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Additive Free Convolution: Analytic Approach
€ M: distribution on R, on C,: (upper halfplane)

Fa)= ([ 4,

o Z— 1t
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is a Nevanlinna function: thatis (C. — C, ),
such that lim, F,(z)/z =1, %(z)/3(z) bounded, defines class: F.
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(1) ou(2) = Fl(L_U(Z) — Z,  (characterizing 11 ),

(Bercovici, Pata, Biane, Voiculescu 96,99), Fl(L_U(Z) defined on a p-dependent subset

(2) ¢V1EHV2 - (bl/1 + ¢V27

on the common domain of definition of ¢,,, ¢.,
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Expansions of C-Transforms in the Free CLT |

G.(2) :/Iu(dX)

zZ—X
R
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Gu(2) = [ 4

zZ—X
R

fin((—00, X]) := p"®((—o0, x3/n)),  my(u) =0, ma(p) =1,
formal expansion using free cumulants

as(p) = ma(p), ag(p) = ma(p) —
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Expansion of Cauchy-Transforms in the Free CLT Il

3

Bi(z) = og(u)%, Un(X) = Un(cos 6)
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Expansion of Cauchy-Transforms in the Free CLT Il

Bi(z) = 043(#)2_12—3_, Umn(x) = Up(cosb) := sin(m +1)¢

z siné »m=1,2,.
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Expansion of Cauchy-Transforms in the Free CLT Il

z3 sin(m+1)6

Bi(z) = a3(u)m, Un(x) = Un(cos8) := “eng m=1,2,.
Bi(Gu(2)) = %Gﬁ,(z) - as(ﬂ)/ > 1 . d(%Ug(%)pw(x)), zecCt
Pul) = o f(a— ),

F. Gotze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 5/25



Expansion of Cauchy-Transforms in the Free CLT Il

z3 sin(m+1)6

Bi(2) = asli)s=s—, Un(x) = Un(cost) = "t m—1,2,.
Bi(Gu(2) = G2 = o) [ 15 d(3Ppun). zeC

Pul) = o f(a— ), _

Bo(2) = (oa- 0‘5)1/22;4_2 +‘“§<(1/zzi zE t (1/zzi 2)3)'

F. Gotze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 5/25



Expansion of Cauchy-Transforms in the Free CLT Il
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If as(p) # 0: Bs(Gy) is not a Cauchy-Transform of a finite signed measure.
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Approximation by Meixner Family

N (1 — b)2(x — a)?
2n(bx? + a(1 —-b)x+1-4d)’

a.c. — ,u,a7b’d(X) =
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VA1 —d)— (1 - b)2(x — a)?
2r(bx?2+a(1—b)x+1—-4d)’
by m4—m§—1, o my — m3

—n n n

ac.— papalx) =
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2r(bx2+a(1—b)x+1—-d)’

ac.— papalx) =

o . M b__m4—m§—1 d__m4—m§
n -— \/ﬁa n -— n ) n-— n
Wigner half-circle: (= free Gaussian) :  pp00 =W
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a.c. — ,ua,b7d(x)

a = M
n -— \/ﬁ)
Wigner half-circle:

Marchenko-Pastur:

Approximation by Meixner Family

VA —d)— (1 - b)2(x — a)?
2r(bx2+a(1—b)x+1—-d)’

b my — m3 — 1 d . My — mg
n -— n 9 n-— n
(= free Gaussian) :  pp00 =W
(= free Poisson) : 1500, @a# 0
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Approximation by Meixner Family

_ VA(T—d)—(1-bP(x—ap
a.c. — Ma,b,d(x) - 27T(bX2 + a(‘l — b)X +1-— d) ,

2 2
m my —ms — 1 my —m
an = _3, bn = —4 3 s dn = —4 3
Vvn n n
Wigner half-circle: (= free Gaussian) :  pp00 =W
Marchenko-Pastur: (= free Poisson) :  jia00, @# 0

Free Pascal: (= Neg. Binomial) : jap0, @a#0,b6>0,A >0

Free Gamma: Pabd, >0, A=0
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Approximation by Meixner Family

