Scalar Curvature and Gauss-Bonnet Theorem for
Noncommutative Tori

Farzad Fathizadeh
joint with Masoud Khalkhali

COSy 2014



Spectral Triples

Noncommutative geometric spaces are described by spectral triples:
(A, H, D),
m: A— L(H) (x-representation),
D =D*:Dom(D) CH — H,
Dr(a) —7(a)D € L(H).

Examples.

(C>(M),L*(M, S), D = Dirac operator).
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Noncommutative Local Invariants

The local geometric invariants such as scalar curvature of (4, H, D)
are detected by the high frequency behavior of the spectrum of D
and the action of A via heat kernel asymptotic expansions of the
form

Trace (ae™*P%) ~po > aj(a, D?) 2 g e A
=0



Noncommutative 2-Torus Ay = C(T%)

It is the universal C*-algebra generated by U and V s.t.

U* — U*lv
V* = V*l,
VU =™V,

where 0 € R is fixed.

The geometry of the Kronecker foliation dy = 6dx on the ordinary
torus R?/Z? is closely related to the structure of this algebra.

A representation of Ay:

Ug(x) = e*™¢(x), V() =¢&(z+0), €€ L*(R).



Action of T? = (5£-)? on Ay and Smooth Elements

OésZAg—>A3, SERz,
as(U'rnVn) — eis.(m,n)UmVn, m,n € 7.

Ay = {a € Ay; s+ ag(a) is smooth from R*to Ag}

={ D maU"V" € Ag;  (amn) € S(Z*)}.

m,n€z



The Derivations §1, > and the Volume Form

® 01,00 : AZ® — Ag° are defined by:
51(U) = U7 61(‘/) = 07 52(U) = 07 52(‘/) = Va
di(ad) = d;(a) b+ ad;(b), a,b e Ag.

e Tracial state o : Ag — C (analog of integration):

¥o (1) =1, $¥o (Umvn) =0 if (mvn) # (050)



Conformal Structure on Ay (Connes)

The Dolbeault operators associated with 7 € C, (1) > 0 are

9 =061+ 70y : Ho — HLO,
8 =261+ 70y : Ho — HOD,

The conformal structure represented by 7 is encoded in

¥(a,b,c) = —po(ad(b)d(c)), a,b,c e Ay,

which is a positive Hochschild cocycle.



Conformal Perturbation (Connes-Tretkoff)

Let h = h* € AZ° and replace the trace ¢g by
@ : Ay — (C,

o(a) = po(ae™™), a € Ay.
p is a KMS state with the modular group

oi(a) = e geith, a € Ay,
and the modular automorphism
Aa) :==oi(a) = e "aeh, a € Ag.

p(ad) = @(bA(a)), a,b € Ay.



A Spectral Triple (A3°,H, D)

Ho="MH, oH"O,

a»—)(a 2):7—[—>7—[,

0
0 o
. © .
D.<aw 0).71%%,

Dp =0 =061+ 703 : Hy — HIO,



Anti-Unitary Equivalence of the Laplacians

D? = ( 960, 0 ) ‘H, @ HED 5 1, @ WD,
©

Lemma: Let
k= et

We have

050, Hy, =M,  ~  kDOk:Ho — Ho,

0,00 HD 4O o G2 0 o (0,



Derivation of the Asymptotic Expansion

Approximate e~ tD? by pseudodifferential operators:

T 2mi

eftD2 _ L/ 67t)\ (D2 _ A)fl d)\,
C
By (D?* = \) ~1,

U(B)\):b0+b1+b2+



Connes’ pseudodifferential calculus (1980)

e Symbols p: R* = AX = P, : AX — A%

—en) [ [ et paadsds,  ae Ay

e Differential operators:

p(&1,62) Zamflfm ai; € Ag° = Pp:zaij(si(sé

e WDO's on AZ° form an algebra:

HPQ)~ 3 OO (p(€) 3185 (4 (€)).

41,4220



Symbol of the first Laplacian

o (kOOk) = az(&) + a1(€) + ao(§),

where
az(€) = &k + |TPER? + 2R(7)6162K%,

a1(§) = 261k81 (k) +2|7]*Eakda (k) +2R(7)1kda (k) +2R(7)E2k61 (),
ao(€) = ko?(k) + |72k62 (k) + 2R(1)k61 62 (k).

