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Background Main Result Non-unimodular Setting

Position and momentum operators on L2(R):

Qf (x) = xf (x); Pf (x) = −i~f ′(x).

Commutation relation:
[Q,P] = i~I

Uncertainty relation:

σ(Q, f )σ(P, f ) ≥ ~
2 ,

where σ(Q, f ) =
√
〈(Q − 〈Qf , f 〉)2f , f 〉, and ‖f ‖2 = 1.
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Q and P are unitarily equivalent via Fourier transform (~ ≡ 1):

F(f )(ξ) =
1√
2π

∫
R
e−iξx f (x)dx .

Stronger relation using entropy:

H(f ) := −
∫
R
f (x) log(f (x))dx ,

where f ∈ L1(R) is a probability density.

Theorem (Hirschman ’57; Beckner ’75)
For f ∈ L2(R) such that ‖f ‖2 = 1, we have

H(|f |2) + H(|F(f )|2) ≥ log(πe)

whenever the LHS is defined.
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Fact: H(|f |2) + H(|F(f )|2) ≥ log(πe) ⇒ σ(Q, f )σ(P, f ) ≥ ~
2

Theorem (Hirschman ’57)
Let G be a locally compact Abelian group. Then for f ∈ L2(G)
such that ‖f ‖2 = 1, we have

H(|f |2) + H(|F(f )|2) ≥ 0

whenever the LHS is defined.

Remark: For compact Abelian groups, ∃ f such that
H(|f |2) + H(|F(f )|2) = 0.

Question: Manifestation in non-Abelian group duality?
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Definition (Kustermans–Vaes ’00)
A LCQG G = (M, Γ, ϕ, ψ)

• M is a von Neumann algebra;
• Γ : M → M⊗̄M is a co-multiplication.
• ϕ is a left Haar weight on M:

ϕ((ω ⊗ ι)Γ(x)) = ω(1)ϕ(x), x ∈Mϕ, ω ∈ M∗;

• ψ is a right Haar weight on M:

ψ((ι⊗ ω)Γ(x)) = ω(1)ψ(x), x ∈Mψ, ω ∈ M∗.

Notation: L∞(G) := M, L1(G) := M∗, L2(G) := L2(M, ϕ).
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G is unimodular if ϕ = ψ is tracial (i.e., G is a unimodular Kac
algebra).

In this case, ∀ state f ∈ L1(G) there exists a density D η L∞(G)
such that

〈f , x〉 = ϕ(Dx), x ∈ L∞(G).

If D =
∫∞

0 λdeλ, then we define the entropy of f by

H(f ) := H(D) = −ϕ(D logD) = −
∫ ∞

0
λ log λdϕ(eλ).

Ex: If Ga = (L∞(G), Γa, ϕa = ψa), and f ∈ L1(G) is a state, then
D = Mf and

H(f ) = −
∫

G
f (s) log f (s)ds.
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Non-commutative Fourier transform F : L2(G)→ L2(Ĝ) is the
unique extension of the map

Mϕ 3 x 7→ λ(ϕx ) ∈ L∞(Ĝ).

F is an isometric isomorphism of L2(G) onto L2(Ĝ) (Cooney ’10).

Given a state ρ ∈ T (L2(G)), let Dρ be the density of ρ|L∞(G), and
D̂ρ be the density of FρF∗|L∞(Ĝ).

Theorem (C–Kalantar ’14)
Let G be a unimodular LCQG, and ρ ∈ T (L2(G)) be a state.
Then if H(Dρ), Ĥ(D̂ρ), SvN(ρ) are finite,

H(Dρ) + Ĥ(D̂ρ) ≥ SvN(ρ).

In particular, if ρ = ωξ, then H(Dξ) + Ĥ(D̂ξ) ≥ 0.
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Lemma (Gibbs Variational Principle)
Let A ∈ L(H) be self-adjoint s.t. tr(e−A) <∞. Then ∀ state
ρ ∈ T (H)

tr(ρA) + tr(ρ log ρ) ≥ − log tr(e−A)

Lemma (Golden–Thompson Inequality)
Let A,B ∈ L(H) be self-adjoint operators bounded from above,
then

tr(eA+B) ≤ tr(eA/2eBeA/2).

Lemma (C–Kalantar ’14)
Let G be a Kac algebra and let f ∈ L1(G)+. Then ∃ a net (âk) in
L∞(Ĝ) s.t.

∑
k∈K â∗k âk =

∑
k∈K âk â∗k = 〈f , 1〉1, and

Θ(f )(T ) := (f ⊗ ι)W ∗(1⊗ T )W =
∑
k∈K

â∗kTâk , T ∈ B(L2(G)).
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â∗kTâk , T ∈ B(L2(G)).



Background Main Result Non-unimodular Setting

Lemma (Gibbs Variational Principle)
Let A ∈ L(H) be self-adjoint s.t. tr(e−A) <∞. Then ∀ state
ρ ∈ T (H)

tr(ρA) + tr(ρ log ρ) ≥ − log tr(e−A)

Lemma (Golden–Thompson Inequality)
Let A,B ∈ L(H) be self-adjoint operators bounded from above,
then

tr(eA+B) ≤ tr(eA/2eBeA/2).