VA —d) — (1 - b)2(x — a)?
2r(bx2+a(1—b)x+1—-d)’

ac.— papalx) =

aan%, bn::m4—nm§—17 dn::m4;m§
Wigner half-circle: (= free Gaussian) :  pp00 =W
Marchenko-Pastur: (= free Poisson) :  jia00, @# 0
Free Pascal: (= Neg. Binomial) : p5p0,@a#0,6>0, A >0
Free Gamma: Pabd, >0, A=0
Pure free Meixner: Habd, b>0, A <0

Discriminant A := &?(1 — b)? — 4b(1 — d).
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Approximations in the Free CLT Il
v signed measure with density:

pX) = A2 1) /(4.
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Approximations in the Free CLT Il

v signed measure with density:

) = A2 1d ),
an = %%7 bn3:dn—1ﬁ, dn::—1m4;m2

Th.: [chistyakov, G. PTRF]

free add. convolution of ident.
s.th. By = Bg(p) < o0, q>5
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v signed measure with density:

P = 02— 1)),
an = %%7 bn:dn_%y dn:u“;m

Th.: [chistyakov, G. PTRF]

free add. convolution of ident.

s.th. By = Bg(p) < oo, q>5 and my(p) =0, mo(p) = 1.
Theredc>0s.th.V n>my

1
SUP | Fa(X) — ftay by.d,((—00, X]) = —v((—00, X])| < ¢Bsn™°/2.
X€eR n

IN

nan~(@-2)/2,

where |n,| <1andif4<qg<5, lim,n,=0.
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Asymptotic Approximations in the Free CLT
free add. convolution of ident. 4 s.th.
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Asymptotic Approximations in the Free CLT
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4

2 o
o pu(ZE- () - B - o d o

Us(
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free add. convolution of ident. i s.th. Bg(u) < oo, g >4

moments:  my(p) =0, Mmp(p) =1, bp:=(Msa—m5 —1)n~"

Th. [(chistyakov-G. PTRF]
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+ png(X),
where
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Bsn—3/2 if Bg<oo,q>5,

where |np| <1 andford<qg<5 Ilimyn,=0. xeR, n>my
If ms(p) = 0 simple form:

Fa(x) = puw((—00, X]) — TY=2 U3 (£) py(x) + pr(X).
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If supp(p) C [-L,L],
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For n > ng and p nontrivial,
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Expansion of Densities

If supp(p) C [-L,L], supp(pn) C [-2— 15,2+ %] for n > 1, (voiculescu(1986),
For n > ny and p nontrivial, u/,(x) = pp(x) exists. (Belinschi-Bercovici (2004)).
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If supp(p) C [-L,L], supp(pin) C [-2— f’2+ \/] for n > 1, (Voiculescu(1986),
For n > ng and p nontrivial, p},(x) = pnp(x) exists. (Belinschi-Bercovici (2004)).
Recall dy = ™2™ by = dy — 5, an=man /2, E,i= b =1 - 0O(n"").
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Assume supp(u) C [-L,L],

F. Gotze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 9/25




Expansion of Densities

If supp(p) C [-L,L], supp(pin) C [-2— f’2+ \/] for n > 1, (Voiculescu(1986),
For n > ng and p nontrivial, p},(x) = pnp(x) exists. (Belinschi-Bercovici (2004)).
Recall dy = ™2™ by = dy — 5, an=man /2, E,i= b =1 - 0O(n"").

Theorem (Chistyakov-G. PTRF )
Assume supp(p) C [-L,L], mi(p) =0, mp(pu)=1.
Thenforn>ny, |6 <1, andh:=&(u)n3/7?,

F. Gotze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 9/25



Expansion of Densities
If supp(p) C [-L,L], supp(in) C [-2— %ﬁ 2+ \/Lﬁ] for n > 1, (voiculescu(1986),
For n > ny and p nontrivial, u/,(x) = pp(x) exists. (Belinschi-Bercovici (2004)).
— 2 _ _
Reca” dn = m4nm3,bn - dn - %, an - m3n_1/2, En = \}12_17&1 == 1 - O(n 1).

