Approximate identities and BSE
norms for Banach function algebras

H. G. Dales, Lancaster

Work with Ali Ulger, Istanbul

Fields Institute, Toronto
14 April 2014

Dedicated to Dona Strauss on the day of her
80th anniversary



Function algebras

Let K be alocally compact space. Then Cy(K)
is the algebra of all continuous functions on K
that vanish at infinity.

We define

[fle =sup{lf(z)| ;e K} (f€Co(K)),

so that |- |x is the uniform norm on K and
(Co(K),|-|r) is a commutative, semisimple
Banach algebra.

A function algebra on K is a subalgebra A of
Co(K) that separates strongly the points of K,
in the sense that, for each z,y € K with xz # v,
there exists f € A with f(z) #= f(y), and, for
each x € K, there exists f € A with f(x) # 0.



Banach function algebras

A Banach function algebra (=BFA) on K is
a function algebra A on K with a norm || -]
such that (A, || -||) is a Banach algebra.

Always |Ifl| = [flg (f € A).

A BFA is a uniform algebra when the norm
IS equal to the uniform norm, and it is equiv-
alent to a uniform algebra when the norm is
equivalent to the uniform norm.



Characters and maximal ideals

Let A be a function algebra on K. For each
x € K, define

ex(f) = f(z) (fed).

Then each e, is a character on A. A Banach
function algebra A on K is natural if all char-
acters are evaluation characters, and then all
maximal modular ideals of A have the form

My={f€A: f(z) =0}

for some z € K (and we set My = A).

We shall also refer to Jx, the ideal of func-
tions in A of compact support, and J; the
ideal of functions in Jo that vanish on a neigh-
bourhood of x. Then A is strongly regular if
Jr = M, for all z € K U {oo}.



Approximate identities

Let A be a commutative Banach algebra (=CBA).
A net (eq) in A is an approximate identity
(= AI) for A if

Iiorénaeaza (ac A);

an Al (eq) is bounded if sup, |leal]| < oo, and
then sup, |leal| is the bound; an approximate
identity is contractive if it has bound 1.

We refer to a BAI and a CAI, respectively, in
these two cases.

A natural BFA A on K is contractive if M,
has a CAI for each z € K U {oco}.

Basic example Let K be locally compact. Then
Co(K) is contractive.



Pointwise approximate identities

Let A be a natural Banach function algebra on
a locally compact space K. A net (eq) in A is
a pointwise approximate identity (PAI) if

imea(z) =1 (z€K);
the PAI is bounded, with bound m > 0O, if
Sup . |leal] < m, and then (eq) is @ bounded
pointwise approximate identity (BPAI); a
bounded pointwise approximate identity of bound

1 is a contractive pointwise approximate
identity (CPAI).

Clearly a BAI is a BPAI, a CAI is a CPAI.
Introduced by Jones and Lahr, 1977.

The algebra A is pointwise contractive if M,
has a CPAI for each z € K U {o0}.

Clearly a contractive BFA is pointwise contrac-
tive.



Some questions

Question 1 How many other contractive BFAS
are there? Must a contractive BFA be a uni-
form algebra?

Question 2 Let A be a BFA that is not con-
tractive. What is the minimum bound of BAIs
(if any) in maximal modular ideals?

Question 3 Give some examples where there
are CPAIs, but no CAIs or BAIs, or even no
approximate identities. Give some examples
of pointwise contractive BFAs that are not
contractive, in particular find uniform algebras
with this property.

[Jones and Lahr gave a complicated example
of a BFA with a CPAI, but no Al.]



Factorization

Let A be a CBA with a BAIL Then A factors
in the sense that each a € A can be written as
a = be for some b,c € A.

This is a (weak form of) Cohen’s factoriza-
tion theorem.

The converse is not true in general, even for
uniform algebras, but it is true for various classes
of maximal modular ideals in BFAS.

Question 4 When can we relate factorization
to the existence of (pointwise) approximate
identities? What is the relation between ‘A has
a BPAI (or CPAI)’ and ‘A = A?’, especially for
uniform algebras A7



Peak points

Let A be a function algebra on a compact K.
A closed subset F' of K is a peak set if there
exists a function f € A with f(x) =1 (z € F)
and |f(y)] < 1 (y € K\ F); in this case, f
peaks on F'; a point x € K is a peak point if
{x} is a peak set, and a p-point if {z} is an
intersection of peak sets.

The set of p-points of A is denoted by IN'g(A);
it is sometimes called the Choquet boundary
of A.

[In the case where A is a BFA, a countable
intersection of peak sets is always a peak set.]

