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We begin with two closely related questions:

Q1: Let Q be a connected (odd dimensional) space and /31 and /3 be
two minimal homeomorphisms. Let A= C(2) %, Z and
B = C(2) xg, Z. When

A= B?

Q2 : Let Q be a connected (odd dimensional) space and [ be a
minimal homeomorphism. Let A = C(Q) %3 Z be the crossed product.
Is A classifiable?
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Definition
Let A be a unital C*-algebra.
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and Up(A) the normal subgroup of connected component of U(A)
containing the identity.
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and Up(A) the normal subgroup of connected component of U(A)
containing the identity. Denote by CU(A) the closure of the
commutator subgroup of Up(A). Denote by T(A) the tracial state
space of A. We also use T(A) for traces of the form 7 ® Tr on M,(A)
for all integer n, where Tr is the standard (un-normalized) trace on M.
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Definition

Let A be a unital C*-algebra. Denote by U(A) the unitary group of A
and Up(A) the normal subgroup of connected component of U(A)
containing the identity. Denote by CU(A) the closure of the
commutator subgroup of Up(A). Denote by T(A) the tracial state
space of A. We also use T(A) for traces of the form 7 ® Tr on M,(A)
for all integer n, where Tr is the standard (un-normalized) trace on M.
Denote by pa : Ko(A) — Aff(T(A)) defined by pa([p]) = 7(p) for all
projections in Mp(A), n=1,2,....
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Definition
Denote by A the class of all unital Z-stable separable amenable simple
C*-algebras A
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C*-algebras A such that A® U have tracial rank at most one (where U is
a unital infinite dimensional UHF-algebra)
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Definition
Denote by A the class of all unital Z-stable separable amenable simple

C*-algebras A such that A® U have tracial rank at most one (where U is
a unital infinite dimensional UHF-algebra) satisfy the UCT.
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Theorem
(Elliott-Evans—1993) Let /3 be a minimal homeomorphism on the circle.

Huaxin Lin Crossed products from minimal dynamical sys



Theorem

(Elliott-Evans—1993) Let 8 be a minimal homeomorphism on the circle.
Then C(T) xg Z (the irrational rotation algebras)

June 17, 2014, The Fields, Toronto 22 /

Huaxin Lin Crossed products from minimal dynamical sys



Theorem

(Elliott-Evans—1993) Let 8 be a minimal homeomorphism on the circle.

Then C(T) xp Z (the irrational rotation algebras) is a unital simple
AT-algebra of real rank zero.

June 17, 2014, The Fields, Toronto
Huaxin Lin Crossed products from minimal dynamical sys

5
24/



Theorem

(Elliott-Evans—1993) Let 8 be a minimal homeomorphism on the circle.

Then C(T) xp Z (the irrational rotation algebras) is a unital simple
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(Elliott-Evans—1993) Let 8 be a minimal homeomorphism on the circle.
Then C(T) xp Z (the irrational rotation algebras) is a unital simple
AT-algebra of real rank zero.

(Ann. Math., 138 (1993), 477-501)

Theorem

(L—Philllips 2004—2010) Let Q be a finite dimensional and infinite
compact metric space let B be a minimal homeomorphism
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Theorem

(Elliott-Evans—1993) Let 8 be a minimal homeomorphism on the circle.
Then C(T) xg Z (the irrational rotation algebras) is a unital simple
AT-algebra of real rank zero.

(Ann. Math., 138 (1993), 477-501)

Theorem

(L—Philllips 2004—2010) Let Q be a finite dimensional and infinite
compact metric space let B be a minimal homeomorphism and let
A= C(Q) xg Z. Then A has tracial rank zero if and only pa(Ko(A)) is
dense in Aff( T (A)).
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Theorem

(Elliott-Evans—1993) Let 8 be a minimal homeomorphism on the circle.
Then C(T) xg Z (the irrational rotation algebras) is a unital simple
AT-algebra of real rank zero.

(Ann. Math., 138 (1993), 477-501)

Theorem

(L—Philllips 2004—2010) Let Q be a finite dimensional and infinite
compact metric space let B be a minimal homeomorphism and let
A= C(Q) xg Z. Then A has tracial rank zero if and only pa(Ko(A)) is
dense in Aff( T (A)).

(J. Reine Angew Math., 641 (2010), 95-122)
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Corollary

Let Q be a connected finite dimensional compact space and 3 be a
minimal homeomorphism.
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Corollary

Let Q be a connected finite dimensional compact space and (3 be a
minimal homeomorphism.  Suppose that rotation number of (2, 8) has
irrational numbers. Then C(Q2) xg Z has tracial rank zero.

Theorem

(Toms-Winter—2009 ) Let Q be a finite dimensional compact metric
space, let 3 be a minimal homeomorphism and let A= C(Q2) xg Z. Then
A is Z-stable. A ® Q has tracial rank zero if the set of projections of A
separate the tracial states.

(Proc. Natl. Acad. Sci., USA. 106 (2009), 16942-16943)
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Corollary

Let Q be a connected finite dimensional compact space and (3 be a
minimal homeomorphism.  Suppose that rotation number of (2, 8) has
irrational numbers. Then C(Q2) xg Z has tracial rank zero.

