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L CIURC  ~nction spaces in R

Sobolev spaces

For a non-negative integer k and 1 < p < oo, the Sobolev space W*P(R")

consists of all functions f € LP(R™) having distributional derivatives D7 f,
lj| < k. in LP(R™).
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L CIURC  ~nction spaces in R

Sobolev spaces

For a non-negative integer k and 1 < p < oo, the Sobolev space W’“’p(R”)
consists of all functions f € LP(R™) having distributional derivatives D7 f,
lj| < k. in LP(R™).

Besov spaces

Let « > 0,1 <p,q <ooand k be the integer such that 0 < k < a <k + 1.
Then By (R™) consists of functions f € LP(R") such that

‘ DIif(-+h) = DI f()|e 1/q
Z 1D £l + Z (/Rn l f(|h|n+)(a_k)qf()||p dh) < o0,

|7l <k |i1=F

fk<a<k+land1l<p,q<oo.
If ¢ = oo, then the usual interpretation in the limiting way is used.
If « =k + 1, the first difference of DJ f is replaced by the second difference.

2/17



L CIURC  ~nction spaces in R

Characterization in terms of local polynomial approximations

Let f € Lt (R™) and 1 < u < 0o. The normalized local best approximation of f

loc :
on a cube Q is

. 1 1/u
. Qe = (g [ 150 = Py as)

where Py, k > 0 is a space of polynomials on R™ of degree at most k
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L CIURC  ~nction spaces in R

Characterization in terms of local polynomial approximations

Let f € L}* .(R™) and 1 < u < co. The normalized local best approximation of f
on a cube Q is

1/u
(va)L“ R™) ::P P 1<|Q|/ |f | d$> )

The sharp maximal function of f € L] _(R") is

1
f,g(:c) = sup t—ké’k(f, Q(z,t)) L1 wny, v €R™.
>0
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Let f € L}* .(R™) and 1 < u < co. The normalized local best approximation of f
on a cube Q is

1/u
(va)L“ R™) ::P P 1<|Q|/ |f | d$> )

The sharp maximal function of f € L] _(R") is

1
f,g(:c) = sup t—ké’k(f, Q(z,t)) L1 wny, v €R™.
>0

Th. (Calderon, 1972)
Let p > 1, k € N. Then Sobolev spaces

WEP(R™) = {f € LP(R™) : fI € LP(R™)}.
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Characterization in terms of local polynomial approximations

Let f € L}* .(R™) and 1 < u < co. The normalized local best approximation of f
on a cube Q is

1/u
(va)L“ R™) ::P P 1<|Q|/ |f | d$> )

The sharp maximal function of f € L] _(R") is

1
flg(x) ‘= sup t_kgk(fv Q(xvt))Ll(R")a r e R™
t>0

Th. (Calderon, 1972)
Let p > 1, k € N. Then Sobolev spaces

WEP(R™) = {f € LP(R™) : fI € LP(R™)}.

> A.P. Calderén - Estimates for singular integral operators in terms of maximal functions, Studia
Math., 1972
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Characterization in terms of local polynomial approximations

Let f € L}* .(R™) and 1 < u < co. The normalized local best approximation of f
on a cube Q is

1/u
(va)L“ R™) ::P P 1<|Q|/ |f >| d$> )

The sharp maximal function of f € L] _(R") is

1
f}i(x) ‘= sup t_kgk(fv Q(xvt))Ll(R")a r € R™
t>0

Th. (Calderon, 1972)
Let p > 1, k € N. Then Sobolev spaces

WEP(R™) = {f € LP(R™) : fI € LP(R™)}.

> A.P. Calderén - Estimates for singular integral operators in terms of maximal functions, Studia
Math., 1972

> A.P. Calderén, R. Scott - Sobolev type inequalities for p > 0, Studia Math., 1978.
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S Introduction | Function spaces in R""
Let « >0, k beanintegerr a <k, 1<p<oo, 1<¢g<oo and 1<u<p.
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N IS UCU  Function spaces in R™

Let >0, k beaninteger: a <k, 1l<p<oo, 1<g<

Besov spaces
By (R™) consists of functions f € LP(R™) such that

/ <||gk(f7 ( ))L“ R™) ”Lp Rn))l} ﬂ <
0 t t

and sup N E(f, Q(-, ) Luwn) || Lrrny < 00,

0<t<

if ¢ < o0,

if g =00

and 1<u<np.
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Let « >0, k beanintegerr a <k, 1<p<oo, 1<¢g<oo and 1<u<p.

Besov spaces
By (R™) consists of functions f € LP(R™) such that

g u(Rn p(R" q
/ <|| k(f, Q1) Lu@n)llr(r )) %<oo, 4 < oo,
0

ta

and Osup t~ a”(‘:k;(f, Q( ))Lu Rn)”Lp(]Rn) oo, If q= 00
<t<

Triebel-Lizorkin spaces
Eg (R™) consists of functions f € LP(R™) such that g € LP(R™), where

/¢ N 1/q
oy = [ (BALLe Yy

and g(x) == sup{t™*E(f,Q(z, 1)) prrny : 0<t <1}, ifg=00
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.. Introduction | Function spaces in R""
Let « >0, k beanintegerr a <k, 1<p<oo, 1<¢g<oo and 1<u<p.

