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The Main Problem

Let G and H be locally compact groups.

Problem

Suppose that 6 is a homomorphism from the Fourier
algebras A(G) into the Fourier-Stieltjes algebra B(H).
Describe 6.
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(Contractive) homomorphisms
L'(G) — M(H)

Suppose that ¢ : G — M(H) is a uniformly bounded,
weak*-continuous homomorphism.
Define

(1)) = (1), f) (f € Co(H), t€G).

Then ¢! : Co(H) — CP(G) is a bounded linear map.
Define ¢! : M(G) — M(H) as follows.

(8 ()., £) = /G o (F)au.

Then ¢! is a bounded homomorphism.
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A contractive homomorphism
L'(G) — M(H)

Suppose that ¢ : G — H is a continuous group
homomorphism.

Define
¢'(f):=fog¢ (feCo(H)).

Then ¢! : Co(H) — CP(G) is a contractive linear map.
Define ¢! : M(G) — M(H) as follows.
(). 1) = [ o(Pan.

Then ¢ is a contractive homomorphism.



Contractive
S A more complicated one

Fourier

algebras: not
Mg Suppose that K is a compact supgroup of H that commutes
Contractive Wlth ¢(G) Ie
o K¢(G) C ¢(G)K .
e Then we can define ¢ : M(G) — M(H) as follows.

Pl (1) = o"(n) * My ;

where my is the normalized Haar measure on K.
Then ¢l is a contractive homomorphism.

If in addition we have a “nice” character p : K — T, we could
modify
ok (1) = 0" (1) * (pmi) .
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A further complication

If Lis a normal supgroup of G such that
¢(s) * (pmk) = pmx (s € L),
i.e. ¥(s) =(1g) forall s € L, where v := ¢£§7p.

Consider 1) : G/L — M(H).
Define 9 : M(G/L) — M(H).
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A more concrete example

Take Qg C Q be closed subgroups of T x H with

e (p is compact and normal in 2, and

o y: Qo — H is injective.
Set K := m14(Q0) and set p := 7wy o (mla,) -
Then

© 7 : Q — His a homomorphism,

® K is a compact subgroup of H,

O 74(Q2) commutes with K, and

@ pis a “nice” character on K.
Thus we have a contractive homomorphism
o : M(Q2) — M(H) as above.
Moreover,

o &(Q) = d(10).
Hence, a contractive homomorphism ¢ : M(Q/Qq) — M(H).
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Greenleaf’s theorem

Let G and H be locally compact groups. Every contractive
homomorphism L'(G) — M(H) has the form

&3 o (j)”
where

O d: M(Q/Q) — M(H) as above, and
® ¢: G— Q/Qpis a continuous epimorphism.
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"hina”  Suppose that 6 : A(G) — B(H) is a homomorphism.

For each t € H, either §(f)(t) = 0 Vf € A(G).
Or, f — 0(f)(t) is a character of A(G).
So that 37(t) € G, 6(f)(t) = f(7(t)) for all f € A(G).

Thus, 3 an open subset Q of H and a continuous map
7 :Q — G such that

Homomorphisms
A(G) — B(H)

9(f)(t)={ f(Tét)) :Iiﬁ\ﬂ . (Vfen(G)).

As a consequence, 0 : A(G) — B(H) is automatically
bounded.
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Homomorphisms from A(G)
(cont.)

e Conversely, givenamap 7: Q2 — G, where Q C H.
Define

9T(f)(t)={ f(Tét)) :”Ez\g . (Vfea(G)).

e Then 6, : A(G) — ¢>°(H) is a homomorphism.
e Where ¢(*°(H) is the algebra of bounded functions on H.

Question
For which 7, does 6, (2(G)) C B(H)?



Contractive
homomor-
phisms from
Fourier
algebras: not
new

Pham Le
Hung

Homomorphisms
A(G) — B(H)

A reduction lemma

Let 6 : A(G) — B(H) be a homomorphism.
Then 6 is induced by some continuous map 7 : Q2 — G.
The formula

f(r(t)) if teQ
wUXU={ 0 if te H\Q

makes sense even if f € B(Gy).
In fact, ¢ is @a homomorphism from A(Gy) into B(Hy) with

lell < [0]l-



Contractive
homomor-

pisms o Proof of the reduction
seebasinot |t suffices to show that for u = Y"1, «jd, and v = ST Bidp,
Pramte in Coo(Go) with 37T lail? = 31, 18i12 = 1 we have
n
D we(ux V) (x| < [19] (1)
k=1

Homomorphisms  for gvery finite systems (xx) € H and (vx) C C with

A(G) — B(H) A
| > ket YhwHy (X)) || < 1.
The left hand side of (1) is

n

D (U V) (x)

k=1

= D (U V)(7(x))

Xk EQN

XEQ i j=1

=1> > ThiBjogp1 (T(Xk))
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Take a measurable set V to be chosen.

Consider f = >>1" 1 ajxav and g = 31" Bixpv in L3(G)
both of L2-norm /| V.

So, f* g € A(G) with norm at most |V|. Therefore,

Thus

161HV] =

16(F @) < 1I16[1V].

nyke fxg)(xk)

Z Z kaif; |aiV 0 r(x)b V|

Xk€Q i j=1

Z Zf}/ka’ﬁl aib;” ( ))

Xk €Q i, j=1

VI
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A reduction question

Let 6 : A(G) — B(H) be a homomorphism.
Then 6 is induced by some continuous map 7 : Q2 — G.
The formula

[ He() i teq
@“X”—{ 0 if te H\Q

makes sense even if f € B(Gy).