Theorem

(Toms-Winter—2009 ) Let Q be a finite dimensional compact metric
space, let 3 be a minimal homeomorphism and let A= C(Q2) xg Z. Then
A is Z-stable. A ® Q has tracial rank zero if the set of projections of A
separate the tracial states.

(Proc. Natl. Acad. Sci., USA. 106 (2009), 16942-16943)

(Q is the UHF-algebra with Ko(Q) = Q.).
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Let Q be a connected finite dimensional compact space and (3 be a
minimal homeomorphism.  Suppose that rotation number of (2, ) has
irrational numbers. Then C(Q2) xg Z has tracial rank zero.

Theorem

(Toms-Winter—2009 ) Let Q be a finite dimensional compact metric
space, let 3 be a minimal homeomorphism and let A= C(Q2) xg Z. Then
A is Z-stable. A ® Q has tracial rank zero if the set of projections of A
separate the tracial states.

(Proc. Natl. Acad. Sci., USA. 106 (2009), 16942-16943)

(Q is the UHF-algebra with Kp(Q) = Q.). In other words, A € A.

Corollary

Let Q2 be a finite dimensional compact metric space, let 3 be a
homeomorphism. If (Q, 8) is unique ergodic, then C(Q) x5 Z is in A.

June 17, 2014, The Fields, Toronto

6
24/



Theorem
(Elliott and Niu—2014) Let Q be a compact metric space,

Huaxin Lin Crossed products from minimal dynamical sys



Theorem
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minimal homeomorphism and let A = C(Q2) xg Z. Suppose that (2, 3) has
mean dimension zero. Then A is Z-stable. A ® Q has tracial rank zero if
the set of projections of A separate the tracial states.

What happens that C(€Q2) x5 Z does not have many projections (€ is
connected) and have many tracial states? For example, what happens
when Q = §2+1
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Theorem

(Elliott and Niu—2014) Let Q be a compact metric space, let 3 be a
minimal homeomorphism and let A = C(Q2) xg Z. Suppose that (2, 3) has
mean dimension zero. Then A is Z-stable. A ® Q has tracial rank zero if
the set of projections of A separate the tracial states.

What happens that C(€Q2) x5 Z does not have many projections (€ is
connected) and have many tracial states? For example, what happens
when Q = §2"+1 and (527*1, 3) has many $-invariant measures?
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with the property (P),

Huaxin Lin Crossed products from minimal dynamical sys



Theorem

( K. Strung-2014) If o : S 1 — S27+1 s 3 minimal homeomorphism
with the property (P), then C(S?"t1) x4 7Z is in A.

June 17, 2014, The Fields, Toronto 22 /

Huaxin Lin Crossed products from minimal dynamical sys



Theorem

( K. Strung-2014) If o : S 1 — S27+1 s 3 minimal homeomorphism
with the property (P), then C(S?"t1) x4 7Z is in A.

Definition

A homeomorphism 3 : $2"1 — §2m+1 has property (P)

June 17, 2014, The Fields, Toronto 8 /
Huaxin Lin Crossed products from minimal dynamical sys 24



Theorem

( K. Strung-2014) If o : S 1 — S27+1 s 3 minimal homeomorphism
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Theorem

( K. Strung-2014) If o : S 1 — S27+1 s 3 minimal homeomorphism
with the property (P), then C(S?"t1) x4 7Z is in A.

Definition
A homeomorphism 3 : §2™1 — §2m+1 has property (P) if it can be

written as the limit of a sequence { T,} of homeomorphisms such that
T, : S?mt1 — §21+1 has period M, each M,, divides M, 1 and

lim sup dist(#(x), Ti(x)) = 0. (e0.1)

M09 xe§2n+1 1< <M,

v
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Theorem

(Giordano, Putnam and Skau-1995) Let (X, «) and (Y, ) be two Cantor
minimal systems.
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(Giordano, Putnam and Skau-1995) Let (X, «) and (Y, ) be two Cantor
minimal systems. Then (X,«) and (Y, 3) are strongly orbit equivalent if
and only if

C(X)XaZ=C(Y) xgZ.
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Theorem

(Giordano, Putnam and Skau-1995) Let (X, «) and (Y, ) be two Cantor
minimal systems. Then (X,«) and (Y, 3) are strongly orbit equivalent if
and only if

C(X)XaZ=C(Y) xgZ.

(J. Reine Angew. Math., 469 (1995), 51-111)

June 17, 2014, The Fields, Toronto 22 /

Huaxin Lin Crossed products from minimal dynamical sys



Theorem

(Giordano, Putnam and Skau-1995) Let (X, «) and (Y, ) be two Cantor
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and only if
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(J. Reine Angew. Math., 469 (1995), 51-111)
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minimal systems. Then (X,«) and (Y, 3) are strongly orbit equivalent if
and only if

C(X)XaZ=C(Y) xgZ.
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Strong orbit equivalent: there is a homeomorphism ¢ : X — Y and two
maps n,m : X — Z such that

coa(x) = B"™ og(x) and (e0.2)

ooa™)(x) = Boo(x). (e0.3)
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and only if

C(X)XaZ=C(Y) xgZ.
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Strong orbit equivalent: there is a homeomorphism ¢ : X — Y and two
maps n,m : X — Z such that

coa(x) = B"™ og(x) and (e0.2)

ooa™)(x) = Boo(x). (e0.3)

where n and m has at most one discontinuites.
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Theorem

(Giordano, Putnam and Skau-1995) Let (X, «) and (Y, ) be two Cantor
minimal systems. Then (X,«) and (Y, 3) are strongly orbit equivalent if
and only if

C(X)XaZ=C(Y) xgZ.

