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Throughout the talk:

G a totally disconnected, locally compact group

Defn Automorphism «: G — G is expansive if

N o"(v) = {1}

keZ
for some identity neighborhood V C .

[Without loss of generality V a compact open subgroup]

Structure of talk:

I. General theory of expansive automorphisms

(II. Special case of p-adic Lie groups)



51 Expansive automorphisms: basic facts

Defn Automorphism a: G — G is expansive if

Vo = ) (V) = {1}
keZ
for some compact open subgroup V C G.

EXx If an automorphism a: G — G is contractive
(i.e., a"(x) — 1 as n — oo for all x € G), then
a IS expansive.

In fact, G has a compact open subgroup V
such that

Voa(V)2a?(V) 2D
and N2, (V) = {1} (Siebert 1986).

Ex a(z,y) := (pz,p~ly) is an expansive auto-
morphism of Qp x Qp, as

N *(ZpxZp) = () @*Zpxp~*Zp) = {(0,0)}.
keZ keZ
More generally: If o1 G — G and 6. H — H

are contractive, then o x 6—1 IS an expansive
automorphism of G x H.



The contraction group of o € Aut(G) is

Uy = {x€G: a"(x) > 1as n— oo}

Uq 1S @ subgroup of G; need not be closed

Basic Lemma (Link between contractive and
expansive automorphisms)

If o € Aut(G) is expansive, then
UaUa_l

IS an open subset of (5.

Rem (a) UyU,_-1 need not be a subgroup
(b) Us need not normalize U, -1
(c) It can happen that UoNU_-1 # {1}.

Main consequence If o € Aut(G) is expansive,
H C G a subgroup which is not open in G, then
HmUa_'C,_UQ; OerUOé_l -'C’—UOé_l

OtherW|Se H 2 (H M Ua)(H M UOé_l) —_— UaUa_l,
i.e. H is an identity neighborhood, thus open



Basic Lemma
a € Aut(G) expansive = UqU, -1 open in G

If V C G is a compact open subgroup, write

@) @)
Vo= () o F(V), Vo_:= (Ja ().
k=0 k=0
Lemma If o« € Aut(G) is expansive and
V C G a compact open subgroup such that
Vo := Nkez o (V) = {1}, then Uy, = V__.

In fact, V__ = UyVp for each c.o. subgroup V
by Baumgartner-Willis (2004), Prop. 3.16.

Proof of Basic Lemma There exists a c.o.
subgroup V C G such that Vo = {1}. After
replacing V with N2_,af(V) for some n, may
assume V. =V, V_. Then

UU,1=V__Vi DOV .V, =V

Hence UyU_ -1 is an identity neighborhood and
hence open.

We also deduce a lemma by Siebert (1989):



Lemma If o € Aut(G) is expansive, then U,
can be made locally compact, i.e., its topol-
ogy can be refined to a locally compact group
topology * such that o remains contractive
on U} := (Uq, 7).

Proof (sketch) For V as above, give U, =
Voo = U ga ®(V_) the group topology 7*
making V_ a compact open subgroup.

Further simple facts

(a) If a € Aut(@) is expansive, then also a|g
for each a-stable closed subgroup H C .

(b) If « € Aut(G) is expansive, then G is metriz-
able (cf. Lam (1970)).

Take a c.0. subgroup V C G with ez o®(V) =
{1}. Then NZ__ af(V), n €N, is a countable
basis of identity neighborhoods.



52 Main Results

Theorem A (G.-Raja 2013) Let o € Aut(G)
and N C G be an «-stable closed normal sub-
group. Then o is expansive if and only if both
a|n and the induced automorphism

a: G/N—G/N, gNw~— a(g)N

are expansive.

Main point: o expansive = a expansive

The second main result concerns the divisi-
ble part D, of the contraction group Ug,, for
a: G — G an expansive automorphism.

Recall from G.-Willis (2010):



If o € Aut(G) is contractive, then the set

tor(G)

of torsion elements is a characteristic subgroup
(a torsion group of finite exponent); the set

div(G)
of all divisible elements is a subgroup; and
G = div(G) x tor(G)
internally as a topological group. Moreover,
div(G) = Gp; X --- X Gp,

with certain a-stable p-adic Lie groups Gjp.
Now « expansive = U} locally compact, so
U} = DaxTn With Dy :=divU} and T, := torUZ.
Although U, need not be closed, we have:

Theorem B (G.-Raja (2013)) If U, can be
made locally compact (e.qg., if o« € Aut(G) is
expansive), then D, is closed in G.



