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HYPERGROUPS
A locally compact space H is a hypergroup if
3% : M(H) x M(H) — M(H) called convolution:

» Vx,y € H, 0 * d, is a positive measure with compact
support and |0y * &y |pm) = 1.
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A locally compact space H is a hypergroup if
3% : M(H) x M(H) — M(H) called convolution:

» Vx,y € H, 0 * d, is a positive measure with compact
support and |0y * &y |pm) = 1.

> (x,y) — 0y * 0y is a continuous map from H x H into M(H)
equipped with the weak™ topology.

> (x,y) — supp(dy * d;) is a continuous mapping from H x H
into I(H) equipped with the Michael topology.
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HYPERGROUPS

A locally compact space H is a hypergroup if
3% : M(H) x M(H) — M(H) called convolution:

» Vx,y € H, 0 * d, is a positive measure with compact
support and |0y * &y |pm) = 1.

> (x,y) — 0y * 0y is a continuous map from H x H into M(H)
equipped with the weak™ topology.

> (x,y) — supp(dy * d;) is a continuous mapping from H x H
into I(H) equipped with the Michael topology.

» Je € H, 4, is the identity of M(H).

» Jahomeomorphism x — X of H called involution such that

(5x * (Sy) - (59 * (5,2
e € supp(dy * d,) if and only if y = x.

v
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HAAR MEASURE
Let f € C.(H),

Lof (y) = 0z % 0y (f) =: f(dx * dy).-

A positive non-zero Borel measure # is called a Haar measure if
h(Lf) = h(f), VfeC.(H),x€H.

For a commutative and/or compact and/or discrete
hypergroup, the existence of a Haar measure can be proven.
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HAAR MEASURE
Letf € C.(H),

Lof (y) = 05 % 0y(f) =: f (05 * &y).

A positive non-zero Borel measure # is called a Haar measure if
h(Lf) = h(f), VfeC.(H),x€H.

For a commutative and/or compact and/or discrete
hypergroup, the existence of a Haar measure can be proven.

For A,B C H, A« B C H where

AxB:= U supp (dx * dy)-
x€A, yeB
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HYPERGROUP ALGEBRA

For every f,¢ € LY(H, h),

frg= [ FLgdnw). £ =7

LY(H)(= L'(H,h)) forms a *-algebra called hypergroup algebra.
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FOURIER SPACE OF HYPERGROUPS

[Muruganandam, 07] defined Fourier Stieltjes space of
hypergroups, similar to group case, and consequently Fourier
space of H, A(H).

A(H)* = VN(H) = \(L'(H))" C B(L*(H)).

Proposition. [A."14]
For a hypergroup H,

AH) :={f+3: f,.g € L*(H)}.

And |lul| 4y = inf{|[f|l2[|g[l2} for all f,g € [*(H)stu=fxg.
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FOURIER SPACE OF HYPERGROUPS

[Muruganandam, 07] defined Fourier Stieltjes space of
hypergroups, similar to group case, and consequently Fourier
space of H, A(H).

A(H)* = VN(H) = \(L'(H))" C B(L*(H)).

Proposition. [A."14]
For a hypergroup H,

AH) :={f+3: f,.g € L*(H)}.
And |lul| 4y = inf{|[f|l2[|g[l2} for all f,g € [*(H)stu=fxg.

The hypergroup H is called regular Fourier hypergroup if A(H)
is a Banach algebra with respect to pointwise multiplication.
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COMMUTATIVE HYPERGROUPS

Let H be a commutative hypergroup,
H:= {a € Cy(H) : a(brxdy) = a(x)a(y), a(X) = a(x), and a # 0}.
H is the Gelfand spectrum of L'(H). H is called the dual of H.

His not necessarily a hypergroup any more!
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COMMUTATIVE HYPERGROUPS

Let H be a commutative hypergroup,
H:= {a € Cy(H) : a(drxdy) = a(x)a(y), a(x) = a(x), and o # 0}.
H is the Gelfand spectrum of L'(H). H is called the dual of H.

His not necessarily a hypergroup any more!

Fourier-Stieltjes transform and Fourier transform defined:
F M(H) = Cy(H) where F(u)(@) == [ alo)du(z).

F:LY(H) — Co(H) where F(f)(a /f
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PLANCHEREL MEASURE

Theorem.