Theorem (Chistyakov-G. PTRF )
Assume supp(p) C [-L,L], mi(p) =0, mp(pu)=1.
Thenforn>ny, |6 <1, andh:=&(u)n3/7?,

pn(x+an) = pW(Enx)(1 —anpx
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If supp(p) C [-L,L], supp(in) C [-2— f, 2+ \/Lﬁ] for n > 1, (voiculescu(1986),

For n > ny and p nontrivial, u/,(x) = pp(x) exists. (Belinschi-Bercovici (2004)).
2

Reca” dn = m4nm3,bn - dn - %, an - m3n_1/2, En = \}ﬁ == 1 O( _1).

Theorem (Chistyakov-G. PTRF )

Assume supp(p) C [-L,L], mi(p) =0, mp(pu)=1.

Thenforn>ny, |6 <1, andh:=&(u)n3/7?,

i) = Pl avx Jen G (o 1)) o
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Expansion of Densities

If supp(p) C [-L,L], supp(in) C [-2— f, 2+ \/Lﬁ] for n > 1, (voiculescu(1986),

For n > ny and p nontrivial, u/,(x) = pp(x) exists. (Belinschi-Bercovici (2004)).
2

Reca” dn = m4nm3,bn - dn - %, an - m3n_1/2, En = \}ﬁ == 1 O( _1).
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— 00

D(a + bX)
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D(X), a€eR, b#0, (translatlon and scale)

Th. (A. Barron (1986))

D(S;) - 0,as n— oo, iff D(Sp,) < oo for some ny > 1.
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Entropic CLT Expansions

Th.  (Bobkov-Chistyakov-G., AOP (2013)) S, := X + ...+ X,.
Assume X, X, j € N are i.i.d.
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Entropic CLT Expansions

Th.  (Bobkov-Chistyakov-G., AOP (2013)) S, := X + ...+ X,.
Assume X, X;, je Narei.id. [s:=EX®<oo0,s>2.If
D:=D(Sp) <oo, m=>1, s:=[(s—2)/2)]eN,ifs=4:5 =1

2

D(Sp)=cin ' +en?+...+cy,n % + o((nlog n)~(6=2/2),

cj depend on cumulants of X: ¢ = {512,
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Entropic CLT Expansions

Th.  (Bobkov-Chistyakov-G., AOP (2013)) S, := X + ...+ X,.
Assume X, X;, je Narei.id. [s:=EX®<oo0,s>2.If
D:=D(Sp) <oo, m=>1, s:=[(s—2)/2)]eN,ifs=4:5 =1

D(Sp)=cin ' +en?+...+cy,n % + o((nlog n)~(6=2/2),
cj depend on cumulants of X: ¢ = {512,

@ extendsto X, X; € R% fors€ N.

@ Lowerbound: 2<s<4 exist D(X) with

%(nlog n)~(=2/2 < D(S,) = o((nlog n)~(s-2)/2), n > ny(X)

for arbitrary small n > 0.
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Free Entropy Distance 1
@)= [ [ Toglx—ylu(d)u(d) + xo. xo=q + 5log2n.
RxR

F. Gotze (Bielefeld) Approximations in the CLT



Free Entropy Distance 1
@)= [ [ Toglx—ylu(d)u(d) + xo. xo=q + 5log2n.
RxR

maximized by Wigner's w, forall my(v) =0, mo(v)=1,
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@)= [ [ toglx—ylu(du(dy) + 0. xo =g+ l002
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maximized by Wigner's w, forall mi(v)=0, mp(v)=1,
Entropic Distance for such v:

D(v) == x(w) = x(v)
pn:=D((X1 +...X)/v/n), Xi,..., X, identically distr. free variables
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@)= [ [ Toglx—ylu(d)u(d) + xo. xo=q + 5log2n.
RxR

maximized by Wigner's w, forall my(v) =0, mo(v)=1,
Entropic Distance for such v:
D(v) = x(w) — x(v)
pn:=D((Xi +...Xp)/v/n), Xi,...,X,, identically distr. free variables,
normalized: my(X;) =0and mx(X;) =1. withdensity p,, n> ny,
D(un) — 0, Wang (2010), monotonicity: Shlyakhtenko (2007)
Th. (Chistyakov-G. (2012/13), arxiv)
For n> ny, E|Xi|° < o0
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D(v) == x(w) — x(v)

pn:=D((Xi +...Xp)/v/n), Xi,...,X,, identically distr. free variables,

normalized: my(X;) =0and mx(X;) =1. withdensity p,, n> ny,
D(un) — 0, Wang (2010), monotonicity: Shlyakhtenko (2007)