(J. Reine Angew. Math., 469 (1995), 51-111)

Strong orbit equivalent: there is a homeomorphism ¢ : X — Y and two
maps n,m : X — Z such that

coa(x) = B"™ og(x) and (e0.2)

ooa™)(x) = Boo(x). (e0.3)
where n and m has at most one discontinuites. The fact: C(X) xg Z is

a unital simple AT-algebra of real rank zero.
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Let Q be a compact metric space. Denote by Homeo({2) the set of all
homeomorphisms on .
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Let 2 be a compact metric space. Denote by Homeo(Q) the set of all
homeomorphisms on €. Let 8 € Homeo(f2). Denote by 5 : C(2) — C(Q)
the automorphism defined by 3(f) = f o =1 for all f € C(Q).
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Let Q be a compact metric space. Denote by Homeo({2) the set of all
homeomorphisms on Q. Let 3 € Homeo(R2). Denote by 3 : C(Q) — C(Q)
the automorphism defined by 3(f) = f o 871 for all f € C(Q).

Consider minimal homeomorphisms on X x Q.
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homeomorphisms on Q. Let 3 € Homeo(R2). Denote by 3 : C(Q) — C(Q)
the automorphism defined by 3(f) = f o 871 for all f € C(Q).

Consider minimal homeomorphisms on X x Q.

Lemma

(L-Matui—2005) Let X be the Cantor set and Q is a connected compact
metric space. Let B € Homeo(X x Q). Then there is v € Homoe(X) and
a continuous map ¢ : X — Homeo(Q) such that 5(x, &) = (v(x), #x(£))
for all (x,€) € X x Q.

(Comm. Math. Phys, 275 (2005), 425-471)
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Theorem

(L-Matui-2006) Let (X, «) be a Cantor minimal system and let £ : X — T
be a continuous,
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Theorem

(L-Matui-2006) Let (X, «) be a Cantor minimal system and let £ : X — T
be a continuous, If a x R¢ is minimal, then A= C(X x T, x Re) has
tracial rank zero or one.

(Selecta Math. (N.S) 12 (2006), 199-239)
(Math Ann. 332 (2005), 795-822).
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Let (X, a) be a Cantor minimal system.
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(L-Matui-2006) Let (X, «) be a Cantor minimal system and let § : X — T
be a continuous, If a x R¢ is minimal, then A= C(X x T, x Re) has
tracial rank zero or one.

(Selecta Math. (N.S) 12 (2006), 199-239)
(Math Ann. 332 (2005), 795-822).

Definition
Let (X, a) be a Cantor minimal system. Fix x € X. Denote by Ay the
C*-subalgebra of A= C(X x T) X4 Z generated by C(X x T) and

uCo(X \ {x} x T), where u is the unitary in A which implementing the
action o X ¢. Then Ay is a unital simple AT algebra  (L-Matui).
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(L—Matui 2005) Let (X, «) and (X, B) be two Cantor minimal systems,
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(L—Matui 2005) Let (X, «) and (X, B) be two Cantor minimal systems,
let £,m: X — T be continuous maps.
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(L—Matui 2005) Let (X, «) and (X, B) be two Cantor minimal systems,
let £,m: X — T be continuous maps. Let o x R¢ and 3 x R, be rigid
(minimal) systems.

June 17, 2014, The Fields, Toronto 12
Huaxin Lin Crossed products from minimal dynamical sys / 24



Theorem
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let £,m: X — T be continuous maps. Let o x R¢ and 3 x R, be rigid

minimal) systems. Then a X Re and 8 X R, are approximately
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let £,m: X — T be continuous maps. Let o x R¢ and 3 x R, be rigid
(minimal) systems. Then o x Re and 3 x Ry, are approximately
K-conjugate if and only if there is an order isomorphism

K . Ko(C(X X T) NQXRE Z)
— Ko(C(X X T) >4/3an Z) (60.4)
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Let {my} be a sequence of positive integers such that my > 2 and
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Let {my} be a sequence of positive integers such that my > 2 and
mylmyy1, k=1,2,.... Lety:Z/my17Z — Z/miZ be a homomorphism
given by congruence modulo my.
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Let {my} be a sequence of positive integers such that my > 2 and
mylmyy1, k=1,2,.... Lety:Z/my17Z — Z/miZ be a homomorphism
given by congruence modulo my. Then lim._Z/m;Z is a Cantor set.
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Let {my} be a sequence of positive integers such that my > 2 and
mylmyy1, k=1,2,.... Lety:Z/my17Z — Z/miZ be a homomorphism
given by congruence modulo my. Then lim._Z/myZ is a Cantor set.
Define a(x) = x + 1 for all x € lim_ Z/myZ.
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Let {my} be a sequence of positive integers such that my > 2 and
mylmyy1, k=1,2,.... Lety:Z/my17Z — Z/miZ be a homomorphism
given by congruence modulo my. Then lim._Z/myZ is a Cantor set.
Define a(x) = x + 1 for all x € lim_ Z/myZ. This is called odometer.
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Let {my} be a sequence of positive integers such that my > 2 and
mylmyy1, k=1,2,.... Lety:Z/my17Z — Z/miZ be a homomorphism
given by congruence modulo my. Then lim._Z/myZ is a Cantor set.
Define a(x) = x + 1 for all x € lim Z/myZ. This is called odometer. It
is minimal and unique ergodic.
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Definition