Theorem Let A be a natural, contractive BFA
on K. Then every point of K is a p-point. 0O



The Silov boundary
Let A be a BFA on a compact K.

A closed subset L of K is a closed boundary
for A if |flp = |flx (f € A); the intersection
of all the closed boundaries for A is the Silov
boundary, IN'(A).

Suppose that K is compact and that A is a
natural uniform algebra on K. Then IN'(A) =
o(A) and T'(A) is a closed boundary.

Suppose that K is compact and metrizable and
that A is a natural Banach function algebra on
K. Then the set of peak points is dense in
(A). (HGD - thesis!)
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Contractive uniform algebras

Theorem Let A be a uniform algebra on a
compact space K, and take x € K. Then the
following conditions on x are equivalent:

(@) egeex{rec A ||N\|=X1g) =1};

(b) z € Tp(A);

(c) My has a BAI;

(d) M, has a CAI

Proof of (¢) = (d) (from DB).

M! is a maximal ideal in A”, a closed subalge-
bra of C(K)" = C(K). A BAI in M, gives an
identity in M, hence an idempotent in C(K).
The latter have norm 1. So there is a CAI in

M. O
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Cole algebras

Definition Let A be a natural uniform algebra
on a locally compact space K. Then A is a
Cole algebra if o(A) = K.

Suppose that K is compact and metrizable.
Then A is a Cole algebra if and only if every
point of K is a peak point.

Theorem A uniform algebra is contractive if
and only if it is a Cole algebra. O

It was a long-standing conjecture, called the
peak-point conjecture, that C(K) is the only
Cole algebra on K.

T he first counter-example is due to Brian Cole
in his thesis. An example of Basener gives a
compact space K in C2 such that the uniform
algebra R(K) of all uniform limits on K of the
restrictions to K of the functions which are
rational on a neighbourhood of K, is a Cole
algebra, but R(K) #= C(K).
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Gleason parts for uniform algebras

Theorem Let A be a natural uniform algebra
on a compact space K, and take x,y € K.
Then the following are equivalent:

(a) llez — &yl < 2;

(b) there exists ¢ € (0,1) with |f(z)| < ¢|f|x
for all f € My. O

Now define x ~ y for z,y € K if x and y satisfy
the conditions of the theorem. It follows that
~ IS an equivalence relation on K; the equiv-
alence classes with respect to this relation are
the Gleason parts for A. These parts form a
decomposition of K, and each is o-compact.

Every p-point is a one-point part.
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Pointwise contractive uniform algebras

Theorem Let A be a natural uniform algebra
on a compact space K, and take z € K. Then
the following are equivalent:

(a) {x} is a one-point Gleason part;

(b) M, has a CPAI;

(c) for each y € K\ {z}, there is a sequence
(fn) in My such that |falp < 1 (n € N) and

fnly) — 1 as n — oo.

Thus A is pointwise contractive if and only if
each singleton in K is a one-point Gleason part.
O
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Examples of uniform algebras

Example 1 The disc algebra A(D). Here

D={ze€C:|z| <1}. Take z € D. Then M,
has a BAI iff M, has a CAI iff M, has a BPAI
iff M, has a CPAI iff {z} is a peak point iff
|z| = 1. The open disc D is a single Gleason
part. If z € D, then M, %= M2 and M2 is closed,
and hence M, has no approximate identity. O

Example 2 Let A be a uniform algebra on a
compact set K, and take x € K. It is possi-
ble to have x € N'(A), but such that M, does
not have a BPAI Indeed, let K = D x I and
take A to be the tomato can algebra, the
uniform algebra of all f € C(K) such that
z+— f(z,1), D — C, belongs to A(D). Then

0(A) ={(z,t)) e K:0<t< 1}U{(z,1) e K:z €T}

and N'(A) = K. The set K\ Tg(A) is a part,

and again M, has a BPAI if and only if M, has

a CPAI if and only if xz is a peak point. O
15



More examples of uniform algebras

Example 3 For compact K in C, R(K) =
C(K) iff R(K) is pointwise contractive. O

Example 4 Let H*® be the (non-separable)
uniform algebra of all bounded analytic func-
tions on D. The character space of H*® is large.
Each point of the Silov boundary F(H®) is a
p-point, and hence a one-point part, but there
are one-point parts that are not in M'(H®).

