Mean Field Games with a Common Noise

Toronto - Fields Institute

Frangois Delarue (Nice — J.-A. Dieudonné)

August 2013, 28th

(Joint work with R. Carmona)



Background

e Optimization over interacting particles/players
o Interaction through the empirical measure of the system
o Existence of Nash equilibria when number players — oo
e Standard theory ~~ players driven by independent noises
o N players: dynamics of player number 1 <i < N

dX{ = b(t, X}, il’, a}) dt + cdW;,

p
o Independence of B.M. (W')i<j<n

o a} prog. meas. w.rt. o(W?, ..., WN)



Common noise

e New BM B, independent of (W'){<j<n
o Dynamics of player number 1 </ < N

dX} = b(t, X}, i, a}) dt + odW} + <(t, X{)dB;

o a} prog. meas. w.rt. o(W?, ..., WN B)

o ¢ ~~ influence of B varies according to i

o ex: CO, markets ~ perceived emissions of the agents
e Nash equilibrium w.r.t.

. . T . .
oJ :E[Q(X’T,ﬁ’}’) +/ f(t, X{, i, o}) dt
0
o (a'*, ..., aN*)is equilibrium if

J'(...,oz’_1 of oMt ) 2J’(...,a'_1’*,a"*,a’+1’*,..

y



Conditional law of large numbers

e Find limit optimization problems as N 1 4+00?

e ‘Solvability’ of the limit optimization problem?
o Nash-equilibrium? Optimal control?

e Exchangeable equilibria ~~ conditional LLN

i ~Nrso L(X]|B)
o Dynamics of particle 1
ax; . b(t, X!, £(X!|B), al)dt + AW,

o Cost of player 1

)
i Ela0G.00x18) + [ H X £0X1B). oot



Notion of mean-field equilibrium

e When o' varies, the common conditional measure doesn’t
vary!

o Optimization is performed when the conditional measure
is frozen

e Scheme

o Fix the flow of random measures (ut)o<t<7 Prog. meas.
w.r.t. o(B)!

o Optimize
dX;' = b(t, X}, pe, o} )t + o Ws + <(t, X;)dBy

-
J! :E[Q(X},ur)Jr/o f(t, X}, e, o )alt

o Solve the matching problem ji; = L£(X;|B)



Strong vs. weak equilibra

e Strong sense
o Probability space is given
o Canonical space: C([0, T],R) x C([0, T],R)

for B for W

o (ut)o<t<T is prog. meas. w.r.t. o(B) (function of the 1st
coordinate)

e Weak sense: probability space is not given
o 3 2 filtered probability spaces (Q', F/,P), i=1,2
o (B, uut)o<t<T is carried on Q', (Wh)o<i<7 ONn Q2
ot = L(X|F)

e Yamada-Watanabe: strong ! + weak 3 = strong 3



Strong stochastic maximum principle

e Freeze (uit)o<i<T as a o(B) prog. meas. process
o Hamiltonian H(t, x, y, zZ, i, &)

= b(t? X? .y7 /’L? Ot).y + g(t7 X)z + f(t7 X7 /’L? a)
o a{(t’ X? y7 ILI/) - argmin(}gH(t’ X? y7 Z7 /’L’ a)
o Adjoint equations:
aX; = b(t, X, Lt d(t, X, Yi, /Lt))dt + odW; + C(t, Xt)dBt
dYt - _8XH(t7 Xt; \/1‘7 va Mt &(ty Xta Yb /J't))dt
+ Z;dB; + G dW
Y1 = 0x9(X1,101)

e Solve eq. with the constraint ;s = £(X;|B): MKV FBSDE
o H and g convex w.r.t. (x,a) = X equilibrium



Weak stochastic maximum principle

e Probability space (Q' x Q2, F! @ F2,P' @ P?),
ol~B,2~W
o Freeze (ut)o<t<7 @s an F' prog. meas. process
o Galtchouk-Kunita-Watanabe ~~ adjoint equations:
dX; = b(t, X, e, &(t, X, Y, we)) dt + odWs + <(t, X)dB;
dYr = —0xH(t, Xs, Yt, Zt, put, &(t, Xz, Ye, pie)) Ot
+ Z:dB; + (dW; + dN;
Y7 = 0x9(X7, 1t7)

o(N,B)=0,(N,W) =0
e Solve eq. with the constraint ;s = £(X;|F")



Dynamics of X

e Decoupling random field u: [0, T] x R x 2 - R
o (u(t,))o<t<T is F' prog. meas.
o Representation formula Y; = u(t, X;)

e Dynamics of X at equilibrium

aX; = b(t, X, It d(t, Xi, U(T, Xf), Ht)) dt + cdW; + g(t, Xt)dBt

J/

b(t, X;)

o Convex Hamiltonian = u Lipschitz in x
e Conditional path of X given F' ~ Freeze B
o lf o(t,x) = < = LXIF") g — g = LX)

t
X{;B:Xo-f-/ b(S,XSB)dS+UWt+§ﬁt
0



A bit of rough paths

e When ¢ depends on (¢, x) ~
t t
xf:x0+/ b(s,Xf)ds+aWt+/ s(s, X2)dBs
0 0

o Notion of solution? ~- iterated integrals |, 8sdfs...
e When  piecewise affine ~» well-defined!
o By = affine interpolation of B with N nodes
o ¢ smooth = 3 universal subset ¢ Q s.t. X?¥ converges
o limy_oo XPN = pathwise notion of solution
o E(Xt‘]ﬂ)‘B _g= L(X7)

t t
Xt:X0+/ b(S,XsB)ds—i—O'Wt—i-/ §(t,Xt)OdBt
0 0



PDE point of view: stochastic HJB

e No common noise = MFG = HJB-Kolmogorov eq.