Let H be a commutative hypergroup. Then there exists a
non-negative measure 7 on H, called Plancherel measure of H
such that

2 — AOZZ’TTO[
/Hv<x>| dx—/ﬁw ) Pdr(a)

forall f € LY(H) N L*(H).
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PLANCHEREL MEASURE

Theorem.

Let H be a commutative hypergroup. Then there exists a
non-negative measure 7 on H, called Plancherel measure of H
such that

2 — AOZZ’TTO[
/Hv<x>| dx—/ﬁw ) Pdr(a)

forall f € LY(H) N L*(H).

Note that for an arbitrary hypergroup H (unlike group case) the
support of the Plancherel measure,

supp(m) # H.
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EXAMPLE 0.

LOCALLY COMPACT GROUPS

Every locally compact group G, it is a regular Fourier
hypergroup.
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EXAMPLE 1.

REPRESENTATIONS OF COMPACT GROUPS

Let G be a compact (quantum) group and G the set of all
irreducible unitary (co-)representations of G.

Foreachm,meG m@m=Zo ®--- Do, foroq, - ,04 € G.

Define a convolution on ¢! (é) and make G into a commutative
discrete hypergroup which is called the fusion algebra of G.
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EXAMPLE 1.

REPRESENTATIONS OF COMPACT GROUPS

Let G be a compact (quantum) group and G the set of all
irreducible unitary (co-)representations of G.

Foreachm,meG m@m=Zo ®--- Do, foroq, - ,04 € G.

Define a convolution on ¢! (E;) and make G into a commutative
discrete hypergroup which is called the fusion algebra of G.

A (@) is isometrically isomorphic to

ZA(G) ={f € A(G) : fyxy™!) =f(y) forall x,y € G}.

[A."13]: R
G is a regular Fourier hypergroup and A(G) = ZL(G).
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EXAMPLE 2.
7]8

CONJUGACY CLASS OF [EC] GROUPS
The space of all orbits in a locally compact group G for some
relatively compact subgroup B of automorphisms of G
including inner ones denoted by Conj;(G).

Conj,(G) forms a commutative hypergroup.
L'(Conj,(G)) is isometrically isomorphic to
ZpL'(G) ={f € L'(G) : fo B =fforall 3 € B}.
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EXAMPLE 2.
7]3

CONJUGACY CLASS OF [EC] GROUPS
The space of all orbits in a locally compact group G for some
relatively compact subgroup B of automorphisms of G
including inner ones denoted by Conj;(G).

Conj,(G) forms a commutative hypergroup.
L'(Conj,(G)) is isometrically isomorphic to
ZpL'(G) ={f € L'(G) : fo B =fforall 3 € B}.

Conjg(G) is a regular Fourier hypergroup. (Muruganandam
'07)
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EXAMPLE 2.
7]3

CONJUGACY CLASS OF [EC] GROUPS
The space of all orbits in a locally compact group G for some
relatively compact subgroup B of automorphisms of G
including inner ones denoted by Conj;(G).

Conj,(G) forms a commutative hypergroup.
L'(Conj,(G)) is isometrically isomorphic to
ZpL'(G) ={f € L'(G) : fo B =fforall 3 € B}.

Conjg(G) is a regular Fourier hypergroup. (Muruganandam
'07)

When B is the set of all inner automorphisms, we use Conj(G).
Then A(Conj(G)) = ZA(G).

» Conj(G) is a compact hypergroup if G is compact.

» Conj(G) is a discrete hypergroup if G is discrete.
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EXAMPLE 3.

DOUBLE COSET HYPERGROUPS

Let G be a locally compact group and K be a compact subgroup
of G.
G//K :={KxK : x € G}.

forms a hypergroup.

Y(G//K) = {f € LY(G) : f is constant on double cosets of K}.
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EXAMPLE 3.

DOUBLE COSET HYPERGROUPS

Let G be a locally compact group and K be a compact subgroup
of G.
G//K :={KxK : x € G}.

forms a hypergroup.

Y(G//K) = {f € LY(G) : f is constant on double cosets of K}.

[Muruganandam ‘08]:
G//K s a regular Fourier hypergroup and

A(G//K) = {f € A(G) : fis constant on double cosets of K}.
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EXAMPLE 4.