Here M, factors iff {x} is a one-point part.
O

Example 5 (D-Feinstein) We have a natural,
separable, uniform algebra on a compact, met-
ric space K such that each point of K is a one-
point Gleason part, but N(A) C K. Thus A is
pointwise contractive, but not contractive. 0O
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More examples of uniform algebras

Example 6 Joel Feinstein constructed a sep-
arable, regular, natural uniform algebra A on
a compact space K such that there is a two-
point Gleason part, but all other points are
one-point Gleason parts. In this example, each
maximal ideal has a BPAI (with a uniform bound),
but the algebra is not pointwise contractive. O

Example 7 Stu. Sidney has examples of nat-
ural uniform algebras A on compact spaces K
and points x € K\I'(A) such that {z} is a one-
point part, but M% IS not dense in M,. Hence
M, has a CPAI, but no approximate identity.O

Open question Suppose that M, factors (or
just M, = M2). Is {z} necessarily a one-point
Gleason part?

17



Group algebras

Let ' be a locally compact group. Then the
Fourier algebra on [ is A(I'). For p > 1,
the Herz—Figa-Talamanca algebra is A,(I"N)
Thus Ap(M) is a self-adjoint, natural, strongly
regular Banach function algebra on I.

BAIs and BPAIs in group algebras

Proposition (More is known to Brian Forrest,
Tony Lau et al.)

Let ' be a locally compact group, and take
p > 1. Then the following are equivalent:

(a) I is amenable;
(b) Ap(I") has a BAI (Leptin);
(c) Ap(I") has a BPAI,

(d) Ap(I") has a CAL O
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Bounds

Let I be an infinite locally compact group, and
let M be a maximal modular ideal of A(I").

It is standard that M has a BAI of bound 2.
By a theorem of Delaporte and Derigetti, the
number 2 is the minimum bound for such a
BAI.

T heorem A lower bound for the bound of a
BPAI in M is also 2. In particular, A(I") is not
pointwise contractive. n
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Segal algebras

Definition Let (A, | -]|4) be a natural Banach
function algebra on a locally compact space
K. A Banach function algebra (B, || -||g) is an
abstract Segal algebra (with respect to A) if
B is an ideal in A and there is a net in B that
iS an approximate identity for both (A,| -]l4)
and (B, - |p).

Classical Segal algebras are abstract Segal al-
gebras with respect to L1(Q).
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An example of a Segal algebra

Example Let G be a non-discrete LCA group
with dual group I'. Take p > 1, define

Sp(G) = {f € L}(@Q) : f € LP(M)},

and set

17115, = max{If1l,, 7]} (7 € su(@).

Then (Sp(G),*,|| - ||Sp) is a Segal algebra with
respect to L1(G) and a natural Banach func-
tion algebra on I'. Since Sp(G)? C Sp(G), Sp(G)
does not have a BAIL. However, by a result of
Inoue and Takahari, Sp(G) has a CPAI when-
ever G is also non-compact.

Thus Sp(R) has a CPAI, but no BAL O
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A construction

The following gives a cheap method of obtain-
ing examples with CPAI, but no approximate
identity.

Proposition Let (A,||-]|) be a natural Banach
function algebra on a locally compact space
K. Suppose that fg € Co(K) \ A is such that

ffo€ Aand | ffoll <|f|l foreach fe AU{fo}.
Set B = A ® Cfy, with

If +zfoll = [lfIl + 12| (feA zeC).

Then B is a natural Banach function algebra
on K containing A as a closed ideal. Further,
B2 C A, and so B does not have an approx-
imate identity.

Suppose that A has a CPAI or is pointwise

contractive. Then B has a CPAI or is pointwise

contractive, respectively. O
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An application

Example Consider L1(G) for a non-discrete,
LCA group G, and take a singular measure

po € M(G)p) \ LH(G) with po  po € LH(G).
Since L1(G) is a closed ideal in M (Q), it follows
that f * ug € L1(@) for each f € L1(G). We
regard pg as an element of Cy(IM), where I is
the dual group to . Thus the conditions of
the above proposition are satisfied. Set B =

LY(G) ® Cuo.

In this case, L1(G) has a CAI and each maximal
ideal of L1(G@) has a BAI of bound 2. Thus B
has a CPAI and each maximal ideal of B has a
BPAI of bound 2. However, B does not have
an approximate identity. O
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Banach sequence algebras

Let S be a non-empty set. The algebra of all
functions on S of finite support is denoted by
coo(S); the characteristic function of s € S is
denoted by ds, so that ds € cgg(S) (s € 5).

Definition Let S be a non-empty set. A
Banach sequence algebra on S is a Banach
function algebra A on S such that cpg(S) C A.
Set Ag = cpp(S). Then A is Tauberian if
Ag = A, so that A is strongly regular.

