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© Density of the measures p H ¢, where ~; is the semicircular
distribution with variance t.
e Voiculescu transform
e H-infinitely divisible distributions
e Density formula

© Density of the measures ;4 X \; and v X o, where A\ and o}
are free multiplicative analogue of the normal distributions.
e > -transform
e X-infinitely divisible distributions
e Density formula
e Free multiplicative analogue of the normal distributions
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Voiculescu transform

e Mgp: the set of probability measures on R
e For a measure i, € Mg, we define the Cauchy transform

G, :C" — C™ by

GM(Z)Z/M L du(e), zec.

o Z—t

We set F,(z) =1/Gu(z), z€ Ct, so that F, : CT — CT is
analytic.
e Voiculescu transform of pu:

ou(z) = F;l(z) -z
e (Voiculescu '86, Maassen '92, Bercovici-Voiculescu '93)

SO,uEHV(Z) = Qp,u(z) + QPV(Z)'
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Infinite divisibility w.r.t. H

e Given v € MR, we say that v is B-infinitely divisible if for every
positive integer n, there exists a 11/, € Mg such that

v=uvy,Bry,B--Bury,.

n times

e (Voiculescu '86, Bercovici-Voiculescu '93)
v is H-infinitely divisible if and only if

+oo >
cp,,(z):oz%—/ 1rt do(t).

e Z—t

where a € R and o is a finite positive measure on R.
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e F, is a conformal map and its inverse map is H : z = z + ¢, (2).

e (Biane '97, Chistyakov-Gétze '11) The boundary of the set
U= {F,(z): ze C"} is the graph of a function defined on R.

e If x+iy€dUandy >0, then

- 1+ 2
1= /R Pl O) (1)

x—t)2+y2
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Biane's formula

e i € Mg, 7:: semicircular distribution.

e Subordination function: F; : F.m,,(2) = Fu(F:(2)).

e The function F; can be regarded as the F-transform of a
probability measure on R, denoted by ~; [(H p.
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Biane's formula

e i € Mg, 7:: semicircular distribution.

e Subordination function: F; : F.m,,(2) = Fu(F:(2)).

e The function F; can be regarded as the F-transform of a
probability measure on R, denoted by ~; [(H p.

e v: (B is B-infinitely divisible and ¢ 5,(2) = z + tG,(2).
e Set Q; := F;(CT), then 99, is the graph of a function.
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Biane's formula

e i € Mg, 7:: semicircular distribution.

e Subordination function: F; : F.m,,(2) = Fu(F:(2)).

e The function F; can be regarded as the F-transform of a
probability measure on R, denoted by ~; [(H p.

e v: (B is B-infinitely divisible and ¢ 5,(2) = z + tG,(2).
e Set Q; := F;(CT), then 99, is the graph of a function.

e Given x € R, let y;(x) € R such that x + iy(x) € 0, and
fe(x) = He(x + iye(x)).

Theorem (Biane '97)

ye(x)
Tt

The density of (1B ¢ is given by pe(fi(x)) =
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e The function F; can be regarded as the F-transform of a
probability measure on R, denoted by ~; [(H p.

e v: (B is B-infinitely divisible and ¢ 5,(2) = z + tG,(2).
e Set Q; := F;(CT), then 99, is the graph of a function.

e Given x € R, let y;(x) € R such that x + iy(x) € 0, and
fe(x) = He(x + iye(x)).

Theorem (Biane '97)

ye(x)
Tt

The density of (1B ¢ is given by pe(fi(x)) =

e The density p; is analytic whenever it is positive.
e Biane also proved that the number of connected components of
the interior of the support is a non-increasing function of t.
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Multiplicative free convolution on M

e Mr: the set of probability measures on T; M.,: the set of
probability measures on C with nonzero mean.
e Given u € M, we define

ue) = [ Tt

tz

and set 7,(2) = Yu(2) /(1 + 1(2)).

e 7, : D — D is analytic.

Ping Zhong free multiplicative analogue of the normal distribution 7/17



Multiplicative free convolution on M

e Mr: the set of probability measures on T; M.,: the set of
probability measures on C with nonzero mean.
e Given u € M, we define

ue) = [ Tt

and set 7,(2) = Yu(2) /(1 + 1(2)).

e 7, : D — D is analytic.

e For p € MrNM,, set ¥,(z) =n,"(2)/z.

Theorem (Voiculescu '87)

Given u,v € Mt N M., then we have

ZNIXV(Z) = ZM(Z)ZV(Z)'
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Subordination distributions

e )\;: the free multiplicative analogue of the normal distribution on
T such that X,(z) = exp (%%)

e Subordination function 7; : D — D: 7,x»,(2) = 1u(n:(2)).

e Subordination distribution p; € Mr: 1,,(z) = n¢(z), for t > 0.