Let {my} be a sequence of positive integers such that my > 2 and
mylmyy1, k=1,2,.... Lety:Z/my17Z — Z/miZ be a homomorphism
given by congruence modulo my. Then lim._Z/myZ is a Cantor set.
Define a(x) = x + 1 for all x € lim Z/myZ. This is called odometer. It
is minimal and unique ergodic. Moreover, the family {a* : k € N} is
equi-continuous.
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Proposition

(K. Strung—2014) Let Q be a compact metric space and let 3 : Q — Q be
a minimal homeomorphism
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(K. Strung—2014) Let Q be a compact metric space and let 3 : Q — Q be
a minimal homeomorphism such that 5* is minimal for each k € N.
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(K. Strung—2014) Let Q be a compact metric space and let 3 : Q — Q be
a minimal homeomorphism such that 5* is minimal for each k € N.
Then, for any odometer system (X, a), (X x Q,a x ) is minimal.
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(K. Strung—2014) Let Q be a compact metric space and let 3 : Q — Q be
a minimal homeomorphism such that 5* is minimal for each k € N.
Then, for any odometer system (X, ), (X x Q,«a x ) is minimal.

If Q is connected, then, for any minimal homeomorphism 5 € Homeo(f2),
Bk is minimal for all k € N.
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Proposition

(K. Strung—2014) Let Q be a compact metric space and let 3 : Q — Q be
a minimal homeomorphism such that 5* is minimal for each k € N.
Then, for any odometer system (X, ), (X x Q,«a x ) is minimal.

If Q is connected, then, for any minimal homeomorphism 5 € Homeo({2),
Bk is minimal for all k € N.

Theorem

(K. Strung —2014) For each minimal homeomorphism 3 : §2n*1 — §2n+1
which has property (P),
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(K. Strung—2014) Let Q be a compact metric space and let 3 : Q — Q be
a minimal homeomorphism such that 5* is minimal for each k € N.
Then, for any odometer system (X, ), (X x Q,«a x ) is minimal.

If Q is connected, then, for any minimal homeomorphism 5 € Homeo({2),
Bk is minimal for all k € N.

Theorem
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which has property (P), there is an odometer a such that
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Proposition

(K. Strung—2014) Let Q be a compact metric space and let 3 : Q — Q be
a minimal homeomorphism such that 5* is minimal for each k € N.
Then, for any odometer system (X, ), (X x Q,«a x ) is minimal.

If Q is connected, then, for any minimal homeomorphism 5 € Homeo({2),
Bk is minimal for all k € N.

Theorem

(K. Strung —2014) For each minimal homeomorphism 3 : §2n*1 — §2n+1
which has property (P), there is an odometer a such that
C(X x $2"1) x5 Z has tracial rank at most one.
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Definition
Let (X, a) be a Cantor minimal system, € is a connected finite
dimensional compact metric space.
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Definition

Let (X, a) be a Cantor minimal system, Q2 is a connected finite
dimensional compact metric space. Fix x € X. Denote by Ay the
C*-subalgebra of A= C(X x Q) X,x¢ Z generated by C(X x Q) and
uGo(X\ {x} x Q),
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Let (X, a) be a Cantor minimal system, Q2 is a connected finite
dimensional compact metric space. Fix x € X. Denote by Ay the
C*-subalgebra of A= C(X x Q) X,x¢ Z generated by C(X x Q) and
uCo(X \ {x} x Q), where u is the unitary in A which implementing the
action o X ¢.
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Definition

Let (X, a) be a Cantor minimal system, Q2 is a connected finite
dimensional compact metric space. Fix x € X. Denote by Ay the
C*-subalgebra of A= C(X x Q) X,x¢ Z generated by C(X x Q) and
uCo(X \ {x} x Q), where u is the unitary in A which implementing the
action o X ¢.

v

Lemma
The C*-algebra Ay is locally AH. Moreover, Ay is isomorphic to a unital
simple AH-algebra with slow dimension growth.  (L-2014)
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We will use the following uniqueness theorem:

Theorem

(L-2012) Let Y be a compact metric space and let A be a unital simple
C*-algebra with TR(A) < 1.
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We will use the following uniqueness theorem:
Theorem

(L-2012) Let Y be a compact metric space and let A be a unital simple

C*-algebra with TR(A) < 1. Suppose that L : C(Y)s... — Aff(T(A)) is a
unital strictly positive affine homomorphism.
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unital strictly positive affine homomorphism. Let ¢ > 0 and F C C(X) be
a finite subset.
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(L-2012) Let Y be a compact metric space and let A be a unital simple
C*-algebra with TR(A) < 1. Suppose that L : C(Y)s... — Aff(T(A)) is a
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P c K(C(Y)),
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unital strictly positive affine homomorphism. Let ¢ > 0 and F C C(X) be
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We will use the following uniqueness theorem:

