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1. Locally compact groups
A topological group (G,7) is a group G with a Hausdorff topology 7 such that
i) GxG—=G
(z,y) = x-y
(i) G -G
T — 1
are continuous. G is locally compact if the topology 7 is locally compact i.e. there
is a basis for the neighbourhood of the identity consisting of compact sets.
Ex: Gg, R™, (E,+), T, @ GL(2,IR), FE = Banach space, T ={\e C |\ =1}

C'B(G) = bounded complex-valued continuous functions f : G — €

[fllw = sup {|f(z)| : 2 € G} e CB(G), let (Lof)(z) = flax), a,z € G.

LUC(G) = bounded left uniformly continuous functions on G
= {f € CB(G); a — {,f from G to (CB(G),| - ||) is continuous}
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G is amenable if Im € LUC(G)" such that

m >0, |lm||=1 and

m(lyf) =m(f) forall ae G, feLUC(G).



Theorem (M.M. Day - T. Mitchell). Let G be a topological group. Then G is

amenable <= (G has the following fixed point property:

Whenever G ={T,; g € G} is a continuous representation of G as
continuous affice maps on a compact convex subset K of a separated locally
convex space, then there exist xo € K such that T,(x¢) = xo for all

g eq@G.

Amenable Groups: e abelian groups
e solvable groups

e compact groups

e U(B(¢2))= group of unitary operators on £,
with the strong operator topology where

lo= {(ay) : ;:;1 |2 < oo}

IF5; — not amenable



Let G be a locally compact group and A be a fixed left Haar measure on G.

L'(G) = group algebra of G ie. f:G+— € measurable such that

1]l = / (@) dA(z)

(L'(G), *) is a Banach algebra i.e. || f* g|| < | f|| ||g] for all f,g € L'(G)

L*°(G) = essentially bounded measurable functions on G.
[flloc = ess-supnorm. = inf {M : {z € G; |f(x)| > M is a locally null set} }
L*°(G) is a commutative C*-algebra containing CB(G)

LNG)* =L=(G) : (f,h) = / F(2)h(z)d\(x)
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G = locally compact abelian group then L!(G) is a commutative Banach
algebra.
A complex function v on G is called a character if v is a homomorphism of
G into (T,-).
G = all continuous characters on G

C L®(G) = L'(Q)*.

If yel, felL(G),
< :f fG 77)dx'

Then (v, f*g) = (v, f) {(v,g9) for all f, g € L'(G). Hence 7 defines a non-zero
multiplicative linear functional on L!(G). Conversely every non-zero multiplicative

linear functional on L'(G) is of this form:

12

o(L'(G)) G.
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Example

G=1R G=1R
G=T G=17
G=17 G=T

Equip G with the weak*-topology from LY(G)* (or the topology of uniform

convergence on compact sets). Then
G with product: (v1 + 72)(z) = y1(x)y2(x)

is a locally compact abelian group.



)

Pontryagin Duality Theorem: G =G

For f e LY(G), f:G—C

/f 2, 7)dz = (f,7)

A(G) = {f: f € LY(G)} C Cy(G) = functions in CB(G) vanishing at infinity.

AN

6 : f — f is an algebra homomorphism from L!(G) into a subalgebra of
Co(@).

P

(A(CA?), 1) H]/‘\H = ||f|l1 is a commutative Banach algebra with spectrum G.

A(é) — Fourier algebra of G.



2. Fourier algebra of a group

(G = locally compact group

A continuous unitary representation of G isapair: {mw, H}, where H = Hilbert space
and 7 is a continuous homomorphism from G into the group of unitary operators on

H such that for each &, n € H,

r — (m(x)€,n)

1S continuous.
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L*(G) = all measurable f:G — C

/|fx2d>\a:' ) < o0
9= [ H@)5)

L?(G) is a Hilbert space.

Left regular representation:

{p, L*(G)},
p: G — B(L*(@)),

p(z)h(y) = h(z™ty), = € G, h € L*(G).
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G = locally compact group
A(G) = subalgebra of Cy(G)
consisting of all functions ¢ :
¢(z) =(p(z)h, k), h,k € L*(G)
p(x)h(y) =h(z™"y)
ol =sup { | 3= Aol
=1
> ||| oo

; H i Aip(x;)

<1}
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P. Eymard (1964):

A(G)* =VN(G)
= von Neumann algebra in B(LQ(G))
generated by {p(x): z € G}

= (p(z): 2 € G)VOT = {p(z); x € G} (second commutant)

If G is abelian, then
AG) 2 LY(G), VN(G)=~L>G).

e A(G) is called the Fourier algebra of G.
e VN(G) is called the group von Neumann algebra of G.
e VN(G) can be viewed as non-commutative function space on G when G is

non-abelian.
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Theorem (P. Eymard 1964). For any G, A(G) is a commutative Banach algebra

with spectrum G.