Example Let A be the space ¢P, where p > 1.
Then A is a natural, self-adjoint, Tauberian
Banach sequence algebra on N, and A is an
ideal in A”. Clearly A and each maximal mod-
ular ideal in A have approximate identities, but
A does not have a BPAIL Here A2 = ¢P/2 and
so A does not factor. O
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Two propositions

Proposition Let A be a Tauberian Banach se-
quence algebra. Then A is natural and A is an
ideal in A”. O

T he following is a weak converse to the above.

Proposition (also Blecher-Read) Let A be a
Banach function algebra such that A is an ideal
in A” and A has a BPAI. Then A also has a
BAI, with the same bound. In the case where
the BPAI is contained in Ag, A is Tauberian.
O

We do not know if the last conclusion holds if
we omit the condition that the BPAI is in Ag.
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A theorem for Banach sequence algebras

We are wondering if each pointwise contractive
Banach function algebra must be equivalent
to a uniform algebra. This is true for Banach
sequence algebras.

Theorem Let A be a natural, pointwise con-
tractive Banach sequence algebra on S. Then
A is equivalent to the uniform algebra cg(S).

Proof This uses a theorem of Bade and Cur-
tis: Let A be a BFA on a compact K. Suppose
that there exists m > 0 such that, for each dis-
joint pair {F,G} of non-empty, closed subsets
of K, there exists f € A with ||f|| < m, with
11— f(x)| < 1/2 for x € F, and with

|f(x)| < 1/2 for x € G. Then A is equivalent
to the uniform algebra C(K). O

This does not work under the hypothesis that
each maximal modular ideal has a BPAI: see
the next example.
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An example

Example 1 (Feinstein) For a = (a;) € CV,
set

n

1
pn(e) == klagyr—ar| (neN)
=1

and
la|| = |aly +pla) (a€ A);

define A to be {a € cg : ||a|| < <}, so that A is
a self-adjoint Banach sequence algebra on N.

Then A is natural. Each maximal modular
ideal of A has a BPAI of bound 4. Also

A% = A§ = Ao,

Ag is separable, and A is non-separable, and so
A2 is a closed subspace of infinite codimension
in A. Thus A does not have an approximate
identity. O
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The BSE norm

Definition Let A be a natural Banach function
algebra on a locally compact space K. Then
L(A) is the linear span of {e; : x € K} as a
subset of A/, and

Ifllgse = sup{[{f, M| : A e L(A)3} (f € A).

Clearly K C L(A)y) C Apyys the space L(A)q

IS weak-x compact, and

flg < [ fllgse < IfIl (f € A).

In fact, ||-||ggg is an algebra norm on A.

Definition A BFA A has a BSE norm if there
IS @ constant C > 0 such that

IFl < Clifllgse (f € 4).

Clearly A has a BSE norm whenever it is equiv-
alent to a uniform algebra.
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BSE algebras

Let A be a BFA on a compact space K. An
element A = Y, oyex; € L(A) acts on C(K)
by setting

n

(i Ny =2 aif(z) (f€C(K)),

i=1
and now || fllgsge = sup{[{f, M| : A € L(A)1;}
for f e C(K). Set

Cese(A) ={f e C(K) : ||fllgsg < oo} .

This is also a BFA on K, with A C Cgge(A).
Then A is a BSE algebra if A = Cgge(A).

Studied by Takahasi and Hatori, Kaniuth and
Ulger, and others.

Theorem (Nearly Takahasi and Hatori) A BFA
A on a compact space K is a BSE algebra
iii A[l] is closed in the topology of pointwise
convergence on K.
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Examples on groups
Let ' be a locally compact group.

Theorem (Kaniuth-Ulger) The Fourier alge-
bra A(I") is a BSE algebra iff " is amenable. O

Theorem A(IN) always has a BSE norm, with
O

|-llgse =11
Caution: It is stated in the paper of Kaniuth-
Ulger that a BSE algebra has a BSE norm.
This is false in general, but it is true whenever
A has a BAL
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Some examples with a BSE norm

Example 1 Let A be the Banach sequence
algebra ¢P, where p > 1. Then L(A) is dense
in A"=1¢4, and so |||, = || IlgsE- O

Example 2 For the Banach sequence alge-
bras of Feinstein and of Blecher and Read,
||l = ||'llgge- Each Tauberian Banach se-
quence algebra with a BPAI has a BSE norm.
O

Example 3 A BFA with a BPAI such that A
is an ideal in A” has a BSE norm. O

Example 4 The algebras ¢(™]0, 1] and Lip, K

and lip, K have BSE norms; C(™[0, 1] and Lip,K
are BSE algebras, but lip,K is not. O
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More examples with a BSE norm

Example 5 Let V be the Varopoulos algebra

which is a natural BFA on [0,1]2. Then V has
a BSE norm. (Is it a BSE algebra?)