Theorem

(L-2012) Let Y be a compact metric space and let A be a unital simple
C*-algebra with TR(A) < 1. Suppose that L : C(Y)s.o. — Aff(T(A)) is a
unital strictly positive affine homomorphism. Let ¢ > 0 and F C C(X) be
a finite subset. There exists a finite subset H C C(Y)s.,, a finite subset
P C K(C(Y)), a finite subset U C Uc(K1(C(Y))), 6 >0andn >0
satisfying the following:
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We will use the following uniqueness theorem:

Theorem

(L-2012) Let Y be a compact metric space and let A be a unital simple
C*-algebra with TR(A) < 1. Suppose that L : C(Y)s... — Aff(T(A)) is a
unital strictly positive affine homomorphism. Let ¢ > 0 and F C C(X) be
a finite subset. There exists a finite subset H C C(Y)s.a., a finite subset
P C K(C(Y)), a finite subset U C Uc(K1(C(Y))), 6 >0andn >0
satisfying the following: Suppose that ¢1,¢2 : C(Y) — A are two unital
monomorphisms for some unital simple C*-algebra A of tracial at most
one such that

[p1]lp] = [¢2]lP,
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(L-2012) Let Y be a compact metric space and let A be a unital simple
C*-algebra with TR(A) < 1. Suppose that L : C(Y)s... — Aff(T(A)) is a
unital strictly positive affine homomorphism. Let ¢ > 0 and F C C(X) be
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We will use the following uniqueness theorem:

Theorem

(L-2012) Let Y be a compact metric space and let A be a unital simple
C*-algebra with TR(A) < 1. Suppose that L : C(Y)s... — Aff(T(A)) is a
unital strictly positive affine homomorphism. Let ¢ > 0 and F C C(X) be
a finite subset. There exists a finite subset H C C(Y)s.a., a finite subset
P C K(C(Y)), a finite subset U C Uc(K1(C(Y))), 6 >0andn >0
satisfying the following: Suppose that ¢1,¢2 : C(Y) — A are two unital
monomorphisms for some unital simple C*-algebra A of tracial at most
one such that

[p1]|7] [¢2]l7,
170 ¢i(g) — L(F)(r)| < & forall geM, i=1,2, and
dist(o1(v)a(v*),14) < n for all v €U.
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We will use the following uniqueness theorem:

Theorem

(L-2012) Let Y be a compact metric space and let A be a unital simple
C*-algebra with TR(A) < 1. Suppose that L : C(Y)s... — Aff(T(A)) is a
unital strictly positive affine homomorphism. Let ¢ > 0 and F C C(X) be
a finite subset. There exists a finite subset H C C(Y)s.a., a finite subset
P C K(C(Y)), a finite subset U C Uc(K1(C(Y))), 6 >0andn >0
satisfying the following: Suppose that ¢1,¢2 : C(Y) — A are two unital
monomorphisms for some unital simple C*-algebra A of tracial at most
one such that

[pa]lp| = [¢2]lP,
170 ¢i(g) — L(F)(r)| < & forall geM, i=1,2, and
dist(o1(v)a(v*),14) < n for all v €U.

Then there is a unitary w € A such that

|w*p1(F)w — ¢a(F)|| < € for all f e F. (e0.5)
H in Li June 17, 2014, The Fields, Toronto 2 16




Theorem

(L-2014) Let (X, «) be a Cantor minimal system, Q be a compact
connected finite dimensional metric space
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Theorem

(L-2014) Let (X, «) be a Cantor minimal system, Q be a compact
connected finite dimensional metric space with U(C(Q2)) = Up(C(R2)) and
let ¢ : X — Homeo(2) be a continuous map.
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Theorem

(L-2014) Let (X, «) be a Cantor minimal system, Q be a compact
connected finite dimensional metric space with U(C(Q2)) = Up(C(R2)) and

let ¢ : X — Homeo(2) be a continuous map. Suppose that there exists
x € X and an integer k > 1
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Theorem

(L-2014) Let (X, «) be a Cantor minimal system, Q be a compact
connected finite dimensional metric space with U(C(Q2)) = Up(C(R2)) and
let ¢ : X — Homeo(2) be a continuous map. Suppose that there exists

x € X and an integer k > 1 such that

[®y] = [id¢(g)] in KL(C(Q), C(2)),
where
Sy () =1Fod L) 00 O 0 bati 0 bx for all e C(Q)

for all y € {a/=Y(x) : j € N}
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Theorem

(L-2014) Let (X, «) be a Cantor minimal system, Q be a compact
connected finite dimensional metric space with U(C(Q2)) = Up(C(R2)) and
let ¢ : X — Homeo(2) be a continuous map. Suppose that there exists

x € X and an integer k > 1 such that

[®y] = [id¢(g)] in KL(C(Q), C(2)),
where
Sy () =1Fod L) 00 O 0 bati 0 bx for all e C(Q)

for all y € {a/=Y(x) : j € N} and suppose that a* is minimal.
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Theorem