Th. (Chistyakov-G. (2012/13), arxiv)

For n> ny, E|Xi|° < o0

m: 0
D(pn) = —3n4+F, where

0n=0(n""2), s=00, 6, =0(n""/%), s=8, 6,=0(1),s>5
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Asymptotic Expansions in the CLT in Fisher-Information Distance

+00 4 2
X with density p: ~ I(X) == I(p) = / AC

e P(X)
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Asymptotic Expansions in the CLT in Fisher-Information Distance

+0o0 2
X with density p: ~ I(X) == I(p) = / AC

oo P(X)
or I(X) := +oo. Let EX = a, Var(X) = 02 Cramer-Rao:
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+00 s 2
, . p'(x)
X with density p: I(X) =1 ::/ ax,
yp IX)=lp)= [ TS
or I(X) := +oo. Let EX = a, Var(X) = 02 Cramer-Rao:
I(X) > 1(Z), where D(Z) = N(a,0?)with = iff D(X)=D(2).
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X with density p: I(X) =1 ::/ ax,
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dominates the relative entropy (cf. Stam (1959)).
X; i.i.d. as above. Linnik (1959) Barron and Johnson (2004) proved that

I(Sp) = I(Z), as n— oo,
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yp 0= M) | EES
or I(X) := +oo. Let EX = a, Var(X) = 02 Cramer-Rao:
I(X) > 1(Z), where D(Z) = N(a,0?)with = iff D(X)=D(2).

1(Sp) is monotone in n.  Relative Fisher information

+o00 / / 2
s v0-12 (282

dominates the relative entropy (cf. Stam (1959)).
X; i.i.d. as above. Linnik (1959) Barron and Johnson (2004) proved that

I(Sp) = I(Z), as n— oo,

i.e., I(Z||Z) — 0, ifandonlyif [/(Z,) Iis finite for some ny, e.g. np =1
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Asymptotic Expansion of Fisher-Information Distance

Th. (Bobkov-Chistyakov-G.(2012), PTRF)
Let Bs :=E |Xi|° < +00,5> 2,5 €N
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Asymptotic Expansion of Fisher-Information Distance

Th. (Bobkov-Chistyakov-G.(2012), PTRF)
Let Bs :=E |Xi|° < +00,5> 2,5 €N
Assume [(Sp,) < +o0, for some ny. Then, with sp = [(s — 2)/2],

Gy Co Cs _s=2 _(s=3)4
(SallZ) = T+ 4ot 2 o (n"F (logn)= 7).
as n — oo, with coefficients ¢; like ¢; = §+2.
I(X;
(Si12) < S0 D) gy,

For s = 6, the result involves a coefficient ¢ = ¢x(v3,v4,75).

F. Gotze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013

14/25



Asymptotic Expansion of Fisher-Information Distance

Th. (Bobkov-Chistyakov-G.(2012), PTRF)
Let Bs :=E |Xi|° < +00,5> 2,5 €N
Assume [(Sp,) < +o0, for some ny. Then, with sp = [(s — 2)/2],

Gy Co Cs _s=2 _(s=3)4
(SallZ) = T+ 4ot 2 o (n"F (logn)= 7).
as n — oo, with coefficients ¢; like ¢; = §+2.
I(X;
(Si12) < S0 D) gy,

For s = 6, the result involves a coefficient ¢ = ¢x(v3,v4,75).

lfc; =0, then ¢ = {2
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Free Fisher Information

Let u(dx) = p(x)dx,
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Free Fisher Information

Let u(dx) = p(x)dx,

2
o(v) = 4 / p(x)? ax.
3 Jr
maximized by ®(w) = 1. Let

pn i =D((Xi + ...+ Xp)/V/n),  Xi,..., Xn,
identically distr. free variables with E X < oo
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Let u(dx) = p(x)dx, ,
O(v) = 4% /]Rp(x)3 ax.

maximized by ®(w) = 1. Let

pn i =D((Xi + ...+ Xp)/V/n),  Xi,..., Xn,

identically distr. free variables with E X < oo

normalized: my(X;) =0and mo(X;) =1. pu,hasdensity p,, n> ny
Th. (chistyakov-G. (2012/13), arxiv)

For n> ny,

D(pn) =
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Free Fisher Information

Let u(dx) = p(x)dx,

O(v) = — [ p(x)°dx.