So ‘many’ BFAs have BSE norms.

Example 6 A uniform algebra has a BSE
norm, but it is not necessarily a BSE algebra:
for a pointwise contractive uniform algebra A
on a compact space K, we have Cggg(A) =
C(K), and there are examples with A = C(K).
Caution: this contradicts a result in Kaniuth—
Ulger. O
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Classification theorem

Theorem Let A be a pointwise contractive
BFA on a locally compact space K. Then the
norms |- |, and ||-|[ggg on A are equivalent.

Suppose, further, that A has a BSE norm.
Then A is equivalent to a uniform algebra. O

Theorem Let A be a natural Banach function
algebra with a BSE norm.

(i) Suppose that A is contractive. Then A is
equivalent to a Cole algebra.

(ii) Suppose that A is pointwise contractive.
Then A is equivalent to a uniform algebra for
which each singleton in ® 4 is a one-point Glea-
son part. O

Thus, to find (pointwise) contractive BFAs that

are not equivalent to uniform algebras, we must

look for those that do not have a BSE norm.
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Some examples without a BSE norm

Theorem Let (B,]|-||g) be an abstract Segal
algebra with respect to a BFA (A4, -] 4). Sup-
pose that A has a BSE norm and that B has
a BPAL Then ||| gsg p is equivalent to ||| 4
on B. O

Example Let G be a LCA group, and let
(S,||-llg) be a Segal algebra on G with a CPAL
Then the BSE norm on S is just the || -||; from
L1(@). Thus S has a BSE norm if and only if
S = LY(G). For example, the earlier Segal
algebra S,(R) does not have a BSE norm.

However S,(R) is not pointwise contractive. O
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BFAS on intervals

T he first example, suggested by Charles Read,
gives a BFA that is a pointwise contractive
Ditkin algebra (so that f € fJ, for f € M),
but does not have a BAI and is not equivalent
to a uniform algebra. Set I = [0, 1].

Example Consider the set A of functions
f e C(I) with

0 t

dit < .

Clearly A is a self-adjoint, linear subspace of
C(I) containing the polynomials, and so A is
uniformly dense in C(I). Indeed, A is ‘large’,
in that it contains all the BFAs (Lipq (L), |- ||,)
(for 0 < a<1).

Define ||£]l = |fly + I(f). Then (A,]-]) is a

natural BFA on 1.
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Example continued

Consider the maximal ideal

M={feA:f(0)=0}.

Set fo(t) = 1/log(1/t) for ¢t € (0, 1], with
f5(0) = 0. Then fo € C(I), but fo & M.

We see that M is an abstract Segal algebra
wrt Cp((0,1]). Thus the BSE norm on A is
the uniform norm, so that A does not have a
BSE norm.

All maximal ideals save for M have a CAI. But
M?2 has infinite codimension in M, and so M
does not have a BAI; it has a CPAI, and so A
IS pointwise contractive.

Take B= M @& Cfy. Then B is pointwise con-

tractive, but does not have any approximate

identity. O
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Final example

Example We give a BFA A on the circle T, but
we identify C(T) with a subalgebra of C[-1, 1].
We fix o« with 1 < o < 2.

Take f € C(T). For t € [—1,1], the shift of f
by t is defined by

(St)() = f(s—1) (s €[-1,1]).
Define
1
Q1) = Ilf = Sifly = [ 1F(s) = (s = 1)| ds

and

I(f) = /1 (1) dt

—1 |t
Then A={feC(T):I(f) < >} and

Ifl=1flp +1CF) (feA).
We see that (A, || -||) is a natural, unital BFA

on T; it is homogeneous.
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Final example continued

Let e, be the trigonometric polynomial given
by en(s) = exp(imns) (s € [—1,1]). Then

en € A, and so A is uniformly dense in C(T).
But |len|| ~ n®~1, and so (A4, || |]) is not equiv-
alent to a uniform algebra.

We claim that A is contractive. Since A is
homogeneous, it suffices to show that the max-
imal ideal M :={f € A: f(0) =0} has a CAL

For this, define

Ap(s) =max{l—nls|,0} (se[-1,1],n €N).
Then we can see that I(Ay) ~ 1/n27%, and so
11— Anl| < 14+0(1/n°~%) = 140(1). Further,
a calculation shows that (1 — A, :n € N) is an
approximate identity for M.

We conclude that ((1—Ap)/||1 — Apn|| : n €N)
isa CAI in M, and so A is contractive. O
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