33 Tools for the proof of Theorem A

Observation (G.-Willis (2010)) If o is a
contractive automorphism of G # {1} and

G=Gp2G12 - 2Gn={1}
are a-stable closed subgroups of G such that
G; is normal in G;_1 for j € {1,...,n}, then
the module A(a~1) is an integer > 2 and n

is bounded by the number of prime factors of
A(a~1). Conclude:

Lemma Let o € Aut(G) be expansive,

G=Gp2G1 DD Gn={1}
be «-stable closed subgroups of G such that
G; is normal in G;_1 for j € {1,...,n} and
J = {j €{1,...,n}: G, is not open in Gj_l}.
Then #J is bounded by the number of prime

factors of A(a—1|U;)A(a|U*_1).

In fact, if Gjis not openin G,;_1, then G;NU~ &
Gj—l N Ug Or Gj M Ua_l C Gj—l M Ua_l



For compact (pro-finite) G, see Willis (2012)
for the following result:

Prop. If G is pro-discrete and a € Aut(G),
then G = limG/N for N in a filter basis of a-
stable closed normal subgroups of G s.t. the
automorphism induced on G/N is expansive.

Proof. For each open normal subgroup V C G,

Vo= () *(U)
keZ

IS an «-Stable closed normal subgroup of G
such that o induces an expansive automor-
phism on G/Vy. Moreover, G = Ii<Ln G/Vp.

By Baumgartner/Willis (2004), the Levi factor

My = {m cG: {Ozk(x): k € Z} is relatively compact}

IS a closed subgroup of G which normalizes Uy,.



Mq = {x c G: {aF(z): k € Z} is relatively compact}

Lemma (G.-Raja) a € Aut(G) is expansive if
and only if o|yy, IS expansive.

Proof. Let V C M, be open with

N o*(v) = {1}.

keZ
Choose a c.o. subgroup W C G such that

W N M,CV.

If z € ﬂkezak(W) —: I, then oFf(z) € W for
each k and thus z € M, (since W is compact).
Thus I CWnNM,gCV and thus

I= () c N Fv)={1}.

keZ keZ



34 Proof of Theorem A

Let o € Aut(G) be expansive. To show: @ on
G/N is expansive.

Use q: G — G/N, q(z) := xN.

Without loss G/N = Mg.

Indeed, only need @ is expansive on Mg. SO
replace G with ¢~ 1(My).

Without loss G/N is compact.

Let V C G/N be a c.o. subgroup tidy for a. As
all two-sided a@-orbits are relatively compact,
V =V4 =V_andthusa(V) =V. Now replace
G with ¢~ 1(V).

Since G/N is profinite and metrizable, there

are a-stable closed normal subgroups

HyDHyD ---

of G/N such that the automorphism ay in-
duced by @ on (G/N)/Hy is expansive and

G/N = lim (G/N)/Hy,.
Then N°; Hy, = {1}, so N° ¢~ 1 (Hn) = N.



84 Proof of Theorem A
Let a« € Aut(G) be expansive. Show: @ on G/N is
expansive if G/N is compact. Use ¢q: G — G/N.

Since G/N is profinite and metrizable, there
are a-stable closed normal subgroups
Hi O Hp O

of G/N such that the automorphism ay in-
duced by @ on (G/N)/Hy is expansive and

G/N =lim (G/N)/Hy.
Then N2, Hp = {1}, so N2, ¢ 1(Hy) =
Since ¢ 1(H1) > ¢ 1(H>) > ---, there is n such
that ¢~ 1(H.) is open in ¢ 1(H,) for all m > n.
Thus ¢~ 1(Hp) NUa, ¢ *(Hn) NU, -1 C g~ H(Hm)
for m > n and hence

¢ (Hn)NUa,q Y (H))NU 1 C () ¢ '(Hn) =N
m>n

Thus (¢ 1(Hp) N Ua)(¢ 1 (Hn) NU,-1) C N,

whence N is open in ¢~ 1(H,) and Hn = q_l(Hn)/N

IS discrete, hence finite.

Since MNy>n Hm = {1}, find m > n such that
Hp, = {1}. Since @ corresponds to a;; oOn
(G/N)/Hy, = G/N, it is expansive.



35 Tools for the proof of Theorem B

Thm B. IfU, can be made locally compact (e.g., ifa €
Aut(G) is expansive), then D, = div(U?) is closed in G.

We shall use the nub Uy of a € Aut(G), de-
fined as the intersection of all compact open
subgroups tidy for «.

Facts (a) The closure of Uy is Uy = UaUp.
(b) Upn Uy is dense in Up.

See Baumgartner-Willis (2004) for (a), Willis
(2012) for (b).