3 Jr

maximized by ®(w) = 1. Let
pn i =D((Xi + ...+ Xp)/V/n),  Xi,..., Xn,
identically distr. free variables with E X < oo
normalized: my(X;) =0and mx(X;) =1. pu, has density py,
Th. (Chistyakov-G. (2012/13), arxiv)

Forn> ny,
O(un) = [ pa(x)%dx = d(w) — —=2 + 2.

where 6, = O(n~1/?), s =00,  0,=0(n""/%),s =8,

n>m
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O(v) = — [ p(x)°dx.

3 Jr

maximized by ®(w) = 1. Let
pn i =D((Xi + ...+ Xp)/V/n),  Xi,..., Xn,
identically distr. free variables with E X < oo
normalized: my(X;) =0and mx(X;) =1. pu,hasdensity p,, n> ny
Th. (Chistyakov-G. (2012/13), arxiv)

Forn> ny,
O(un) = [ pa(x)%dx = d(w) — —=2 + 2.

where 6, = O(n"1/2), s =00, 6,=0(n"'%),s=8, 6,=0(1), s>5

F. Gotze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 15/25



Proof:  Subordinating Fct.

[Voiculescu (1992), Biane (1998), Chistyakov & G. (2005), Belinschi (2006)]

Given v1,1p:  exist unique functions f;(z) € F, s. th.

M F,off = F,ohelF,
(@) f(2)+h(z) = z+F,(f(2)

3 unique (wy,w) € DC C2 :

Fo,(w1) = F(W2); wi +wo =2+ F, (W)
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Given v1,1p:  exist unique functions f;(z) € F, s. th.

M F,off = F,ohelF,
(@) f(2)+h(z) = z+F,(f(2)

3 unique (wy,w) € DC C2 :
Fo.(w1) = F,(w2); wy +we =2+ F, (wy)

define f; : w; = £i(2)
Consequence:

unique v4 B v, with Fu.@u, = F,of, j=1,2,
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[Voiculescu (1992), Biane (1998), Chistyakov & G. (2005), Belinschi (2006)]

Given v1,1p:  exist unique functions f;(z) € F, s. th.

M F,off = F,ohelF,
(@) f(2)+h(z) = z+F,(f(2)

3 unique (wy,w) € DC C2 :
Fo.(w1) = F,(w2); wy +we =2+ F, (wy)

define f; : w; = £i(2)
Consequence:

unique vq B o with FV1EEV2 = Fz// o 6-7 ] =1,2,
Then: fi= F, " o Fa,
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Proof: Free Convolution of n Identical Measures

For prob. measure p exist unique subordinating fct. Z, € F s.th.
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and
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Proof: Free Convolution of n Identical Measures

For prob. measure p exist unique subordinating fct. Z, € F s.th.

z=nZy(z)— (n—1)F.(Z:,(2)), zeCT,
and
F n(2) = Fu.(Zn(2)).

Hence

FMnEE(Z) = = Zn(z)—n_1.

renormalizing 1®" to y, yields:

Sn(x)

n~'2Z,(v/nz)

F. Gotze (Bielefeld)

Approximations in the CLT Toronto, July, 23, 2013
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Higher order equations and Meixner Families

If ms(p) = 0then dy=mun=" b, =d,—n""
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Higher order equations and Meixner Families

If ms(p) = 0then dy=mun=" b, =d,—n""

_ 1/ -dy)-(1- b,,)2x2)+
pHnZ(X) T o bnxz+ 1 _dn XGR
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Higher order equations and Meixner Families
If ms(p) = 0then dy=mun=" b, =d,—n""

(x) = 1 V/(4(1 —dp) — (1 — bn)2x2) ;.
pllnz T 27T anZ + 1 — dn
using subordinate functions:

xeR

)

0 = Sy(2)°—2zSn(2)* + Sn(2)® + ”"\2/(_)sn( 22+ ””Slsz)sn(z)
_nn4(2)2
n
nme = 0z(1), nm=0(), nmu=0(1)
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Higher order equations and Meixner Families
If ms(;1) =0thend,=mun=', by, =d,—n"