Theorem (H. Leptin 1968). For any G, A(G) has a bounded approximate identity

if and only if G is amenable.

Theorem (M. Walters 1970). Let G1,Gs be locally compact groups. If A(Gy) and
A(Gs) are isometrically isomorphic, then G1 and Gy are either isomorphic or anti-

isomorphic.
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3. Invariant complementation property of the group von Neumann algebra

Theorem (H. Rosenthal 1966). Let G be a locally compact abelian group, and X
be a weak*-closed translation invariant subspace of L*°(G). If X is complemented in
L>°(G), then X is invariantly complemented i.e. X admits a translation invariant
closed complement (or equivalently X is the range of a continuous projection on

L>°(G) commuting with translations).

Theorem (Lau, 1983). A locally compact group G is amenable if and only if every
weak™*-closed left translation invariant subalgebra M which is closed under conjuga-

tion in L*°(G) is invariantly complemented.
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For T e VN(G), ¢ € A(G), define
¢-TeVN(G) by
(¢-T,v) =(T,¢¢), € AG).

X CVN(G) isinvariant if ¢-T € X forall ¢ € A(G), T € X.

AN

If G is abelian and X C L*°(G) is weak*-closed

subspace of L°(G), then X is translation invariant <=

LY(G)x X C X.

Hence: weak*-closed A(G)-invariant subspaces of VN (G)

— weak*-closed translation invariant subspaces of L (Q).
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Question: Let G be alocally compact group, and M be an invariant W*-subalgebra
(i.e. weak*-closed #-subalgebra) of VN(G). Is M invariantly complemented?

Equivalently: Is there a continuous projection

P:VN(G) — M suchthat P(¢-T)=¢- - P(T)

onto

for all ¢ € A(G).
Yes: G-abelian (Lau, 83)

Losert-L(86): Yes: G compact, discrete.

Theorem (Losert-Lau. 1986). Let M be an invariant

W*-subalgebra of VN(G) and

S°() = {r € Gs plx) € M},
If > (M) is a normal subgroup of G, then M is invariantly complemented.
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Let H be a closed subgroup of G, and

VNu(G) = {p(h) : hc HYWV°T CVN(G).

Then V Ngy(G) is an invariant W*-subalgebra of VN(G).

Takesaki-Tatsuma (1971): If M is an invariant W*-subalgebra of VIN(G), then

M= {p(z):ze HY"V =VNy(G)

where H = X(M). Hence there is a 1 —1 correspondence between closed subgroups

H of G and invariant W*-subalgebras of VN(G).
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G € [SIN] if there is a neighbourhood basis of the identity consisting of compact
sets V, 2 'Vx =V forall z Q.

[SIN]-groups include:  compact, discrete, abelian groups.

A locally compact group G is said to have the complementation property if
every weak*-closed invariant W*-subalgebra of VN(G) is invariantly

complemented.

Theorem (Kaniuth-Lau 2000). Every [SIN]-group has the complementation property.

Converse is false: The Heisenberg group has the complementation property but it is

not a SIN group.
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For a closed subgroup H < G, let

P(G) = {¢ € P(G); ¢(e) =1}
Pp(G) ={¢ € P(G); ¢(h) =1Vhe H} C P1(G)

Py (G) is a commutative semigroup.

We call H a separating subgroup if for any = € G\ H, there exists ¢ € Py (G)
such that ¢(z) # 1.
G is said to have the separation property if each closed subgroup of G is separating.
(Lau-Losert, 1986) The following subgroups H are always separating:
e H isopen
e H 1is compact
e M isnormal

(Forrest, 1992): Every SIN-group has the separation property.
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Example 1: G = affine group of the real line =2 x 2

matrices of form

{(8 f):a>o,sem}<—>{(a,s);a>o,sem}

(a,s)(b,t) = (ab, s + at).
Let H = {(a,0);a>0}. Then H is not separating.
Note: If ¢ € Py(G), z,y€G
[d(zy) — d(@)o(y)I* < (1= |o(x)*) (1 — |o(y)[).
Hence ¢(hizhs) = ()

Vee G, hy, ho € H.
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For t >0, x;=(1,t)

H(1,t)H = G" = {(a,s); a >0, s > 0}.

Hence:
d(hixihs) = ¢(xy) Y hi,he € H

so by continuity, ¢t — 0T

¢(g) =1 forall gecGT.

