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The Merit Order
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Simple Example of a Structural Model
Barlow (2002) uses a simple parametrization of the merit order:

dD[ = Ii(@ — Dt)dt + U'dW[
Ct(Pt) = qgg — bo(1 + Oth)ﬁ

One-Sided Auction in the Barlow Model
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Typical Structural Model - One Market
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The European Electricity Market
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Interconnector Capacity - Germany

Net transfer capacity (NTC) as reported by ENTSO-E during Winter
2010/11 for peak-hours (in MW).

Country | FR NL DK SE CH AT | Total
Import from | 2700 3000 2000 600 3500 2000 | 13800
Exportto | 3200 3800 1500 600 1500 2200 | 12800
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Price Variablility due to Interconnectors
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Economic Assumptions

Marginal demand is normal but correlated over countries (as in
Aid, Coulon, Barlow, ...)

Heat rates are exponential in capacity used (as in Coulon, Elliot,
.

Market supply curve is piecewise (per fuel) affine-linear in fuels
prices (generalization of Aid, Coulon, ...)
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Mathematical Assumptions

We assume a probability space (22, F, P) which supports our model.
On this space, we have:

WP = (W},..., W) the brownian motion which is driving demand
(generating FO = (FP)y).

wWe = (W,S1 b WS'") the brownian motion driving fuels prices
(generatlng }‘S (}‘S) ).

Fi = ]-'t V ]-', , F = (F): the market filtration which consists of all
information contained in fuels prices and demand.
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The Model
For the sake of simplicity, we assume that only one fuel is marginal
per electricity market.
We have country i,j € {1,...,n} and a (common) market minimum
price of ¢ € R.
For each country i, we assume a market supply curve of the following
form:

Ci(x,s) = se®*b* 4 ¢
Demand is given by
Dj = fi+ Dj, dDi= k(6" — Di)dt+o'dW;, dWidW! = p;dt

where f/ denotes the seasonal component.

We have
D is independent from FS
Dt|zo ~ N(u(s, t), Z(s, t)) and we will omit the arguments of 1.
and X in the sequel.
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Cross Border physical Flows

We denote the physical flow from country j to country i by
El vi<i<j<n.

The maximum capacity is restricted and might depend on the
direction of the flow:

o ] ]
El e [E,{w.n, E,{,ax} JEl <0, EL, >0
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Cross Border physical Flows - two Market case

Note that in the two market case (i.e. only E;? exists), if

Enin = Emax = 0, markets are not connected and thus, pricing
might be done independently.

Epax = —Enmin — o0, the interconnector is never congested and
thus, one unique market price for both markets exists at all hours.

For the rest of the talk, we will consider the two market case only.
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Cross Border physical Flows - two Market case |l
In interconnected markets, only the electricity which is not imported
has to be produced. Thus, the electricity price is determined as

P;(Dtl‘v Etv St) = CI(D; - Eh St)

Here, E; is the imported amount and D{ — E; is the residual demand
which has to be satisfied by local production.
Define:

Ay = {W €Q: P1(D;, maXaSt) > PZ(D - mamst)}
A = {UJ €Q: Pt (Dt,Emim St) < Ptz(Dta_Emina St)}
A3:Q\(A1 UA2)

Then, the cross border flow is

Emax 7if wE A1
Egz(w) = Emin Jifw e Ao
Ia):;gs + b1 D1( ) bizb2 DZ(W) ,Ifw S A3
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Market Clearing Prices

Given the cross border physical flow which minimizes price
differences between countries, the resulting electricity price for
country 1 may be stated as follows:

C1(D; (w) — Emax, St(w)) Jifw e Aq
P}(w) = P} (D},E{?,S) = { C'(D}(w) — Emin, St(w)) Jifw e A
C™(D}(w) + D?(w), St(w)) ,ifw € A3

with C™ as specified on the next slide. Equivalent results hold for P?
in country 2.
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Supply curve in the case of market convergence

In the case of market convergence, aggregated demand has to be
met by the cheapest production units in both countries. For S; fixed,
we thus define

(CHY Ny, S) =inf{x e R: C'(x,S) >y}
and find the aggregated supply curve as
CM(x,S) =inf{y e R: (CY'(y,S) + (C®)'(y, S) > x}
which has the form
C™(x, s) = sefn b 4 ¢

with a, = 22425 and b, = 2%
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Distribution of the market clearing price - limiting cases

Assuming lognormal fuels prices, i.e. l0g(S;)|zs ~ N(S, 0%), we
define the generalized lognormal distribution logN(u, o2, ¢) as the
distribution of a absolutely continous random variable X with density

1 n(x—c)—p
() = = e HE

,Vx € (¢, 0)
2no(x — C)

then, it obviously holds that

Pilz. 2 logN(uS + a; + bii, 0% + b202, ¢) as Emax = —Emin — 0T

Pl 7, 5 IogN(iS + am + bm(p1 + pi2), 0% + bE (0% + 2p0102 + 03), )
as Emax = —Enpin = >
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Distribution of the market clearing price

In the case of known fuels prices (realistic over short time horizon),
we calculate:

For 1, (X) = Q(P] < X|F5) =

QUP! < x}NA|Fs) + QP! < x} N Aol Fs) + QU{P! < x} N Ag| Fs).

We are able to calculate above Probabilities. It turns out

QU{P] < x} N Ay Fs) =

In(x—c)—a 2 2
o, (‘# = #q + Emax ;[ o9 » bgpgﬁ’z—bﬂﬁ s 2 ]
ay — ap — (by + bp)Emax + bopg — bypy bppoyop — bioy  bhoh — 2bybypoyop + byoy

and similar (i.e. the differences of bivariate normal expressions with
constant covariance matrix evaluated at affine-linear transformations
of a vector which depends on the shifted logarithm of x) for the other
2 terms.
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Distribution of the market clearing prices in GER and NL

Electricity Price Density in Germany
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Futures prices in the structural model

We first consider futures with immediate delivery. Denote by F/(s, t)
the futures price of electricity in country i at time s for delivery in t.
Under the risk-neutral measure we should have

F'(s,t) = EQ[P]] = / Py(w)Q(dw)
Q

= [ P + [ Aea) + [ Pee@)

and again, assuming deterministic fuels prices, we find

Ay

Pz(w)@(dw) - cod a — as — Emax(b1 + bz) + byt — bopp N
\/ bfo? — 2bibepoioz + bio}
\

2 2
byog

o1 (1 —Emax)+ 5L o [ 81— 82 — Emax(b1 + b2) + bip — bopiz + biof — bibzpoioe
\/b12012 — 2bibopoios + bgag

/
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Futures prices depending on Interconnector capacity
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Price Convergence FR - GER (hourly basis)
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