1 /(41 —dp) — (1 - bn)2x?),

pllnz(x) = 27T an2 +1 o dn ) X e R
using subordinate functions:
z
0 = Sy(2)°—2zSn(2)* + Sn(2)® + ”"\2/(_)sn( 22+ ’7”3,5 ) $.(2)
_nna(2)2
n
MNn2 = 02(1)7 n3 = 0(1)v Mna = 0(1)

Si(2) ~ Swi=3((1 1+ by)z + /(1 bn)?22 — 4(1-dy)), zect,
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Truncation Step

F.(z) = z+/ Lduz), z € R, Nevanlinna Repr.
R
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Truncation Step

F.(z) = z+/ T(du), z € R, Nevanlinna Repr.
rRU—Z

Fo(z) = z+/ G
ul<v—T/= U= 2

7 > 0 measure s.th. 7(R) = 1. Note my(*) = 0, ma(p*) =1 — o(n~1).

Fluom(2) = Fu-(£5(2))
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New subordinating Fct.:  Tn(z) = Z'(zv/n)n~'/2
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ul<v—T/= U= 2

7 > 0 measure s.th. 7(R) = 1. Note my(*) = 0, ma(p*) =1 — o(n~1).

Fooye(2) = Fu-(Z5(2))
New subordinating Fct.:  Tn(z) = Z'(zv/n)n~'/2
Using conformal maps: [Sn(x) — Th(x)| < ————n"",

T \/4—(En(x—an))?

where 1, = 0o(1),s > 5,
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New subordinating Fct.:  Tn(z) = Z'(zv/n)n~'/2
Using conformal maps: [Sn(x) — Th(x)| < ————n"",
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where 1, = 0(1),s >5, n,=n"15 s=8, x € I,
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Truncation Step

F.(z) = z +/ T(du), z € R, Nevanlinna Repr.
rRU—Z
Fu-(2) z+/ M, zZeR,
uj<vn=T/z= U= 2
7 > 0 measure s.th. 7(R) = 1. Note my(*) = 0, ma(p*) =1 — o(n~1).
Fluom(2) = Fu-(£5(2))
New subordinating Fct.:  Tn(z) = Z'(zv/n)n~'/2
Using conformal maps: |Sn(x) = Ta(x)| < ——o——n~"

4—(Ep(x—an))? ’
where 1, = 0(1),s >5, n,=n"15 s=8, x € I,

Expansion of densities pp(x) and pi(x):  Ip: |x —ap| < Ei —o(n™"),

Pr(x) = Pr(x) + =™+ ).
pn(x) continuous s.th. [, pn(x) dx = o(n

=5/2), 0 < pn < c(p).
F. Gotze (Bielefeld)

Approximations in the CLT

Toronto, July, 23, 2013 19/25



Classical Convolutions and Independence of Linear Forms

Let Xi,..., X5, n > 2, be independent.
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Classical Convolutions and Independence of Linear Forms

Let Xi,..., X5, n > 2, be independent. Consider

Lo = a1 X1+ + anXy, Lg = [1 X1+ -+ BnXn, where Oéj,ﬁj eR.
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Classical Convolutions and Independence of Linear Forms

Let Xi,..., X5, n > 2, be independent. Consider

Lo=arXi+ - +anXs, Lg=p51Xi+- -+ BnXn, where oy, B €R.

Theorem ( Darmois, Skitovich):
L, L Lg (independent) = X; Gaussian, if a;3; # 0.

Nica (96) Distributional invariance under rotations implies Wigner
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Classical Convolutions and Independence of Linear Forms

Let Xi,..., X5, n > 2, be independent. Consider

Lo=arXi+ - +anXs, Lg=p51Xi+- -+ BnXn, where oy, B €R.

Theorem ( Darmois, Skitovich):
L, L Lg (independent) = X; Gaussian, if a;3; # 0.