POLYNOMIAL HYPERGROUPS

Let Ng = NU {0}. Let (a4)nen, and (cx)nen, be sequences of
non-zero real numbers and (b, ).cn, be a sequence of real

numbers with the property

ap+by = 1
ay+b,+c, = 1, n>1.

If (Ry1)nen, is a sequence of polynomials defined by

Ro(x) = 1,
Ri(x) = +(x—bo),

Ri(x)Ru(x) = ayRy41(x) + bpRy(x) + cnRy—1(x),

n>1,
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EXAMPLE 4.

POLYNOMIAL HYPERGROUPS

Let Ng = NU {0}. Let (a4)nen, and (cx)nen, be sequences of
non-zero real numbers and (b, ).cn, be a sequence of real

numbers with the property

ag+by = 1
ay+b,+c, = 1, n>1.

If (Ry1)nen, is a sequence of polynomials defined by

Ro(x) = 1,
Ri(x) = A(x—bo),
Ri(x)Ru(x) = ayRy41(x) + bpRy(x) + cnRy—1(x),
Then,
n-—+m
Ru(Rm(x) = > 8(n,m;k)Ry(x)
k=|n—m|

where ¢(n,m;k) € R forall [n —m| <k <n-+m.
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EXAMPLE 4.

POLYNOMIAL HYPERGROUPS

Define * on ¢!(Np) such that

n+m

Op * O = Z 8(”7m;k)5k

k=|n—m|

and 7 = n.

Then (Np, *,”) is a discrete commutative hypergroup with the
unit element 0 which is called the polynomial hypergroup on Ny
induced by (Ry)nen,-
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LEFT INVARIANT MEAN

[SKANTHARAJAH "92]:

A linear functional m € L*>°(H)* is called a mean if it has norm
1 and is non-negative, i.e. f > 0 a.e. implies m(f) > 0.

m is called left invariant mean if m(L.f) = m(f).
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LEFT INVARIANT MEAN

[SKANTHARAJAH "92]:

A linear functional m € L*>°(H)* is called a mean if it has norm
1 and is non-negative, i.e. f > 0 a.e. implies m(f) > 0.

m is called left invariant mean if m(L.f) = m(f).

A hypergroup H is called amenable if it has a left invariant
mean.
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LEFT INVARIANT MEAN

[SKANTHARAJAH "92]:

A linear functional m € L*>°(H)* is called a mean if it has norm
1 and is non-negative, i.e. f > 0 a.e. implies m(f) > 0.

m is called left invariant mean if m(L.f) = m(f).

A hypergroup H is called amenable if it has a left invariant
mean.

Theorem.
Every commutative and/or compact hypergroup is amenable.
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REITER’S CONDITIONS

[SKANTHARAJAH "92]:

H satisfies (P,), 1 < r < oo, if whenever ¢ > 0 and a compact set
E C H are given, then there exists f € L'(H),f > 0, [[f||, =1
such that

ILf = fllr <€ (x €E).
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REITER’S CONDITIONS

[SKANTHARAJAH "92]:

H satisfies (P,), 1 < r < oo, if whenever ¢ > 0 and a compact set
E C H are given, then there exists f € L'(H),f > 0, [[f||, =1
such that

ILf = fllr <€ (x €E).

[Skantharajah "92]:

Amenablity < (P1) < (P2) < (Pr) 1<r<c0e= 1 € supp(7).

When H is commutative.
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REITER’S CONDITIONS

[SKANTHARAJAH "92]:

H satisfies (P,), 1 < r < oo, if whenever ¢ > 0 and a compact set
E C H are given, then there exists f € L'(H),f > 0, [[f||, =1
such that

ILf = fllr <€ (x €E).

[Skantharajah "92]:
Amenablity < (P1) < (P2) < (Pr) 1<r<c0e= 1 € supp(7).

When H is commutative.
Note that (Pl) + (PQ)



Hypergroups Amenable hypergroups Leptin’s conditions Amenability of Hypergroup algebra
: :

CONTENTS

Hypergroups

Amenable hypergroups

Leptin’s conditions

Amenability of Hypergroup algebra



Hypergroups Amenable hypergroups Leptin’s conditions Amenability of Hypergroup algebra
: :

LEPTIN CONDITION
[Singh "96]:

(L) H satisfies the Leptin condition if for every compact subset
K of H and ¢ > 0, 3V measurable in H such that
0<h(V) < ooand

h(K V)

H(V) <l+e.
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LEPTIN CONDITION
[Singh "96]:

(L) H satisfies the Leptin condition if for every compact subset
K of H and ¢ > 0, 3V measurable in H such that
0 <h(V) < ooand

h(K V)

H(V) <l+e.

