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Introduction

Free convolution

Given probability measures 1 and v on R, pH v is the distribution
of X 4+ Y, where X and Y are free selfadjoint operators with
respective distributions p and v.
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Function theory

w: Borel probability measure on R.
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Introduction

Function theory

w: Borel probability measure on R.

1

Gulz)= [ S dus). zect,
RZ—S

Cauchy transform of u is one-to-one in some truncated cone

Fap={x+iyeC:y>aq, |x| <By}.

G# : the inverse of G,.
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Introduction

Function theory

w: Borel probability measure on R.

Gu(z) = / 1 du(s), zeCT,

RZ—S
Cauchy transform of u is one-to-one in some truncated cone

Fap={x+iyeC:y>aq, |x| <By}.

G# : the inverse of G,.

@ Reciprocal Cauchy transform of u: F, =1/G,,.
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Introduction

Function theory

w: Borel probability measure on R.

Gu(z) = / 1 du(s), zeCT,

RZ—S

Cauchy transform of u is one-to-one in some truncated cone
Fap={x+iyeC:y>aq, |x| <By}.

Gﬂ_l: the inverse of G,.
@ Reciprocal Cauchy transform of u: F, =1/G,,.

e Voiculesce transform: R, (z) = Gu_l(z) —1/z,zeT,pis a
linearizing transform for H, i.e.,

Rumv = Ry + Ry
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Introduction

Subordination functions for free convolution (Biane)
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Introduction

Introduction

Subordination functions for free convolution (Biane)

@ 1, v: Borel probability measures on R. There exist analytic
functions wy,ws : C* — CT such that

Gumy = Gy owy = Gy owo.
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Introduction

Introduction

Subordination functions for free convolution (Biane)

@ 1, v: Borel probability measures on R. There exist analytic
functions wy,ws : C* — CT such that

Gumy = Gy owy = Gy owo.
@ The functions w;, j = 1,2, are uniquely determined and satisfy
wj(iy)

lim -
y—+oo 1y

=1
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Free convolution semigroup

Free convolution semigroup {u® : t > 1}
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Free convolution semigroup

Free convolution semigroup {u® : t > 1}

@ Any probability measure p generates a discrete free
. . Eﬂn . oy
convolution semigroup {u™" : n € N} of probability measures.
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Free convolution semigroup

Free convolution semigroup {u® : t > 1}

@ Any probability measure p generates a discrete free
. . Eﬂn . oy
convolution semigroup {u™" : n € N} of probability measures.

@ This semigroup can be continuously imbedded into the free
convolution semigroup {x®f : t > 1} of probability measures.

@ This was first proposed by Bercovici and Voiculescu in their
study of the free central limit theorem.

o The existence of {u® : t > 1} was proved by Nica and
Speicher for . with compact support.
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Free convolution semigroup

Free convolution semigroup {u®t: t > 1}

Any probability measure p generates a discrete free
convolution semigroup {x®" : n € N} of probability measures.
@ This semigroup can be continuously imbedded into the free
convolution semigroup {x®f : t > 1} of probability measures.

@ This was first proposed by Bercovici and Voiculescu in their
study of the free central limit theorem.

o The existence of {u® : t > 1} was proved by Nica and
Speicher for . with compact support.
@ Later, Belinschi and Bercovici gave another proof of the

existence of the full generalization by using subordination
result and Denjoy-Wolff points.

Hao-Wei Huang Supports of measures in a free additive convolution semigroups



Free convolution semigroup

Function theory

Fix a Borel probability measure y and let t > 1. Consider the
analytic function He(z) = tz+ (1 — t)F,(z) : Ct — C*
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Free convolution semigroup

Function theory

Fix a Borel probability measure y and let t > 1. Consider the
analytic function He(z) = tz+ (1 — t)F,(z) : Ct — C*
o Q; = {z € CTSH,(z) > 0} is a simply connected domain
whose boundary is a simple curve.

Hao-Wei Huang Supports of measures in a free additive convolution semigroups



Free convolution semigroup

Function theory

Fix a Borel probability measure y and let t > 1. Consider the
analytic function He(z) = tz+ (1 — t)F,(z) : Ct — C*
o Q; = {z € CTSH,(z) > 0} is a simply connected domain
whose boundary is a simple curve.

@ continuous function wy : CT UR — CT UR such that
we(C*) € CT, we|C* is analytic, and He(w¢(z)) =z, z€ C™.
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Free convolution semigroup

Function theory

Fix a Borel probability measure y and let t > 1. Consider the
analytic function He(z) = tz+ (1 — t)F,(z) : Ct — C*
o Q; = {z € CTSH,(z) > 0} is a simply connected domain
whose boundary is a simple curve.
@ continuous function wy : CT UR — CT UR such that
we(C*) € CT, we|C* is analytic, and He(w¢(z)) =z, z€ C™.
e We have
Fuﬁﬂt = F,ows.
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Free convolution semigroup

Regularity properties for 1%t
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Free convolution semigroup