Nica (96) Distributional invariance under rotations implies Wigner

Lehner (04): n = 3 : Darmois-Skitovich fails

F. Gotze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013
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Linear Forms and Free Summands

Theorem: (Chistyakov, G.,2011, arxiv)
aj, B; € R with a;8; # 0 and % # 2 forj,s=1,...,m, where m < n,
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Theorem: (Chistyakov, G.,2011, arxiv)
aj, B; € R with a;8; # 0 and % # 2 forj,s=1,...,m, where m < n,

and q;pj=0forj=m+1,...,n
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Linear Forms and Free Summands

Theorem: (Chistyakov, G.,2011, arxiv)
), Bj € R with ;) # 0 and % # 2 forj,s=1,...,m, where m < n,
and a;p; =0forj=m+1,...,n. The linear statistics

Lo=arTi+-+anln, Lg=p1Ti+-+BaTn
are free if and only if
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and a;p; =0forj=m+1,...,n. The linear statistics
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Linear Forms and Free Summands

Theorem: (Chistyakov, G.,2011, arxiv)

), Bj € R with ;) # 0 and % # 2 forj,s=1,...,m, where m < n,

and a;p; =0forj=m+1,...,n. The linear statistics
Lo=o1Ti+--+anTy, Lg=p51Ti+ -+ p6nln

are free if and only if the distributions y7,, ..., ur, have compact supports and

the free cumulants xs(T;), j = 1,..., m, satisfy the relations:

s€{2,...,m} :Forall (I,t) € N? such that / + t = s it holds:

m
> aBfks(Tj) =0,
j=1
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Linear Forms and Free Summands

Theorem: (Chistyakov, G.,2011, arxiv)

aj, Bj € R with a;3; # 0 and % # 2 forj,s=1,...,m, where m < n,

and a;p; =0forj=m+1,...,n. The linear statistics
Lo=atTi+--+anTy, Lg=pTi+ -+ pBnTy

are free if and only if the distributions y7,, ..., ur, have compact supports and

the free cumulants xs(T;), j = 1,..., m, satisfy the relations:

sc{2,...,m}:Forall (/,t) € N? such that / + t = s it holds:

m
> afjrs(T)) =0,

J=1

I
e

s>m+1: ks(T;)
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Measures with Finitely Many Nonzero Free Cumulants

For k1,...,kmintroduce  ¢(2) := Ky + 2 +---+ 52y, ze C\ {0},
and Q, as componentof {z e C*:3(z+ ¢(z)) >0} containing co.
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Measures with Finitely Many Nonzero Free Cumulants
For k1,...,kmintroduce  ¢(2) :=r1+ 2+ -+ 2, z€C\{0},
and Q, as componentof {z e C*:3(z+ ¢(z)) >0} containing co.
Theorem: (Chistyakov, G., 2011, arxiv)  {kn}7°; € R with

kn=0,Nn>m+1, m>2,
are free cumulants of some p-measure with compact support

if and only if every Jordan curve, contained in C* U R, connecting 0 and oo,

contains a point of the boundary of Q..
Consequences:
@ regions in the (ks, k4)-plane for cumulants 0, 1, k3, k4,0, . ..
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and Q, as componentof {z e C*:3(z+ ¢(z)) >0} containing co.
Theorem: (Chistyakov, G., 2011, arxiv)  {kn}7°; € R with

kn=0,Nn>m+1, m>2,
are free cumulants of some p-measure with compact support
if and only if every Jordan curve, contained in C* U R, connecting 0 and oo,
contains a point of the boundary of Q..
Consequences:
@ regions in the (ks, 54)-Kplane for cumulants 0,1, k3, k4,0, . ..

F. Gotze (Bielefeld) Approximations in the CLT Toronto, July, 23, é013 22/25




Characterization of Semicircular Laws

Forze Cand o, 3 € [-1,1],j=1,..., n, consider:

n n
M(2) =D lakl* = |Bl? and
k=1 k=1
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Characterization of Semicircular Laws

Forze Cand o, 3 € [-1,1],j=1,..., n, consider:
n n n n
M(2) =D lal” =D 187 and Aa(2) =D af = > B
k=1 k=1 k=1 k=1

Theorem: (Chistyakov, G., 2011, arxiv)
Let T4,..., T, be free and identically distributed with T; 2 L.
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Characterization of Semicircular Laws

Forze Cand o, 3 € [-1,1],j=1,..., n, consider:

>

n

n n
M(2) = lal* =D 187 and Aa(2) = af - 5L
k=1 k=1

k=1 k=1

Theorem: (Chistyakov, G., 2011, arxiv)
Let T4,..., T, be free and identically distributed with T; 2 L.