e Common noise = Value function = random field

)
Utex) = it E[g0im)+ [ L0 s as)ds| 7]
t

OC7X{:X

¢ U adapted = Backward Stochastic HJB

d;U(t, x)
+ (L’U(t, X) +inf[b(x, e, ) Ox U(t, x) + L(x, pt, ) |
\W—/ \a
generator standard Harr?ﬂconian in HIB

+ o) V(LX) )dt_ V(t,x)dB; + dN; = 0
N—

Ilto Wentzell cross term backward term

e Maximum principle ~ Y; = 0xU(t, X;) i.e. u = 0xU



Stochastic Kolmogorov

e Dynamics of the conditional law of X given B
e Replace (Bt)o<i<T by a piecewise affine curve (5t)o<i<T
o Kolmogorov equation

Oyt = —div(b(X, e, &(X, pt, u(t, x))) dt

2 .
+ %8§Xu,dt — div(po(t, X)) Brdt

e Use 3 = N = affine interpolation of B with N nodes

dt,LLt = *diV(b(X, Kt &(Xv Kt U(ta X)))dt
2
o

T2

B2 puedt — div(po(t, x)) o dB



Lifted value function

¢ Representation of the value random function
U(t, x,w) = L{(l‘, X, ,ut(w)),

oU 1[0, T] x R x Po(R) — R
o 3 if strong uniqueness
e Write second-order PDE in infinite dimension
o Derivatives on Pa(R) ~ r.v. 0, U(t, X, pue)(Xt)
o Connection with V in stochastic HIB equation

V(t, x,w) Z/%U(tax, put(@))(y)s(t, y)pe(w.dy)
e Used in parametric models p; = u(q:)

U(t,X, /I’f) WU(t,X, C7t)



Solvability conditions

e Convexity of the Hamiltonian
o b(t, x, u, ) = bo(t, 1) + by (t)x + bo(t)x
o(t,x) =¢o(t) +s1(t)x
o f convex in (x, «) (and strictly convex in «)
e Local Lipschitz bound

f(t, X' 1 o) = £(t, X, s )| + [9(Xs 1) = g(x, )
1/2
<t b+l +lal+ ([ vRa(us ) |
R

< [I(x'0') = (x, )| + Wa(i', )]

e Mean-reverting
o (X, Dxf(t,0, 35, 0)), (x,0¢g(0,385)) > —c(1 + |x|)
e Smoothness (C' in (x, ) with Lip derivatives)...



Uniqueness

e Specific structure of b
o bo(t, ) = by(t) (b doesn’t depend on p)
e Specific structure of f

o f(t, X, pu,a) = fo(t, x, ) + i(t, X, @) (nand a are
separated)

e Monotonicity property:
[ (ot x.) = ot x 1)l = )30 = 0
/R (9%, 1) — 9(x, 1)) (1 — 1) (X) > O,

e Application: weak ~~ strong



Strateqy of proof for solvability

e Forget strong vs. weak! Freeze the conditional measure

dXT = b(ta Xt7 Ht, d(ta va \/h Mt))dt + UWt + C(t, Xt) o dBl’
dYy = —0xH(t, Xt, Y1, Zt, e, &(t, Xe, Ye, put) ) dt + ZidBy + Z{dW;
Y1 = 0xg(X1,107)

e Find a fixed point & : (u¢)o<t<7 — (L(X}'|B))o<i<T
e If no common noise

o Fixed pointinC([0, T],  P(R) )

set ofE)/b-./meas.

o Use Schauder’s th: ¢ continuous and range of ® compact
e If common noise

o Fixed point in subset of (C([0, T], P(R)))

o Compactness?

Q



Discretization of the conditioning

e Discretization: L£(X;|B) ~» L(X:/finitely supported process)
o I projection mapping onto space grid {xq,...,xy} C R
oty,...,tyafinite time grid C [0, T]

o B, =N(B)
e Forward-backward system with

E(Xt‘Bﬁ,...,Bti), i <t<lipq

o (By,...,By,) has finite support of size MN
o Fixed point in (C([0, T], P(R)))""

03 XMN =~ pMN  gMN gt
SN—~— —— S~~~
optimum  equilibrium decoupling field

~M,N CMN)| B g OMN _ ~MN(y §MN
et = LBy By, VY = 0N XY



Extraction of converging subsequence

« Conditional measure AN ~y; 1o £(X"N|B)
e Tightness X”N in ¢([0, T] x R, R)
o Standard Kolmogorov criterion
e Tightness &N in ([0, T] x R, R)
o Convexity of Hamiltonian = regularity of gMN
e Tightness £(X"N|B) in c([0, T], P(R))
o Given B = 4, L‘()A(IM’N|B) is the law of

dRPMN = BMN(t KIMNYat + W + <8, XM d By

o In rough paths sense (choose ¢ constant to simplify)
o Law of X#M.N is explicitly controlled by 3



Passage to the limit

e Limit is some 5-tuple (X, i, u, W, B)
aXi = b(t, Xz, pt, &(t, Xe, u(t, Xt), pue))dt + odWi + (¢, Xt) o dB;

o (i, u, W) independent of B and p; = L(X¢|u, u, B)
e Backward SDE ~ Y; = u(t, X;)

)
Vi = 0yg(Xr, u7) + / OxHO (S, Xs, Y, 15, 4, Xs, o, 1)) 5
t

Hamiltonian without z

+<M/ (s, Xs)dBs) 1 <M/ s, Xs)dBs), + My — M;

remainder in the Hamiltonian

o represent M by Galtchouk-Kunita-Watanabe
o uniqueness to FBSDE =- u is o(u, B)-prog. meas.