(L-2014) Let (X, «) be a Cantor minimal system, Q be a compact
connected finite dimensional metric space with U(C(Q2)) = Up(C(R2)) and
let ¢ : X — Homeo(2) be a continuous map. Suppose that there exists

x € X and an integer k > 1 such that

[®y] = [id¢(g)] in KL(C(Q), C(2)),
where
Sy () =1Fod L) 00 O 0 bati 0 bx for all e C(Q)

for all y € {a/=Y(x) : j € N} and suppose that o is minimal. If o x ¢ is
minimal,
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Theorem

(L-2014) Let (X, «) be a Cantor minimal system, Q be a compact
connected finite dimensional metric space with U(C(Q2)) = Up(C(R2)) and
let ¢ : X — Homeo(2) be a continuous map. Suppose that there exists

x € X and an integer k > 1 such that

[®y] = [id¢(g)] in KL(C(Q), C(2)),
where
Sy () =1Fod L) 00 O 0 bati 0 bx for all e C(Q)

for all y € {a/=Y(x) : j € N} and suppose that o is minimal. If o x ¢ is
minimal, then A= C(X x Q) Xqx¢ Z has tracial rank at most one.
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Theorem

(L-2014) Let (X, «) be a Cantor minimal system, Q be a compact
connected finite dimensional metric space with U(C(Q2)) = Up(C(R2)) and
let ¢ : X — Homeo(2) be a continuous map. Suppose that there exists

x € X and an integer k > 1 such that

[®y] = [idc@)] in KL(C(), C(©2)),
where

By (F) = F o d i)y © Pty @ 0 atipy © b for all f € C(Q)
for all y € {a/=Y(x) : j € N} and suppose that a* is minimal. If o x ¢ is
minimal, then A= C(X x Q) Xqx¢ Z has tracial rank at most one.
Consequently A is isomorphic to a unital simple AH-algebra with no
dimension growth.
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For each integer k > 2,
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Lemma

For each integer k > 2, there exists an odometer action o on the Cantor
set such that o is minimal.
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Lemma
For each integer k > 2, there exists an odometer action o on the Cantor
set such that o is minimal. |

Theorem
(L=2014) Let o be an odometer on the Cantor set
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Lemma

For each integer k > 2, there exists an odometer action o on the Cantor
set such that o is minimal.

Theorem

(L-2014) Let o be an odometer on the Cantor set and (S2"*1,3) be a
minimal system with n > 1.
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Lemma

For each integer k > 2, there exists an odometer action o on the Cantor
set such that o is minimal.

Theorem

(L-2014) Let o be an odometer on the Cantor set and (S2"*1,3) be a
minimal system with n > 1.Then A= C(X x S2™1) x5 Z has tracial
rank at most one.
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Lemma
For each integer k > 2, there exists an odometer action o on the Cantor
set such that o is minimal.

Theorem

(L-2014) Let o be an odometer on the Cantor set and (S2"*1,3) be a
minimal system with n > 1.Then A= C(X x S2™1) x5 Z has tracial
rank at most one.

Theorem
Let n > 1 be an integer.
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Lemma
For each integer k > 2, there exists an odometer action o on the Cantor
set such that o is minimal.

Theorem

(L-2014) Let o be an odometer on the Cantor set and (S2"*1,3) be a
minimal system with n > 1.Then A= C(X x S2™1) x5 Z has tracial
rank at most one.

Theorem
Let n > 1 be an integer. There are odometer actions « on the Cantor set
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Lemma
For each integer k > 2, there exists an odometer action o on the Cantor
set such that o is minimal.

Theorem

(L-2014) Let o be an odometer on the Cantor set and (S2"*1,3) be a
minimal system with n > 1.Then A= C(X x S2™1) x5 Z has tracial
rank at most one.

Theorem
Let n > 1 be an integer. There are odometer actions « on the Cantor set
such that for any minimal homeomorphism 3 on RP>"+1,
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Lemma
For each integer k > 2, there exists an odometer action o on the Cantor
set such that o is minimal.

Theorem

(L-2014) Let o be an odometer on the Cantor set and (S2"*1,3) be a
minimal system with n > 1.Then A= C(X x S2™1) x5 Z has tracial
rank at most one.

Theorem

Let n > 1 be an integer. There are odometer actions « on the Cantor set
such that for any minimal homeomorphism 3 on RP>"+1,

A= C(X x RP?>™*1) x5 Z is a unital simple C*-algebra with tracial
rank at most one.
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Theorem

( K. Strung) If a : S?"*1 — S27*1 js 3 minimal homeomorphism with the
property (P),
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Theorem

( K. Strung) If a : S?"*1 — S27*1 js 3 minimal homeomorphism with the
property (P), then C(S?"*1) x, Z is in A.
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Theorem

( K. Strung) If a : S?"*1 — S27*1 js 3 minimal homeomorphism with the
property (P), then C(S?"*1) x, Z is in A.
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Theorem

( K. Strung) If a : S?"*1 — S27*1 js 3 minimal homeomorphism with the
property (P), then C(S?"*1) x, Z is in A.