Consequence (G.-Raja) If Uy, can be made
locally compact (e.g., a € Aut(G) expansive),
then UpNUqy = Ug N1y and thus Ug = Ug N Tx.

Uop N UL Icp, hence UgnN U, can be made Icp,
hence Ug N Uy = DT with D divisible, T tor-
sion. Then D = {1} as Ug (like any finite or
profinite group) has no divisible elements. So
UpNUq =T = UgNik,.



36 Proof of Theorem B

Thm B. IfU, can be made locally compact (e.g., ifa €
Aut(Q) is expansive), then D, := div(U}) is closed in G.

Proof. Replacing G with U,, w.l.o.g. G =

Uy = UyUp. As Ug normalizes Uy, have Uy <G.

Since D, and T, are characteristic in U,, also
Do <G and T, <1 G. Hence T, < G.

Since T, is a torsion group (as T, has finite
exponent) and D, is torsion-free, we have

Moreover, G = Uy = UaUg = DaToUgNTy =
D,T,. Hence G = D, x T, as an abstract
group. Thus

D) xTo — G, G, (z,y)— zy

is continuous and an isomorphism of abstract
groups, hence an isomorphism of topological
groups (by the Open Mapping Theorem), as
the groups on both sides are locally compact
and o-compact. Notably, D, is closed in G.



The proof showed more:

Theorem C. (G.-Raja (2013)) If U, can be
made locally compact (e.qg., if a € Aut(G) is
expansive), then

Ua = Da X Ta

(internally) as a topological group.



57 EXpansive automorphisms of Lie groups

Let G be a Lie group over a totally discon-
nected local field K (e.g., Qp) and a: G — G be
a K-analytic automorphism. Then 8 := Ty («)
IS a linear automorphism of the Lie algebra
g :=T1(G).

For p > 0, define

gp:=9N P (gekK),
[Al=p

where K is an algebraic closure, |.| the unique
extension of the absolute value on K to K and

(9®KK))\ for A e K
the generalized eigenspace of 8 Qi idK. Then
with MB = 91,

p<l p>1



Theorem D (G.-Raja (2013))

(a) If o is expansive, then Mg = {0}, i.e.,
Al # 1 for all eigenvalues A € K of 8 ®k idr.

(b) If U, closed, then o expansive iff Mg = {0}.

Proof. (b) If Mg # {0} and U C G is an
identity neighborhood, then U contains a so-
called center manifold W C G, which can be
chosen as an «-stable Lie subgroup with Lie
algebra Mﬁ, by the theory of time-discrete K-
analytic dynamical systems (G. (2013)). Then
W C Npez o®(U) and thus a is not expansive.

(a) If U, is closed then M, is a Lie subgroup
with Lie algebra Mg (cf. G. (2008)), which is
{0} iff M, is discrete. Now apply next lemma.

Lemma (G.-Raja (2013)) IfG isa t.d.l.c. group,
a € Aut(G) and U, is closed, then o is expan-
sive iff M, is discrete.

Rem. If a is expansive, then g is nilpotent
(this follows with an exercise from Bourbaki).
Hence, if K = Qp, then G has an open nilpotent
subgroup. Can it be chosen «a-stable?



Lemma (G.-Raja (2013)) IfG isa t.d.l.c. group,
a € Aut(G) and U, is closed, then « is expan-
sive iff M, is discrete.

Proof. = Let V be a c.o. subgroup of G such
that Vo = {1}. Since U, is closed, M, has a
C.0. subgroup W C M, NV which is tidy for «
and hence a-stable. Thus W C V5 and thus
W = {1}, whence M, is discrete.

< Since Uy is closed, the set UgMaU_ -1 is
an open identity neighborhood in G and the
product map

Ua X Mo x U1 — UasMoU_ -1, (z,y,2) — zyz

is @ homeomorphism (G. (2005); cf. Wang
(1984) for the p-adic case). Hence, if M, is
discrete, then UyU_-1 is open in G and

N o*(vw) = {1}

keZ
for all compact open identity neighborhoods
VC Uy WCU,-1.



Rem. If o is expansive, then g is nilpotent. Hence, if
K = @Qp, then G has an open nilpotent subgroup. Can it

be chosen a-stable?

Theorem E (G.-Raja (2013)) Let o be an ex-
pansive automorphism of a p-adic Lie group G.
If G is linear in the sense that there exists
an injective  continuous  homomorphism
G — GL,(Qp), then G has an a-stable, open
nilpotent subgroup.

Rem For o expansive and GG a closed subgroup
of GLn(Qp), can show UyU_ -1 is a subgroup
of G (which is a-stable and nilpotent).
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