Regularity properties for 1%t

o Lebesgue decomposition of ;®¢: contains only absolutely
continuous and atomic parts.
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Free convolution semigroup

Regularity properties for 1%t

o Lebesgue decomposition of ;®¢: contains only absolutely
continuous and atomic parts.

o Density of ®t: analytic wherever it is positive.
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Free convolution semigroup

Regularity properties for 1%t

o Lebesgue decomposition of ;®¢: contains only absolutely
continuous and atomic parts.

o Density of ®t: analytic wherever it is positive.

e a € Ris an atom of x if and only if
p({a/t}) >1—t71,
in which case

i ({a}) = tu({a/t}) - 1.
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Main Results

Let Hy(z) = tz — (t — 1)Fu(z), z € CT, and let
Q: = {z € C": SH,(z) > 0} be as before.
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Main Results

Let Hy(z) = tz — (t — 1)Fu(z), z € CT, and let
Q: = {z € C": SH,(z) > 0} be as before.

Theorem
(1) Boundary 0%2;: the graph of some continuous function f;.
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Main Results

Let Hy(z) = tz — (t — 1)Fu(z), z € CT, and let
Q: = {z € C": SH,(z) > 0} be as before.

Theorem

(1) Boundary 0%2;: the graph of some continuous function f;.
(2) H; is a conformal mapping from Q; onto C* and is a
homeomorphism from Q; onto C* UR.
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(3) F, has a continuous extension to Q; which is Lipschitz
continuous.
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Main Results

Let Hy(z) = tz — (t — 1)Fu(z), z € CT, and let
Q: = {z € C": SH,(z) > 0} be as before.

Theorem

(1) Boundary 0%2;: the graph of some continuous function f;.
(2) H; is a conformal mapping from Q; onto C* and is a
homeomorphism from Q; onto Ct UR.

(3) F, has a continuous extension to Q; which is Lipschitz
continuous.

(4) Y¥(x) = He(x + ify(x)) is a homeomorphism on R.
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Main Results

Let Hy(z) = tz — (t — 1)Fu(z), z € CT, and let
= {z € C" : SH,(z) > 0} be as before.

Theorem

(1) Boundary 0%2;: the graph of some continuous function f;.
(2) H; is a conformal mapping from Q; onto C* and is a
homeomorphism from Q; onto C* UR.

(3) F, has a continuous extension to Q; which is Lipschitz
continuous.

(4) e(x) = He(x + ify(x)) is a homeomorphism on R.

(5) Density of ()2 is given by

(e-DR) ) .

( mt)ac
wltx — ve(x) + ith (2~ 702+ F2(x)

————(W(x)) =
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Main results

Support of Pt
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Main results

Support of Pt

Ht

(1) Support of u™* is completely determined by 0€2;.
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Main Results

Main results

Support of Pt

(1) Support of u&t is completely determined by 9%;.

(2) Qp, CQy, for 1 < t1 < ty.
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Main Results

Main results

Support of Pt

(1) Support of u&t is completely determined by 9%;.

(2) Qp, CQy, for 1 < t1 < ty.
(3) The number of the components in supp(p*?) is
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Main Results

Main results

Support of Pt

(1) Support of u&t is completely determined by 9%;.

(2) Qp, CQy, for 1 < t1 < ty.
(3) The number of the components in supp(x*?) is at most
countable for all t and is a non-increasing function of t.
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Main Results

Number of components

n(t): number of components in supp(u®t).
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Main Results

Number of components

n(t): number of components in supp(u®t).

@ Is limsoo n(t) =17

Equivalent conditions

Sp: the set of all bounded components in R\supp(x). TFAE: (1)
n(t) =1 for large t;
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Number of components

n(t): number of components in supp(u®t).

@ Is limsoo n(t) =17
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Main Results

Number of components

n(t): number of components in supp(u®t).

@ Is limsoo n(t) =17

Equivalent conditions

Sp: the set of all bounded components in R\supp(x). TFAE: (1)
n(t) =1 for large t;

(2) n(t) < oo for some t > 1;

(3) either S, = 0 or we have S, # () and

G, (x)
. w ;
/'ng{cg(x) iX € I} > 0.
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Main Results

Number of components

n(t): number of components in supp(u®t).

@ Is limsoo n(t) =17

Equivalent conditions

Sp: the set of all bounded components in R\supp(x). TFAE: (1)
n(t) =1 for large t;

(2) n(t) < oo for some t > 1;

(3) either Sp = () or we have Sp # () and

G, (x)
. w ;
/'ng{cg(x) iX € I} > 0.

Example: p is compactly supported = n(t) = 1 for large t.
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Main Results

Counterexample

@ For any Borel probability measure v there exists a unique
measure p with mean zero and unit variance such that

Fu.(z)=z-G,(z), zeC".

n(t) =oo forall t >1

Consider the measure

0
V= Z 27 "0on.
n=1

Then Pt contains infinitely many numbers of components in the
support.
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Main Results

(Huang, Zhong, 2013) Similar results hold for the free
multiplicative semigroup {p®t : t > 1}.
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Main Results

Thank Youl
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