Is ¢ is @ homomorphism from B(Gy) into B(Hy) with
lell < l60?
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Anti-Affine Maps

e Suppose that C is an open coset of G.
e An anti-affine map 7 : C — H is a continuous map
satisfying that

m(rs't) = 7(t)r(s) "' (r) (r,s,te C).

e An anti-affine map 7 : C — H is a translation of a group
anti-homomorphism:

© fix s € C, then s; ' Cis an open subgroup of G;
0

® the map s — 7(s9)~'7(s08), 30‘1 C — H is a continuous
group anti-homomorphism.
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Isometric Isomorphisms

Theorem (Walter)

Let6 : 2(G) — A(H) be an isometric isomorphism. Then
there exists an either affine or anti-affine homeomorphism
from H onto G such that 0(f) = for (Vf € A(G)).

Theorem (Walter)

Let6 : B(G) — B(H) be an isometric isomorphism. Then
there exists an either affine or anti-affine homeomorphism
from H onto G such that 0(f) = for (Vf € B(G)).
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Contractive Homomorphisms
from A(G) into B(H)

Theorem

Suppose that 6 : A(G) — B(H) is a contractive
homomorphism. Then there exist an open coset C and an
either affine or anti-affine map = : C — G such that

o(f)(t) = { f(Tét)) ;;; i ﬁ\ c (Vf € a(G)).



Contractive

h -
ph(i)snr]nosr??orm P rOOf
Fourier
algebras: not
new
il We may assume that G and H have discrete topologies.
ung

Suppose that 6 is induced by 7 : Q — G where Q2 C H.
By composing with translations by elements of G and H, we

suppose that 1 € Q and 7(14) = 14.
Now, if f € A(G) is positive definite, then
omomor 0(H(1H) = f(1a) = [Ifll = [16-(A)I],

homomor-
phisms

G) — B(H . oy .
MO and so 6(f) is also positive definite.

Thusif t € Q, then
o(f)(t") = 6(N)(1) = f(=(1) = f(=());

andso t~' € Qand (1)~ = 7(t7 ).




Contractive
homomor-
phisms from
Fourier
algebras: not
new

Pham Le
Hung

Contractive
homomor-
phisms

A(G) — B(H)

0* : W*(H) — VN(G) is a positive linear operator with

6*(1) =1.
Lett,s € Qand «, 8 € C be arbitrary.
Set

a = awy(t) + Pwh(S) + awH(t‘1) + BLUH(S_1 ).

Then a = a* € W*(H).
Kadison’s generalized Schwarz inequality: 0*(a?) > 6*(a)?.
We see that

6 (&) =Re {2 (Jaf* +15%) + 0 0"lom( )] + 52 0" on(?)
+ 2af 0" [wy(ts) + wy(st)]

+ 208 0 [wu(ts™) + wy(s™ 2‘)]} and
0"(a)? = Re {2 (laf? +18P) + a®Aa(r(1)?) + B2Aa(7(s)?)
+ 2086 (r(D)7(8)) + Aa(r($)7(D)]

+20BAa(r(t)(s) ™) + /\6(7(8)717(1‘))1}-
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It follows that
0" [wh(ts)] + 0" [wr(st)] = Aglr()7(s)] + AalT(s)7(D)].

Since A\g(G) = {A\g(x) : x € G} is linearly independent,
and

0 owy(x) = AgoT(x)if x € Q@ and O owy(x) =0if x € H\Q.
we see that ts, st € Q and the ordered pair
{0%[wn(ts)], 0" [wh(st)]} = {Ag[r(ts)], Aglr(st)]}

is a permutation of {\g[7(t)7(8)], Ag[T(8)7(1)]}.
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Consequences

Corollary

Suppose that 0 : A(G) — B(H) is an injective and
contractive homomorphism. Then 6 is necessarily isometric.

Corollary

Suppose that 0 : A(G) — A(H) is a contractive isomorphism.
Then there exists an either affine or anti-affine
homeomorphism r from H onto G such that 6(f) = for

(v f € a(G)).
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Contractive Homomorphism
0:A(G) — A(H)

Must be the composition of a diagram of the form

A(G) 2% 2(G) 5 (Gy) —%
Ly,

— A(Q/K) =5 a(Q) 25 A(H) =% A(H);

where

Gy is a closed subgroup of G, Q is an open subgroup of
H, and K is a compact normal subgroup of €;

Ly, and Ly, are (left) translations,

m is the restriction to Gy map, induced by Gy — G,
@ is an isometric isomorphism,

¢ is the isometric monomorphism, induced by

Q— Q/K,

p is the natural inclusion.
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Contractive Isomorphisms of
Fourier-Stieltjes Algebras

Let G and H be locally compact groups.

Theorem

Let ¢ : B(G) — B(H) be an isomorphism such that 0|, ) is
contractive. Then there exists an either affine or anti-affine
homeomorphism r from H onto G such that 6(f) = for

(v f € B(G)).

Corollary
In particular, 6 is isometric and maps A(G) onto A(H).
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A partial answer to the
reduction question

Let 6 : A(G) — B(H) be a contractive homomorphism.
Says # isinduced by 7: Q — G.
The formula

f(r(t)) if teQ
‘P(f)(t):{ 0 if te H\Q

gives a contractive homomorphism from B(Gy) into B(Hy)!
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