Corollary

(K. Strung) Suppose that az, s : ST — S27*1 are two minimal
homeomorphisms with the property (P).
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Theorem

( K. Strung) If a : S?"*1 — S27*1 js 3 minimal homeomorphism with the
property (P), then C(S?"*1) x, Z is in A.

Corollary

(K. Strung) Suppose that az, s : ST — S27*1 are two minimal
homeomorphisms with the property (P). Then Put A= C(S?"*1) x4, Z
and B = C(S?"*1) x4, Z
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Theorem

( K. Strung) If a : S?"*1 — S27*1 js 3 minimal homeomorphism with the
property (P), then C(S?"*1) x, Z is in A.

Corollary

(K. Strung) Suppose that az, s : ST — S27*1 are two minimal
homeomorphisms with the property (P). Then Put A= C(S?"*1) x4, Z
and B = C(5?"*1) x1,, Z Then A< B if and only if
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Theorem

( K. Strung) If a : S?"*1 — S27*1 js 3 minimal homeomorphism with the
property (P), then C(S?"*1) x, Z is in A.

Corollary

(K. Strung) Suppose that az, s : ST — S27*1 are two minimal
homeomorphisms with the property (P). Then Put A= C(S?"*1) x4, Z
and B = C(S?"*1) x4, Z Then A= B if and only if T(A)= T(B).
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Theorem

( W. Winter 2013) Let A and B be two unital separable nuclear
C*-algebras
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Theorem

( W. Winter 2013) Let A and B be two unital separable nuclear
C*-algebras with dimp,cesrA < 00 and TR(B) < 1.
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Theorem

( W. Winter 2013) Let A and B be two unital separable nuclear

C*-algebras with dimp,cearA < 00 and TR(B) < 1. Suppose that there
exists a unital embedding » : A — B such that
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Theorem

( W. Winter 2013) Let A and B be two unital separable nuclear
C*-algebras with dimp,cearA < 00 and TR(B) < 1. Suppose that there
exists a unital embedding v : A — B such that @ induces an
homeomorphism v : T(B) — T(A),
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Theorem

( W. Winter 2013) Let A and B be two unital separable nuclear
C*-algebras with dimp,cearA < 00 and TR(B) < 1. Suppose that there
exists a unital embedding v : A — B such that @ induces an
homeomorphism v : T(B) — T(A), and S(Ko(B)) has a single point.
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Theorem

( W. Winter 2013) Let A and B be two unital separable nuclear
C*-algebras with dimp,cearA < 00 and TR(B) < 1. Suppose that there
exists a unital embedding v : A — B such that @ induces an

homeomorphism v : T(B) — T(A), and S(Ko(B)) has a single point.
Then TR(A) < 1.
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Theorem

( W. Winter 2013) Let A and B be two unital separable nuclear
C*-algebras with dimp,cearA < 00 and TR(B) < 1. Suppose that there
exists a unital embedding v : A — B such that @ induces an

homeomorphism v : T(B) — T(A), and S(Ko(B)) has a single point.
Then TR(A) < 1.

We have the following:
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Theorem

( W. Winter 2013) Let A and B be two unital separable nuclear
C*-algebras with dimp,cearA < 00 and TR(B) < 1. Suppose that there
exists a unital embedding v : A — B such that @ induces an

homeomorphism v : T(B) — T(A), and S(Ko(B)) has a single point.
Then TR(A) < 1.

We have the following:

(S ) s Z)® Q
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Theorem

( W. Winter 2013) Let A and B be two unital separable nuclear
C*-algebras with dimp,cearA < 00 and TR(B) < 1. Suppose that there
exists a unital embedding v : A — B such that @ induces an

homeomorphism v : T(B) — T(A), and S(Ko(B)) has a single point.
Then TR(A) < 1.

We have the following:

(C(S*™™M) x5Z)® Q — (C(X x S?™ N Xous Z) @ Q. (€0.6)
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that U(C(Q2)) = Us(C(R2))
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that U(C(Q2)) = Up(C(Q)) and let 5:Q — Q be a

minimal homeomorphism.
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that U(C(Q2)) = Up(C(Q)) and let 5:Q — Q be a
minimal homeomorphism. Suppose that [3¥] = [id] in KL(C(Q), C(R))
for some integer k > 1,
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that U(C(Q2)) = Up(C(Q)) and let 5:Q — Q be a
minimal homeomorphism. Suppose that [3¥] = [id] in KL(C(RQ), C(R))
for some integer k > 1, where 3(f) = f o 3~ for all f € C(Q).
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that U(C(Q2)) = Up(C(Q)) and let 5:Q — Q be a
minimal homeomorphism. Suppose that [3¥] = [id] in KL(C(RQ), C(R))
for some integer k > 1, where 3(f) = f o 5=t for all f € C(Q). Then

A = C(Q) xg Z has rationally tracial rank at most one, i.e.,
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that U(C(Q2)) = Up(C(Q)) and let 5:Q — Q be a
minimal homeomorphism. Suppose that [3¥] = [id] in KL(C(RQ), C(R))
for some integer k > 1, where 3(f) = f o 5=t for all f € C(Q). Then

A = C(Q) X3 Z has rationally tracial rank at most one, i.e., A® U has
tracial rank at most one for any infinite dimensional UHF-algebra U. In
particular, A is A.
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that U(C(Q2)) = Up(C(Q)) and let 5:Q — Q be a
minimal homeomorphism. Suppose that [3¥] = [id] in KL(C(RQ), C(R))
for some integer k > 1, where 3(f) = f o 5=t for all f € C(Q). Then

A = C(Q) X3 Z has rationally tracial rank at most one, i.e., A® U has
tracial rank at most one for any infinite dimensional UHF-algebra U. In
particular, A is A.