The measure p; is W-infinitely divisible and its > -transform is

£a@) = Inm@) =0 (5 [ FEau0). @

o Let &, ,(z) :=2z%,,(2), then ®; ,(n,,(z)) = z for all z € T.
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Subordination distributions

e )\;: the free multiplicative analogue of the normal distribution on
T such that X,(z) = exp (%%)

e Subordination function 7; : D — D: 7,x»,(2) = 1u(n:(2)).

e Subordination distribution p; € Mr: 1,,(z) = n¢(z), for t > 0.

The measure p; is W-infinitely divisible and its > -transform is

£a@) = Inm@) =0 (5 [ FEau0). @

o Let &, ,(z) :=2z%,,(2), then ®; ,(n,,(z)) = z for all z € T.
e The function 7, is a conformal map.

e (Belinschi-Bercovici '05) 7,, extends to be a one-to-one and
continuous function on D.
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A formula for the density of u X A;

o 1€ Mrp; pr = p XA

e Subordination distribution: 7, = 1.(n,,(2)), pr € ZD(X, T).
o &, (2) = 2¥,,(2).

¢ Qyi={zeD:|®,(2)] <1} =n,(D).

082 ,, is the graph of a function of §.
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A formula for the density of u X A;

o 1€ Mrp; pr = p XA

e Subordination distribution: 7, = 1.(n,,(2)), pr € ZD(X, T).
o &, (2) = 2¥,,(2).

¢ Qyi={zeD:|®,(2)] <1} =n,(D).

082 ,, is the graph of a function of §.

Given 6 € [—m, 7], let v¢(0) € (0,1] such that v;(0)e”® € Q..

Theorem (Z. '12)

The density of ¢ is given by ps(V; ,,(€?)) = —In(v¢(8)) /7t ,
where Wy, = ®¢ ,(v+(0)e'?).

e The density p; is analytic whenever it is positive. The number of
connected components of the interior of the support of p; is a
non-increasing function of t.
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An example

e (Biane '97)
/ 7N (€) = Qu(t)e 3, (3)

where Qn(t) =>4 0( 1)k;t(k| k= 1(/«,;1)'

o Let =01, Qr = Qts,, Pr =Pt and Uy = U5, we recover

Biane's result.

© The support of s is T if t > 4.

O Let 0, = —arccos (1 — £) — 1, /(4 — t)t, then the support of
At IS {e’e:—9t§9§9t}§’ﬂ‘fort<4.

Proposition
The density of \; is symmetric with respect to x-axis; and the
density of Ay has a unique maximum at 1.
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the density of )\[
0.4 T

—t=1

1

0 ™
-arg(®(e"))
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A formula for the density of v X o,

1+z

t
o0 Y, (z)=e271; vE Mg+: v# o, v :=vXoy.

o 7. Ny, = Nu(nr(2)), then 7, € IZD(X,R"), and

t [TO14¢&z

Z) =) —eo (5 [ - Eang).

o Let H;,(z) = zX,,(2), and let '+, be the connected component
of the set {z € C* : §(H¢,(2)) > 0} whose boundary contains the
left half line (—o0,0).

Proposition (Belinschi-Bercovici '05)

The function 1, extends to be a continuous function on CTtUR,
and 1., is one to one on this set. If ¢ € RT satisfies 3(n,,(€)) > 0,
then 7., can be extended analytically to a neighborhood of €.
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A formula for the density of v X o,

Given r € (0,+00), then there exists only one 6 € [0, ), denoted
by us(r), such that re’® € 9(T¢,).

Let A, (r) = Hy, (re™(n).

Theorem (Z. '12)

The measure vy has a density given by

‘“ <At,i(r)> = A

for r € (0, 400).
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The density of v;

Corollary

© The number of connected components of the interior of the
support of vy is a non-increasing function of t.

Q v; is absolutely continuous and q; is analytic whenever it is
positive.

Q Ifv is compactly supported on (0, +0c), then the support of
vt has only one connected component for large t.
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An example

We then give a description of oy, part of results were known by
Biane.

o Let v =51, Hi(z) = Hy 5, = zexp(£ZtL), and

Vi ={0 < r < +4oo:u(r) >0}

e Then vy = o and V; = (x1(t), x2(t)), where
x1(t) =2+t —/t(t+4))/2 and
xo(t) = 2+t ++/t(t +4))/2 =1/x(t).
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Symmetry of o

Proposition
For t > 0, let s;(x) be the density of the measure o, at x.
(1) The support of the function s; is the interval [x3(t), xa(t)].

(2) For [a, 8] C (0,1], we have o+([e, B]) = o <[%, éD

(3) st(x)x and s; are strictly decreasing functions of x on the
interval [1, xa(t)).

For any integer n, let a, =1+ \/2t/n, b, = 1/a, and
pn = (62, + 0p,)/2, then u2" — o, weakly as n — +oc.
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the density of o,
1 . : : ;

t=0.4
t=0.6
t=1

10
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