1
o=~ 008 (b;)61 62 (ar)bo,  n > 0.

, {1145!
24j+41+L42—k=n,
0<j<n,0<k<2

bo = aj " = (&K° + [TPEGR” + 2R(N)€1&h” — 1) 7.
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Weyl's law for T3

Theorem. (Khalkhali-F.) Let
N = #0 < A}

be the eigenvalue counting function of D?. We have

™

N ~ —— @o(e™™) A (A — o0).

3(7)

Equivalently:




Connes’ trace theorem for T

Classical symbols: p: R? — A%°

p&) ~ Y pm-i(§) (£ 00),

=—0
pm—i(tf) = tmii pm—2(€)7 t> Oa 5 S Rz'

Theorem. (Khalkhali-F.) For any classical symbol p of order —2
on Ay, we have

Pp S ,CI’OO(H()),

and



by = —(bpaiby + 01(bg)d1(az)by + I2(bo)da(asz)bo),

bQ = 7(b0a0b0 + b1a1b0 + 81(b0)51 (CLl)b0+
0a(bo)d2(aq)bg + 91 (b1)d1(az)bg + 92(b1)d2(az)bo+
(1/2)811(()0)5%(&2)[)0 + (1/2)822([)0)(5%(@2)[)0 + 812(b0)612(a2)b0).
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Connes’ Rearrangement Lemma

For any m = (mg,m1,...,mg) € Z55" and p1,...,pe € AP
oo )4
/ ul™=2(ehy 4 1) 7m0 Hpj (ehu+1)"™i du
0 1
¢
= ei(|m|71)h Frn(Aa ey A)(Hp_}>7

1

where

m|7n\—2 4 J

F(ui, ..., up) z/OOOW)II[<mHuk+1)_mj dz.

1



Conformal Geometry of T% with 7=
(Cohen-Connes)

Let
AM< A< A3 < -ee be the eigenvalues of 8;(9@,
and
s) = Z)\j_s, R(s) > 1.
Then

P(F(A)(B1("2)) 81(/2)) + o (F(A)(52("2)) 5("/2)),

where

fw) = ~u

6 71/2’§+£1( u) = 2(1+u) L (u) + (L+ul/?)? Ls(u),

m

w) = (=1 (u—1)""t)( logu — — j+1u
L) = (=) (= 1)~ (logu = J_ (-1 =5 ).

Jj=1



The Gauss-Bonnet theorem for T

Theorem. (Connes-Tretkoff; Khalkhali-F.) For any 6 € R, complex
parameter 7 € C \ R and Weyl conformal factor e, h = h* € A,
we have

¢(0)+1=0.



Final Part of the Proof

C0)+1=
e Tl 2
s (K65 8:5)) + B (K05 8a5)
277%92()7)wo(K(V)(51(2))52(Z)> 27\;;?}(?5;')¢O<K(V)(52(Z))51(};)),
where
() = _ 3= 35 (5) —3sinh(z) +sinh (7)) csch? (2)

3z2

is an odd entire function, and V = log A.



-10+

3 5
K(w) = % 2;40 N % +0(2*).
wor
o5l
= - ; 5
s



Scalar Curvature for (A3°,H, D)

It is the unique element R € AZ° such that
Ca(0) +¢o(a) = wo(aR),  a€AF,
where
Ca(s) := Trace(a|D|72%), Re(s) > 0.
Equivalently, consider small-time heat kernel expansions:

Trace(a Z B,(a,D*)t =, a€ AP,
n>0



Final Formula for the Scalar Curvature of T3

Theorem (Connes-Moscovici; Khalkhali-F.) Up to an overall factor
of \S(T) R is equal to

RO+ 2 a2 33 )
FR(V,9) (510 + 12857 + () {8 (5,520}

HW(V,V) (3(7) [51(2),52(2)1).