Similarly, by considering ¢ < 0,

#(g)=1 forall ge G™.

Consequently ¢ = 1.
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Example 2: G = Heisenberg group

G = all 3 x3 matrices
(1 = 2z
0 1 y| @92
|0 0 1]

(3317 Y1, Zl>(fC2, Y2, Z2>

=(x1 + 22, Y1 + Y2, 21 + 22 + 21Y2)

Centre of G =Z(G)

={(0,0,%); t € IR}

Let H = {(z,0,0); x € IR} < G. Then H is not separating.
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Let ¢ € Py(G). For y#0, let g, =(0,v,0). Then

{hg,h~ gy s h e HY = {(0,0,1) : ¢ € R}
— 2(Q).
Since ¢(gy) = ¢(hgyh™")

= o((hgyh™'9,") - 90)

e2(G)

we obtain that

P(gy) = (g, -9) Vge Z(G)

y#0, yelR.

With y — 0, we conclude that

¢(g) =1 VygeZ(G).
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Z2(G)

(0,y,0)
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Theorem 7 (Kaniuth-Lau 2000). (a) For any locally compact group G, separation
property implies invariant complementation property.
(b) Let G be a connected locally compact group. Then G has the separation

property <= G € [SIN].

Losert (2008):

There is an example of a locally compact group G such that G has a com-
pact open normal subgroup and every proper closed subgroup of G is compact (in
particular, G is an IN-group) with the separation property and hence the invariant

complementation property but G is not a SIN-group.
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Theorem 1 (Forrest, Kaniuth, Spronk and Lau, 2003). Let G be an amenable locally

compact group. Then G has the invariant complementation property.

Open Problem 1: Does every locally compact group have the invariant

complementation property?
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4. Fixed point

sets of power bounded elements in VN(G)

G—locally compact group
P(G) = continuous positive definite
functions on G

i.e. all continuous ¢ :G — € such that

— _ X1,...,Tn € G,
D ANb(wizyt) >0, A;-l oA ECD

; ) is positive

i.e. then x n matrix (¢(z;x

¢ € P(G) <= there exists a continuous

unitary representation {m, H}

of G, neH, such that

o(z) = (m(x)n,n), =z€G.
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Let B(G) = (P(G)) C CB(G) (Fourier Stieltjes algebra of G)

Equip B(G) withnorm |ul| =sup {| [ f(t)u(t)dt|; f € L'(G) and |||f]|] <1}

where

£l = sup{||7()||; {w, H} continuous unitary representation of G'}

e When G is amenable, then |||f||| =|p(f)|, where p is the left regular

representation of G.

e When G is abelian, B(G) gM(é) (measure algebra of @)
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For a discrete group D, let R(D) denote the Boolean ring of subsets of D

generated by all left cosets of subgroups of D.
Let R.(G)={F € R(Gq): FEis closed in G}
G4 = denote G with the discrete topology.

Theorem (J. Gilbert, B. Schreiber, B. Forrest). FE € R.(G) <
E= (aiHZ-\ U bi,jKZ-j), where a;, b;; € G, H; is a closed subgroup of G and
. ~

1=1 j=

K;; is an open subgroup of H; .
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Let G and H be groups. A map o :(C C G — H is called affine if C is a

coset and for any r,s,t € C,
a(rs ) = alr)a(s) ta(t).

A map a:Y CG — H is called piecewise affine if

(i) there exist pairwise disjoint sets Y; € R(G), i=1,...,n, suchthat Y = _GlYi :
1=

(ii) each Y; is contained in a coset C; on which there is an affine map «; : C; — H

such that «;ly, = aly, .
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Theorem (Illie and Spronk 2005). Let G and H be locally compact groups with
G amenable, and let ® : A(G) — B(H) be a completely bounded homomorphism.
Then there is a continuous piecewise affine map « : Y C H — G such that for each
h in H

u(a(h)) if hey,

0 otherwise.