Corollary

Let B be a minimal homeomorphism on S?"*1.
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that U(C(Q2)) = Up(C(Q)) and let 5:Q — Q be a
minimal homeomorphism. Suppose that [3¥] = [id] in KL(C(RQ), C(R))
for some integer k > 1, where 3(f) = f o 5=t for all f € C(Q). Then

A = C(Q) X3 Z has rationally tracial rank at most one, i.e., A® U has
tracial rank at most one for any infinite dimensional UHF-algebra U. In
particular, A is A.

Corollary

Let 3 be a minimal homeomorphism on S?"*1. Then A= C(S*"*1) x Z
has rationally tracial rank at most one and is in A.
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that H(Q,Z) = {0} and Ki(C(Q)) =Z @ G;,
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that H(Q,Z) = {0} and Ki(C(Q)) = Z @ G;, where G;
is a finite group.
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that H(Q,Z) = {0} and Ki(C(Q)) = Z @ G;, where G;
is a finite group. Suppose that 3 : Q — Q is a minimal homeomorphism.
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that H(Q,Z) = {0} and Ki(C(Q)) = Z @ G;, where G;
is a finite group. Suppose that 3 : Q — Q is a minimal homeomorphism.
Then A = C(Q) xg Z has rational tracial rank at most one and is in A.

v
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that H(Q,Z) = {0} and Ki(C(Q)) = Z @ G;, where G;
is a finite group. Suppose that 3 : Q — Q is a minimal homeomorphism.
Then A = C(Q) xg Z has rational tracial rank at most one and is in A.

v

Corollary

(L-2014) Let 3 be a minimal homeomorphism on RP?"*1 (for n > 1).
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Theorem

(L-2014) Let Q be a connected compact metric space with finite covering
dimension such that H(Q,Z) = {0} and Ki(C(Q)) = Z @ G;, where G;
is a finite group. Suppose that 3 : Q — Q is a minimal homeomorphism.
Then A = C(Q) xg Z has rational tracial rank at most one and is in A.

v

Corollary

(L-2014) Let 3 be a minimal homeomorphism on RP?"*1 (for n > 1).
Then A= C(RP?"*1) x Z has rational tracial rank at most one and is in

A.
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Corollary

Let By, 32 : S2"t1 — S2nt1 pe two minimal homeomorphisms
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Corollary

Let By, 3> : S?"1 — S27+1 pbe two minimal homeomorphisms and let
Ai=C(S*" ) %p Z, i = 1,2.
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Corollary

Let By, 3> : S?"1 — S27+1 pbe two minimal homeomorphisms and let
Ai = C(S?") x5 Z, i =1,2. Then Ay = A, if and only if

Bi
T(A1) = T(A2).
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Corollary
Let 31, B : S?™t1 — §27*1 be two minimal homeomorphisms and let

Ai = C(S?"1) xp, Z, i = 1,2. Then Ay = A, if and only if
T(A1) = T(A2).

Corollary

Let 31 and B2 be two minimal homeomorphisms on RP?"*+* (for n > 1)
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Corollary
Let By, Bo : S2"+1 — §27*1 pe two minimal homeomorphisms and let
Ai = C(S?") x5 Z, i =1,2. Then Ay = A, if and only if
Bi
T(A1) = T(A2).

Corollary

Let 31 and 32 be two minimal homeomorphisms on RP?"*1 (for n > 1)
and let Aj = C(RP?"™1) x4, Z, i = 1,2.
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Corollary
Let By, Bo : S2"+1 — §27*1 pe two minimal homeomorphisms and let
Ai = C(S?") x5 Z, i =1,2. Then Ay = A, if and only if
Bi
T(A1) = T(A2).

Corollary

Let 31 and 32 be two minimal homeomorphisms on RP?"*1 (for n > 1)
and let A; = C(RP?"*1) Xg, Z, i =1,2. Then Ay = Ay if and only

June 17, 2014, The Fields, Toronto / 2423

Huaxin Lin Crossed products from minimal dynamical sys



Corollary

Let By, Bo : S2"+1 — §27*1 pe two minimal homeomorphisms and let
A; = C(S2 ) x5 Z, i =1,2. Then Ay = A, if and only if

T(A1) = T(A2).

Corollary

Let 31 and 32 be two minimal homeomorphisms on RP?"*1 (for n > 1)
and let A; = C(RP?"*1) Xg, Z, i =1,2. Then Ay = Ay if and only

Ki(A1) = Ki(A2), (B1)s = (B2)« on Ko(C(RP?™1))
and T(Al) = T(Ag).
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The Research Center for Operator Algebras at East China Normal
University is now recruiting postdocs.
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