Theorem. [Singh 96]
Let H be a hypergroup satisfying (L). Then it does (P,) for
1<r< oo
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LEPTIN HYPERGROUPS

Hypergroups satisfying (L) condition:

» Amenable locally compact groups. (Leptin '68)
» Some simple polynomial hypergroups. (Singh "96)

» Every compact hypergroup.

—

» SU(2). (A."13)
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MODIFIED LEPTIN CONDITION

[A. "14]:
(Lp) H satisfies the D-Leptin condition for some D > 1 if for

every compact subset K of H and € > 0, 3V measurable in
H such that 0 < /i(V) < oo and

h(K V)

(V) <D +e
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EXAMPLES OF (Lp) HYPERGROUPS.
[A.]:

» Let G be an FD group. Then Conj(G) satisfies the D-Leptin
condition for D = |G/|.
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EXAMPLES OF (Lp) HYPERGROUPS.
[A.]:

» Let G be an FD group. Then Conj(G) satisfies the D-Leptin
condition for D = |G/|.

—

» SU(3) satisfies 3%-Leptin condition.



Hypergroups Amenable hypergroups Leptin’s conditions Amenability of Hypergroup algebra
: :

EXAMPLES OF (Lp) HYPERGROUPS.
[A.]:

» Let G be an FD group. Then Conj(G) satisfies the D-Leptin
condition for D = |G/|.

> S/\(3) satisfies 38-Leptin condition.

» By [Banica- Vergnioux '09]: dual of connected simply
connected compact real Lie group satisfies some D-Leptin
condition:
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EXAMPLES OF (Lp) HYPERGROUPS.
[A.]:

» Let G be an FD group. Then Conj(G) satisfies the D-Leptin
condition for D = |G/|.

—

» SU(3) satisfies 3%-Leptin condition.

» By [Banica- Vergnioux '09]: dual of connected simply

connected compact real Lie group satisfies some D-Leptin
condition:

H classic computation BV algorithm
Su(2) 1 15
Su(3) 38 = 6561 18240
Su(4) ? > 18 % 1014
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AN APPLICATION OF LEPTIN CONDITION

Theorem. [Choi-Ghahramani "12]
Every proper Segal algebra of T? is not approximately
amenable.
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AN APPLICATION OF LEPTIN CONDITION

Theorem. [Choi-Ghahramani "12]
Every proper Segal algebra of T? is not approximately
amenable.

Theorem. [A. "14] R

Let G be a compact group such that G satisfies D-Leptin
condition. Every proper Segal algebra of G is not
approximately amenable.
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D-LEPTIN AND (P;)?

Question.
Let H be a hypergroup satisfying (Lp). Does it satisfy (P)?
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D-LEPTIN AND (P;)?

Question.
Let H be a hypergroup satisfying (Lp). Does it satisfy (P)?

If H is a locally compact group: Yes!
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D-LEPTIN AND (P;)?

Question.
Let H be a hypergroup satisfying (Lp). Does it satisfy (P)?

If H is a locally compact group: Yes!

1 (Lp) implies that A(H) has a D-bounded approximate
identity.

2 Leptin’s Theorem: A(H) has a bounded approximate
identity if and only H is amenable

3 H is amenable if and only if (P3).
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(Lp) = (P;) FOR HYPERGROUPS

Proposition. [A. '14]
Let H be a regular Fourier hypergroup. If H satisfies (Lp). Then
A(H) has a D-bounded approximate identity.
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(Lp) = (P;) FOR HYPERGROUPS

Proposition. [A. '14]
Let H be a regular Fourier hypergroup. If H satisfies (Lp). Then
A(H) has a D-bounded approximate identity.

Leptin’s Theorem for Hypergroups. [A. "14]
If H is a regular Fourier hypergroup. Then A(H) has a bounded
approximate identity if and only if H satisfies (P).
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(Lp) = (P;) FOR HYPERGROUPS

Proposition. [A. '14]
Let H be a regular Fourier hypergroup. If H satisfies (Lp). Then
A(H) has a D-bounded approximate identity.