Assume A¢(z) # 0. The statements:
(1) wp is a semicircular measure
(2) Lo 2 Lg

are equivalent, if and only if the following conditions are satisfied:
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Theorem: (Chistyakov, G., 2011, arxiv)
Let T4,..., T, be free and identically distributed with T; 2 L.

Assume A¢(z) # 0. The statements:
(1) wis a semicircular measure
(@) Lo 2Ly
are equivalent, if and only if the following conditions are satisfied:

(a) 2is a simple and unique positive zero of the function A¢(z),
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Characterization of Semicircular Laws

Forze Cand o, 3 € [-1,1],j=1,..., n, consider:

Zlaklz Zlﬂklz and Aq(2) =

3>
>

»
>\‘N

>

Il

N
@
N

Theorem: (Chistyakov, G., 2011, arxiv)
Let T4,..., T, be free and identically distributed with T; 2 L.

Assume A¢(z) # 0. The statements:
(1) wis a semicircular measure
(@) Lo 2Ly
are equivalent, if and only if the following conditions are satisfied:

(a) 2is a simple and unique positive zero of the function A¢(z),

(b) Ao(2m—1)#£0forallm=1,....
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Classical Conditions (Linnik, Zinger)

Theorem: Xy, ..., X, be i.id. with X; 2 ..
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Classical Conditions (Linnik, Zinger)

Theorem: Xi,. .., X, be i.id. with X; 2 1. The statements:

(1) pis a normal law
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Classical Conditions (Linnik, Zinger)

Theorem: Xi,. .., X, be i.i.d. with X; 2 ;2. The statements:
(1) pis a normal law

() Lo 2 Lg

F. Gotze (Bielefeld) Approximations in the CLT



Classical Conditions (Linnik, Zinger)

Theorem: Xi,. .., X, be i.i.d. with X; 2 ;2. The statements:

(1) pis a normal law

(2) Lo 2 Lg

F. Gotze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 24/25



Classical Conditions (Linnik, Zinger)

Theorem: Xi,. .., X, be i.i.d. with X; 2 ;2. The statements:
(1) pis a normal law

(2) Lo 2 Lg

are equivalent, if and only if:

F. Gotze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 24/25



Classical Conditions (Linnik, Zinger)

Theorem: Xi,. .., X, be i.i.d. with X; 2 ;2. The statements:

(1) pis a normal law
(2) Lo 2 Lg
are equivalent, if and only if:

(@) A(2) =0,
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Classical Conditions (Linnik, Zinger)

Theorem: Xi,. .., X, be i.i.d. with X; 2 ;2. The statements:
(1) pis a normal law
(@) Lo 2Ly

are equivalent, if and only if:
(@) A1(2) =0,

(b) all positive zeros s of A1 , with s = 4k, k € N, are simple zeros,
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Classical Conditions (Linnik, Zinger)

Theorem: Xi,. .., X, be i.i.d. with X; 2 ;2. The statements:
(1) pis a normal law
(@) Lo 2Ly
are equivalent, if and only if:
(@) M(2) =0,
(b) all positive zeros s of Ay , with s = 4k, k € N, are simple zeros,

(c) all positive zeros s of A1, with s = 4k + 2, k € NU {0}, have multiplicity
at most two;  a zero of multiplicity two is unique and the largest positive

zero,
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Classical Conditions (Linnik, Zinger)

Theorem: Xi,. .., X, be i.id. with X; 2 1. The statements:
(1)
(2)

are equivalent, if and only if:
(a)
(b)
(c)

1 is a normal law

D
L 2L,

A(2) =0,
all positive zeros s of A , with s = 4k, k € N, are simple zeros,

all positive zeros s of Ay, with s = 4k + 2, k € NU {0}, have multiplicity
at most two;  a zero of multiplicity two is unique and the largest positive
zero,

if A1 has a positive zero s, which is not an even integer, then it is unique,

simple, and the largest positive zero, and [s/2] is odd.
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Thank you!
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