B, (h) = {

Lemma A. Let G be a locally compact group and u a power bounded element of
B(G) such that E, is open in G. Then ul|g, is a piecewise affine map from F,

into T.
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Proof. For f € B(T), define a function ¢(f) on G by &(f)(z) = f(u(z)) for

x € E, and ¢(f)(x) =0 otherwise. Then ¢(f)(u) is continuous since FE, is open

—_—

and closed in G. Because B(T) = /¢1(Z), we have

Z n)u" € B(G),

where f denotes the inverse Fourier transform of f, and

nez

for all x € £, . Since E, € R.(G), 1g, € B(G), and therefore

Zf yu" € B(G).

nez

34



Since fg is the inverse Fourier transform of f g, it is straightforward to check that
¢ is a homomorphism from B(T) into B(G). Since ¢ is bounded and B(T) = ¢*(Z)
carries the MAX operator space structure, ¢ is actually completely bounded. It now

follows from that there exists an affine map o : Y € G — T such that, for each
f € B(T) and z € G, ¢(f)(z) = f(a(z)) whenever z € ¥ and ¢(f)(z) = 0

otherwise. Here
Y={xeG: ¢(f)(x) #0 for some f e B(T)}.

It is then obvious that Y = F,, and a = u|g, is piecewise affine. [
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For 0 € B(G), T € VN(G), define o-T € VN(G)

(o-T,¢)=(T,0¢), ¢e€AG).

Let I, ={od—o: ¢ AG)T

C A(G).
Then

(i) I, is a closed ideal in A(G)
i) It ={T€eVN(G): 0c-T =T} (o-harmonic functionals on A(G) :
Chu-Lau (2002)) is a weak*-closed invariant subspace of VN(G).
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If uwe B(G), let

E,={x € G; |u(z)| =1} and

F,={x € G; u(z) =1}.

Theorem (Kaniuth-Lau-Ulger 2010, JLMS). Let G be any locally compact group
and u € B(G) be power bounded (i.e. sup{||z™|; n=1,2,...} < o0). Then
(a) The sets E, and F, arein R.(G).
(b) The fixed point set of u in VN(G)={T € VN(G); uw-T =T} is the range of
a projection P :V N(G) — VN(G) such that u-P(T)= P(u-T) forall T €

W*

VN(G). If G is amenable, then {T € VN(G); u-T =T} = (p(x); x € F,) .

Note: When G is abelian, (a) is due to B. Schrieber.
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Theorem (Kaniuth, Lau and Ulger, JFA 2011). Let G be a locally compact group
and let u be a power bounded element of B(G). Then there exist closed subsets

Fi,...,F, of G with the following properties:

(1) F; € R(G), 1<j<n, and E, = ,Gle.
j:
(2) Foreach j=1,...,n, thereexist a closed subgroup H; of G, a; € G, «o; €T

and a continuous character -y; of H; such that F; C a;H; and
—1
u(x) = aj'yj(aj x)

for all = € F}.
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Proof. Consider the group G equipped with the discrete topology. Let ¢ : G4 — G
denote the identity map. Then woi € B(Gy) and |juoi|p, = |ulp and
hence woi is power bounded. Therefore, by Lemma A there exist subsets S; of G,
subgroups L; of G, c¢; € G and affine maps (; : ¢;L; — T, +=1,...,r, with the

following properties:

(1) S €R(Ga) and B, = U 5;;

(2) Foreach i=1,...,n, S; Cc¢L; and [;|s, = ulg

i

Now each S; is of the form

q qe
L de (Me\ U GEkN£k>7
(=1 k=1

where dy, ey, € G, the M, are subgroups of G and the Ny are subgroups of M,

1 <?¢<4q, 1<k<gqy. Thus, by a further reduction step, we can assume that we
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only have to consider a set S of the form

S = a(H\ 6 ijj) C T,

J=1

where b; C H and the K; are subgroups of H, and that there exists an affine map
B :bT' — T such that (B|s = u|s. Furthermore, we can assume that each K; has
infinite index in H because otherwise, for some j, H is a finite union of K -cosets,
and therefore can be assumed to be simply a coset.

Now
H=Hna'vT)U U b;K; and HnNa 'bT # 0,
j=1

because otherwise at least one of the K; has finite index in H. It follows that
HNa T = h(HNT) for some h € H and HNT has finite index in H. So

S is contained in a finite union of cosets of T'MN H and consequently we can assume
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that S C ¢(T'N H) for some ¢ € G. Since also S C T, we have bT = ¢T. Hence
0 = Ble(rnmy is an affine map satisfying 6|g = u|s. Now S Cc(T'NH) implies that

a = ch for some h € H and therefore

S = c(H\ v hijj) - c<(T nEN | hijj).
Jj=1 j=1
If ho;K;N(T'NH)# 0, then hb; =tk for some t € (I'NH) and k € K; and hence

hb; K, N(TNH)=tK;N(TNH)=tK,NTnN H).

Thus, setting A=TNH and B; =hb;K; N (TN H), we have

S — c<A\ Cj Bj),
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where B, is either empty or a coset in A. In addition, since K; has infinite index
in A and A has finite index in H, the subgroup corresponding to B; has infinite
index in A.