Leptin’s Theorem for Hypergroups. [A. "14]

If H is a regular Fourier hypergroup. Then A(H) has a bounded
approximate identity if and only if H satisfies (P;). Then there
is a 1-bounded approximate identity for A(H).
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(Lp) = (P;) FOR HYPERGROUPS

Proposition. [A. '14]
Let H be a regular Fourier hypergroup. If H satisfies (Lp). Then
A(H) has a D-bounded approximate identity.

Leptin’s Theorem for Hypergroups. [A. "14]

If H is a regular Fourier hypergroup. Then A(H) has a bounded
approximate identity if and only if H satisfies (P;). Then there
is a 1-bounded approximate identity for A(H).

(Lp) = (D — b.a.i &)(Py).
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APPLICATION OF LEPTIN’S THEOREM.

Corollary. [A. "14]
Let G be a locally compact group. Then G/ /K satisfies (P,) for
every compact subgroup K if and only if G is amenable .
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APPLICATION OF LEPTIN’S THEOREM.

Corollary. [A. "14]
Let G be a locally compact group. Then G/ /K satisfies (P,) for
every compact subgroup K if and only if G is amenable .

Proof.
» G//Kis aregular Fourier hypergroup and A(G//K) is
f € A(G) which are constant on double cosets of K.
(Murugunandam "08)
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APPLICATION OF LEPTIN’S THEOREM.

Corollary. [A. "14]
Let G be a locally compact group. Then G/ /K satisfies (P,) for
every compact subgroup K if and only if G is amenable .

Proof.
» G//Kis aregular Fourier hypergroup and A(G//K) is
f € A(G) which are constant on double cosets of K.
(Murugunandam "08)
(i) If Gis amenable if and only if A(G) has a bounded
approximate identity. (Leptin "68)
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APPLICATION OF LEPTIN’S THEOREM.

Corollary. [A. "14]
Let G be a locally compact group. Then G/ /K satisfies (P,) for
every compact subgroup K if and only if G is amenable .

Proof.
» G//Kis aregular Fourier hypergroup and A(G//K) is

f € A(G) which are constant on double cosets of K.
(Murugunandam "08)

(i) If Gis amenable if and only if A(G) has a bounded
approximate identity. (Leptin "68)

(ii) A(G) has a bounded approximate identity if and only if
A(G//K) has a bounded approximate identity.
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APPLICATION OF LEPTIN’S THEOREM.

Corollary. [A. "14]
Let G be a locally compact group. Then G/ /K satisfies (P,) for
every compact subgroup K if and only if G is amenable .

Proof.
» G//Kis aregular Fourier hypergroup and A(G//K) is
f € A(G) which are constant on double cosets of K.
(Murugunandam "08)
(i) If Gis amenable if and only if A(G) has a bounded
approximate identity. (Leptin "68)
(ii) A(G) has a bounded approximate identity if and only if
A(G//K) has a bounded approximate identity.
(iii) By Leptin’s Theorem, G//K satisfies (P») if and only if
A(G//K) has ab.a.i.
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Let H be a regular Fourier hypergroup.
(m) H is amenable.
(Lp) H satisfies the D-Leptin condition for some D > 1.

(Bp) A(H) has a D-bounded approximate identity for some
D >1.

(P2) H satisfies (P»).
(P1) H satisfies Reiter condition.
(AM) L!(H) is an amenable Banach algebra.

(Ll) (PZ) ez (Pl) ES (AM)

H I

(Lp) (Bp) (B1) (m)
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AMENABLE HYPERGROUP ALGEBRAS

Theorem. [Johnson '72]
G is amenable < L!(G) is amenable.



Hypergroups Amenable hypergroups Leptin’s conditions Amenability of Hypergroup algebra
:

AMENABLE HYPERGROUP ALGEBRAS

Theorem. [Johnson '72]
G is amenable < L!(G) is amenable.

Theorem. [Skantharajah "92]
H is amenable < L!(H) is amenable.
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AMENABLE HYPERGROUP ALGEBRAS

Theorem. [Johnson '72]
G is amenable < L!(G) is amenable.

Theorem. [Skantharajah "92]
H is amenable < L!(H) is amenable.