Lemma (C–Kalantar ’14)
Let G be a Kac algebra and let f ∈ L1(G)+. Then ∃ a net (âk) in
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H(Dρ) + Ĥ(D̂ρ) ≥ SvN(ρ)

If Dρ =
∫∞

0 λdeλ and D̂ρ =
∫∞

0 λdêλ, their tth singular numbers:

µt(Dρ) = inf{s ≥ 0 | ϕ(e(s,∞)) ≤ t} and

µ̂t(D̂ρ) = inf{s ≥ 0 | ϕ̂(ê(s,∞)) ≤ t}, for t > 0.

 probability densities on (0,∞) satisfying

H(Dρ) = −
∫∞

0 µt(Dρ) logµt(Dρ)dt

Ĥ(D̂ρ) = −
∫∞

0 µ̂t(D̂ρ) log µ̂t(D̂ρ)dt

where dt is the Lebesgue measure (Fack–Kosaki ’86).

H(µ) + Ĥ(µ̂) ≥ SvN(ρ)
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H(µ) + Ĥ(µ̂) ≥ SvN(ρ)



Background Main Result Non-unimodular Setting
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Compact Case

Theorem (Matolcsi–Szücs ’73)
Let G be compact group and let f ∈ L2(G), f 6= 0. Then

hG(supp(f ))

( ∑
π|f̂ (π)6=0

dπ2
)
≥ 1,

where f̂ (π) =
∫

G f (s)π(s)∗ds, π ∈ Ĝ.

Theorem (Alagic–Russell ’09)
Let G be compact group and let f ∈ L2(G), f 6= 0. Then

hG(supp(f ))

( ∑
π|f̂ (π)6=0

dπ · rank(f̂ (π))

)
≥ 1.
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Compact Case
If G is a compact Kac algebra, A := Irred(G), then

F : L2(G) 3 ξ →
⊕
α∈A

α(b(ξ)) ∈ `2−
⊕
α∈A
HS(Hα)

where b : L2(G)→ L1(G) and α(f ) = (f ⊗ ι)(uα).

Corollary (C–Kalantar ’14)
Let G be a compact Kac algebra, and ρ ∈ T (L2(G))+−{0}. Then

ϕ(s(Dρ))

(∑
α∈A

dα · rank(D̂α)

)
≥ eSvN

(
ρ

tr(p)

)

where s(Dρ) = supp(ρ|L∞(G)). In particular, for ξ ∈ L2(G)− {0},

ϕ(s(ωξ))

(∑
α∈A

dα · rank(α(b(ξ))

)
≥ 1
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Observation: If G is unimodular, f ∈ L1(G)+1 , then

H(f ) = −S(f , ϕ), the relative entropy.

Let M ⊆ B(H), and let ψ be a n.s.f. weight on M ′. Then

D(H, ψ) := {ξ ∈ H | ∃Rξ ∈ B(Hψ,H) s.t. RξΛψ(x ′) = x ′ξ}

It follows that RξR∗ξ ∈ M for all ξ ∈ D(H, ψ).

For any normal semi-finite weight ϕ on M, the spatial derivative
dϕ/dψ is the largest positive self-adjoint operator T ∈ L(H) s.t.

ϕ(RξR∗ξ ) =


∥∥∥∥T 1/2ξ

∥∥∥∥2
if ξ ∈ D(H, ψ) ∩ D(T 1/2),

+∞ otherwise.
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if ξ ∈ D(H, ψ) ∩ D(T 1/2),

+∞ otherwise.



Background Main Result Non-unimodular Setting

Observation: If G is unimodular, f ∈ L1(G)+1 , then
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Let G = (L∞(G), Γ, ϕ, ψ) be an arbitrary LCQG. Then any state
f ∈ L1(G) satisfies f = ωξ|L∞(G). We define the entropy of f by

H(f ) := −S(f , ϕ) = −
〈
log
(dω′ξ
dϕ

)
ξ, ξ

〉
,

where ω′ξ = ωξ|L∞(G)′ . Definition is independent of the
representing vector ξ.

Moreover,

H(ωξ) = H ′(ω′Jξ) = −
〈
log
(dωJξ

dϕ′
)
Jξ, Jξ

〉
.

Ex: Ga = (L∞(G), Γa, ϕa, ψa), ξ ∈ L2(G), ‖ξ‖2 = 1, then
dω′

ξ

dϕ = M|ξ|2 and

H(|ξ|2) = −
∫

G
|ξ(s)|2 log |ξ(s)|2ds.
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Theorem (Kunze ’58; Terp ’80)
Let G be a locally compact group, and let ξ ∈ L2(G). The Fourier
Transform of ξ is the closed densely defined operator on L2(G)
given by

F(ξ)η = ξ ∗∆1/2η,

where D(F(ξ)) = {η ∈ L2(G) | ξ ∗∆1/2η ∈ L2(G)}. Moreover,
F : L2(G)→ L2(VN(G), ϕ′s) is an isometric isomorphism.

Ex: Gs = (VN(G), Γs , ϕs), ξ ∈ Cc(G), ‖ξ‖2 = 1. If ϕ′s is the
Plancherel weight on VN(G)′, then one can show that

dωJξ
dϕ′s

= |F(ξ)|2.

Thus, H(ωξ) = H ′(ω′Jξ) = −
〈
log
(
|F(ξ)|2

)
Jξ, Jξ

〉
.
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Uncertainty Principle for Locally Compact Groups

Theorem (C–Kalantar ’14)
Let G be a locally compact group and let ξ ∈ L2(G) with
‖ξ‖2 = 1. If H(ωξ) and Ĥ(ωFξ) are finite, then

H(ωξ) + Ĥ(ωFξ) ≥ − log‖∆−1/2ξ‖22,

where for ξ /∈ D(∆−1/2) we let ‖∆−1/2ξ‖2 =∞.
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Thank you!
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