1 _ sinh(z/2)
R _ 2 T
@) = e/
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RQ(S, t) =

_ (I+cosh((s+t)/2))(=t(s+t) cosh s+s(s+t) cosht—(s—t)(s+t4sinh s4sinh t—sinh(s+t

st(s+t) sinh(s/2) sinh(¢/2) sinh?((s+t)/2)
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Wi(s,t) =

(—s —t+tcosh s+ scosht + sinh s + sinh ¢ — sinh(s + ¢))

stsinh(s/2) sinh(¢/2) sinh((s 4 t)/2)

26 /43



Symbol of the second Laplacian

o(0°k*0) = c2(€) + 1 (8),

where
(&) = €1k + 2m & Lok® + |T|2E5K7,

c1(6) = (01(k) + 102(k?))&1 + (701 (K?) + [ 7282 (K?)) o



Kl(l’)

_2e/2(e%(z —2) + 2+ 2)

(e* —1)%x




H1 s, t) =
csEh(% gcsch( % )csch2 ( s;t )(—(s—t)(— sinh(s+t)+s+sinh(s)+t+sinh(t))—t(s+t) cosh(s)+s(s+

st(s+t)
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4e* (sinh(x) — x)
(ev/2 —1)% (ev/2 +1)% &

Kz(x) = —

I I
10 20
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) x

Hy(s,t) = cosh (&F
h?2 )( (s—t)(— sinh(s+t)+s+sinh(s)+t+sinh(t))—t(s+t) cosh(s)+s(s+

csch( )csch( )csc (

st(s+t)

31/43



W(S, t) - 4(— sinh(s+t)+s cosh(t)+t cosh(s)—s+sinh(s)—t+sinh(t))

st(— sinh(s—+t)+sinh(s)+sinh(t))

32/43



Noncommutative 4-Torus T}

C(Tj) is the universal C*-algebra generated by 4 unitaries

U17 U27 U37 U47
satisfying

UpUp = > UyUy,
for a skew symmetric matrix

0 = (Oxe) € Ma(R).



Perturbed Laplacian on T}

— ~ 1,0 0,1
d=0®0:H, - HIO @ HD,
A, = d*d.

Lemma. (Khalkhali-F.) Up to an anti-unitary equivalence A, is
given by

e0re"9rel + e Bre " e + e Ore ™" Bre + e Bre e,

where 01, 0> are analogues of the Dolbeault operators.



Scalar Curvature for T}

It is the unique element R € C°°(T}) such that
Ress—1(u(s) = po(a R), a € C*(Ty),

where
Ca(s) := Trace(a A*), R(s) > 0.



Final Formula for the Scalar Curvature of T}

Theorem. (Khalkhali-F.) We have

4
J‘k 52 hH(V,V) §i(h)2 |
where
V(a) = [~h,a] aEC’(T4)
=g
H(s,t) = e (e =) s (e - D+ (e - B+ D)

4st(s+1)



+12

s3 s s°

18 7240~ 1440

+

0] (56) .
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(1t 3 5 ot 3
H(s,t) = (4+24+O(t))+s<24 16+80+O(t))

o 1 Tt 3 3
+s ( 3+ 510 144+O(t) +0(s%).




e=2 (ef —1)°
452
1 S 752 s3 31s? s°
I A S 0(s9).
1t w6 Taw e tO)
% 5 ey
-05F
-10+
*1.5’
20+

-25
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—4s —3e " +e*+2

G(s) = H(s,—s) = 12
1 s 52 s° st 5P
= —_—— _ _ O 6 .
116 28t 120 1430 T 500 TO )

—10L



Einstein-Hilbert Action for T}

Theorem. (Khalkhali-F.) We have the local expression (up to a
factor of 72)

po(R) = ;iw(ehﬁ(h))

4
+ 3 o (GV) (0 () 8ul))-
i=1



Extremum of the Einstein-Hilbert Action

Theorem. (Khalkhali-F.) For any Weyl factor e~ € C°°(T})
@o(R) <0,

and the equality happens if and only if h is a constant.

Proof.
4
po(R) =D wo(e "T(V)(5:(h)) 6:(h)),
where
T(s):le_s_l G(s):—2s+es—e_s(2$+3)+2.

2 —s 452



1 2 3 4 5

S S S S S + 0 (56)

()=7"1"16 50" 28 200
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