Example. [Azimifard-Samei-Spronk "09]
LY(Conj(SU(2)))(= ZL'(SU(2))) is not amenable. But
Conj(SU(2)) is amenable.
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AMENABLE POLYNOMIAL HYPERGROUP ALGEBRAS

Chebyshev polynomial hypergroup on Ny = {0,1,2,3,...}:

1 1
(Sm * (Sn = §5|n—m| + §5n+m

[Lasser ‘07]: ¢'(Np) is amenable.

Proof.

» ((Np) is isometrically Banach algebra isomorphic to

ZaAT) = {f+f:f € A(T)}.



Hypergroups Amenable hypergroups Leptin’s conditions Amenability of Hypergroup algebra
: :

AMENABLE POLYNOMIAL HYPERGROUP ALGEBRAS

Chebyshev polynomial hypergroup on Ny = {0,1,2,3,...}:

1 1
(Sm * 6n = §6|n—m| + §5n+m

[Lasser ‘07]: ¢'(Np) is amenable.

Proof.

» (1(Np) is isometrically Banach algebra isomorphic to
ZaA(T)={f+f:f € A(T)}.

» Z1A(T) is a subalgebra of an amenable Banach algebra
(A(T)) invariant under a finite subgroup of Aut(A(T)).
[Kepert '94]: Z,1A(T) is amenable.
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Let Ny be a polynomial hypergroup and for each N > 0,
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Example. EI(S/\(TZ))(: ZA(SU(2))) is not amenable.
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Let H be a commutative discrete hypergroup satisfying (P,)
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Theorem. [Lasser '07]
Let Ny be a polynomial hypergroup and for each N > 0,
{x € Ny : h(x) < N} is finite. Then ¢!(Np) is not amenable.

Example. EI(SU( ))(= ZA(SU(2))) is not amenable.

Theorem. [A. "14]

Let H be a commutative discrete hypergroup satisfying (P,)
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Example. For every tall compact group G, 51( (= ZA(G)) is
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AMENABILITY OF DISCRETE HYPERGROUP ALGEBRAS

Theorem. [Lasser '07]
Let Ny be a polynomial hypergroup and for each N > 0,
{x € Ny : h(x) < N} is finite. Then ¢!(Np) is not amenable.

Example. EI(SU( ))(= ZA(SU(2))) is not amenable.

Theorem. [A. "14]

Let H be a commutative discrete hypergroup satisfying (P,)
and for each N > 0, {x € H : h(x) < N} is finite. Then ¢! (H) is
not amenable.

Example. For every tall compact group G, 51( (= ZA(G)) is
not amenable.

Example. For every FC group such that |C| — oo,
¢1(Conj(G))(= Z¢*(G)) is not amenable.
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Theorem. [A.-Spronk]
Let G be a compact group which has an open commutative

subgroup. Then (1(G)(= ZA(G)) is amenable.
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(*(H) is amenable if and only if sup, _,, /i(x) < oc.

Theorem. [A.-Spronk]
Let G be a compact group which has an open commutative

subgroup. Then (1(G)(= ZA(G)) is amenable.
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Let G be an FD group; then ¢!(Conj(G))(= Z¢*(G))) is amenable.
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AMENABILITY OF (!(H)

Conjecture.
(*(H) is amenable if and only if sup, _,, /i(x) < oc.

Theorem. [A.-Spronk]
Let G be a compact group which has an open commutative

subgroup. Then 21(@)(: ZA(G)) is amenable.

Theorem. [Azimifard-Samei- Spronk "09]
Let G be an FD group; then ¢!(Conj(G))(= Z¢*(G))) is amenable.

Theorem. [A.-Choi-Samei "13]
Let G be an RDPF group. Then £!(Conj(G))(= Z¢*(G))) is
amenable if and only if G is FD.
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amenable if and only if G has an open abelian group.
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COMPACT HYPERGROUPS

A compact hypergroup satisfies Leptin, so does (P7).
For a compact hypergroup H, L'(H) is weakly amenable.

Conjecture.
If Gisa compact group. Then L!(Conj(G))(= ZL'(G)) is
amenable if and only if G has an open abelian group.

Theorem. [Azimifard-Samei- Spronk "09]
If G is a non-abelian connected compact group, then
L}(Conj(G))(= ZL'(G)) is not amenable.
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