Since u € B(G) is uniformly continuous, the affine map § : cA — T is uniformly
continuous as well and hence extends to a continuous affine map 6 : cA — T.

Then § agrees with u on S since u is continuous. Let v denote the contin-
uous character of A associated with 8. Then u(z) = ay(c 'z) forall z € S.

Finally, since E, is closed in G, E, is a finite union of such sets S and on
each such set S, wu is of the form stated in (2). This completes the proof of the

theorem. H

Theorem 9 above is due to Bert Schreiber for G abelian (TAMS 1970).
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Corollary. Let u be a power bounded element of A(G). Then in the description of

E, and u|g, in Theorem each F; can be chosen to be a compact coset in G.

Proof. We only have to note that F, is compact and that every compact set in R(G)

is a finite union of cosets of compact subgroups of G. [
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Theorem 4 (Kaniuth, Lau and Ulger, JFA 2011). Let G be an arbitrary locally

compact group and let u € B(G) be such that FE, is openin G. Then u is power
bounded if and only if there exist

(i) pairwise disjoint open sets Fi,...,F, in R(G) such that E, =
J

open subgroups H; of G and a; € G such that F; C a;H;, j=1,...,n,

s

1Fj and

and

(ii) characters v; of H; and a; € T, j=1,...,n, such that

u(x) = a;7;(a; ')

for all x € F}.
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Let G be adiscrete group and, for any subset E of G, let C3(FE) = (p(x) : z € E),
the norm closure in C}(G) of the linear span of all operators p(z), z € E.

For any locally compact group G, let C}(G) denote the norm-closurein B(L?*(G))
of the linear span of all operators p(x), x € G.
Remark (Bekka, Kaniuth, Lau and Schlichting, Proc. A.M.S. 1996):

C5(G) = C(Gq) <= G contains an open subgroup H which is amenable as discrete.

Theorem 5 (Kaniuth-Lau-Ulger, 2013). Let G be a locally compact group which
contains an open subgroup H such that Hg is amenable and let w € B,(G). Then
u is power bounded if and only if (i) and (ii) hold.

(i) |lulloo <1 and there exist pairwise disjoint sets Fi,...,F, € R.(G) such that
E, =UJ_,F};, closed subgroups H; of G and aj € G such that F; C a;Hj,
and characters v; of H; and a, € T such that u(z) = ozjvj(aj_lx) for all
rel;, 1<j5<n.

(ii) For each T € C}(G\E,), (u",T) —0 as n — oo.
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Geometric Form of Hahn-Banach Separation Theorem.
Every closed vector subspace of a locally convex space is the intersection of the closed

hyperplanes containing it.
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Lemma. Let H be a closed subgroup of G, and U be a neighbourhood basis U

of the identity of GG. If G has the H-separation property, then

(*) H= () HUH.
veld

Theorem (Kaniuth-Lau, 2003). If G is connected, then G has H-separation prop-

erty <= (x) holds.

Open Problem 2: If G has property (%) for each closed subgroup of G, does G

have the invariant complementation property?
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For general G

G — [SIN] z (G has separation = (G has geometric separtion property
property

S

Complementation
property

For connected G :

G — [SIN] <= G has separation <= G has geometric
property separtion property

48



5. Natural projections

Let A be a commutative Banach algebra with a BAIL

For f € A* and a € A, by a-f we denote the functional on A defined by
{a- f,b) = (f, ab).

A projection P : A* — A* is said to be “invariant’ (or A-invariant) if, for an
a € A and f € A*, theequality P(a-f) =a-P(f) holds. Similarly, a closed subspace
X of A* issaid to be “invariant” if, for each a € A and f € X, the functional a- f
isin X (i.e. X is an A-module for the natural action (a,f) +— a- f). If there is
an invariant projection from A* onto a closed invariant subspace X of A* then X

is said to be “tnvariantly complemented in A*”.
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We say that a projection P : A* — A* is “natural’ if, for each v € A(A), either

P(y) =~ or P(y) =0.
If X is a closed invariant subspace of A* and if there is natural projection P

from A* onto X we shall say that X is “naturally complemented’ in A*.
Lemma B. Let P: A" — A* be a projection. Then

a) P is natural iff, for each v € A(A) and a € A, P(a-v)=a-P(v).

b) Every invariant projection P : A* — A* is natural.

Theorem (Lau and Ulger, Trans. A.M.S. to appear). Let G be an amenable locally
compact group, and I be a closed ideal in A(G). Then X = I+ is invariantly

complemented <= X is naturally complemented.
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