiener product formula

Theorem (MJ-Lindsay)
LetF,G € L122%° Then FxG € 122>
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Results

Quantum Wiener product formula

Theorem (MJ-Lindsay)
LetF,.G € 112200 Then Fx G € L1222 gnd

AYEAY(G) = AN(FxG)  on Exp.
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Results

Applications

@ Universal picture of various stochastic products:
k=C,
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Results

Applications

@ Universal picture of various stochastic products:
k=C, F=L*I), f,g € F,
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Results

Applications

@ Universal picture of various stochastic products:
k=C, F=L*I), f,g € F,

(Fow £)() = 3 [ duflauwle((\ o) Uw)

aCo
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Results

Applications

@ Universal picture of various stochastic products:
k=C, F=L*I), f,g € F,

(F 5w £)(0 Z/dwfan)g( \ @) Uw).

aCo

(fxpg)(o Z /dwf@Uw (BUw).

alUf=c
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Results

Applications

@ Universal picture of various stochastic products:
k=C, F=L*I), f,g € F,

(F 5w £)(0 Z/dwfan)g( \ @) Uw).

aCo

(fxpg)(o Z /dwf@Uw (BUw).

alUf=c

@ Lie-Trotter product formulae.
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