Besov spaces
By (R™) consists of functions f € LP(R™) such that

q
/ <”gk(f’ ) (rr) HL”R")> ﬂ<oo, if ¢ < o0,
0

te t

and Osup t— a”gk;(f, Q( ))Lu Rn)”Lp(]Rn) oo, If q= 00
<t<

Triebel-Lizorkin spaces
Eg (R™) consists of functions f € LP(R™) such that g € LP(R™), where

/¢ N 1/q
o(z) = (/O < k(faQ(ﬂi;t))L (R )) %) ’ if ¢ < oo,

and g(x) == sup{t™*E(f,Q(z, 1)) prrny : 0<t <1}, ifg=00

> Yu. Brudnyi - Piecewise polynomial approximation, embedding theorem and rational approximation,
Lecture Notes in Math., 1976
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Let « >0, k beanintegerr a <k, 1<p<oo, 1<¢g<oo and 1<u<p.

Besov spaces
By (R™) consists of functions f € LP(R™) such that

g u(Rn p(Rn q
/ <|| (@0 D) puenlleg R)) %<oo’ g < o0,
0

tOt

and Osup t— Ot”((/’k(f’ Q( ))Lu Rn)”Lp(]Rn) oo, If q= 00
<t<

Triebel-Lizorkin spaces
Eg (R™) consists of functions f € LP(R™) such that g € LP(R™), where

/¢ N 1/q
o(z) = (/O < k(va(j;t))L (R )) %) ’ if ¢ < oo,

and g(x) == sup{t *E(f, Q(z, 1)) prrny : 0 <t <1}, ifg=o00

> Yu. Brudnyi - Piecewise polynomial approximation, embedding theorem and rational approximation,
Lecture Notes in Math., 1976
> H. Triebel - Local approximation spaces, Z. Anal. Anwendungen, 1989
5/17



Ahlfors d-regular sets

Let H¢ denote d-dimensional Hausdorff measure on R™ and
Qz,r) ={y e R": |z —ylloo <7}
A subset S C R™ is called an Ahlfors d-regular (or d-set) if there are ¢1, co > 0:
car? < HYQ(x,7) N S) < cor?

for every z € S and 0 < r < diamS.
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Ahlfors d-regular sets

Let H¢ denote d-dimensional Hausdorff measure on R™ and
Qlz,r) ={y eR": [z =yl <7}.
A subset S C R™ is called an Ahlfors d-regular (or d-set) if there are ¢1, co > 0:
car? < HYQ(x,7) N S) < cor?

for every z € S and 0 < r < diamS.

@ Examples
Cantor-type sets,

self-similar sets...
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.~ Besovspaceson dsets
Let SCR" beadsetwithn—-1<d<n

7/17



.~ Besovspacesond-sets
Let SCR" beadsetwithn—-—1<d<n

If feLy (5),1<u<oo, and Q is a cube centered at S C R™. Then

loc
the normalized local best approximation of f on @ in L*(S) norm is

) 1 . 1/u
E(f, Q) ru(s) = Pelgf_l <m /Qms |f — P|“dH ) .

7/17



.~ Besovspacesond-sets
Let SCR" beadsetwithn—-—1<d<n

If feL. (S),1<u<oo, and Q is a cube centered at S C R™. Then
the normalized local best approximation of f on @ in L*(S) norm is

: 1 A
E(f, Q) ru(s) = Pelgf_l <m /Qms |f — P|“dH ) .

The Besov space By (S), a >0, 1< p,q < 00, is the set of those functions
f € LP(S) for which the norm [|f|[5s (s) is finite.

! ||gk(f’Q("T))L"(S)HLP(S) a dr %
||f||B§,‘,q(S) = | fllzeesy + (/0 < o ) ?> ,

where 1 < u < p and k is an integer such that a < k.
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: 1 A
E(f, Q) ru(s) = Pelgﬁ_l <m /Qms |f — P|“dH ) .

The Besov space By (S), a>0,1< p,q < 00, is the set of those functions
f € LP(S) for WhICh the norm [ f| 5g (s) is finite.

! ”gk(f»Q('»T))L“(S)HLP(S) da %
1150 := U lewcsr + ([ ( ) ESR

where 1 < u < p and k is an integer such that a < k.

> Yu. Brudnyi - Sobolev spaces and their relatives: local polynomial approximation approach, in:
Sobolev spaces in mathematics 1l, 2009
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Let SCR" beadsetwithn—-—1<d<n

If feL. (S),1<u<oo, and Q is a cube centered at S C R™. Then
the normalized local best approximation of f on @ in L*(S) norm is

: 1 A
E(f, Q) ru(s) = Pelgﬁ_l (m /Qms |f — P|“dH ) .

The Besov space By ((S), @ >0, 1 < p,q < oo, is the set of those functions
f € LP(S) for which the norm [|f|[5s (s) is finite.

L E(F, Q( 7)) L » ¢ dr\
1 fllBg sy = I Fllees) + </0 (H AL QL Do L (S)> _> ’

T T

where 1 < u < p and k is an integer such that a < k.

> Yu. Brudnyi - Sobolev spaces and their relatives: local polynomial approximation approach, in:
Sobolev spaces in mathematics 1l, 2009

@ The first approach to Besov spaces on d-sets, 0 < d < n, in terms of jet functions
A. Jonsson - The trace of potentials on general sets, Ark. Mat., 1979
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Trace spaces on n-sets

Let SCR"beann-set, ke N, 0<a<k

Th. Shvartsman (2006)
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Trace spaces on n-sets

Let SCR"beann-set, ke N, 0<a<k
Th. Shvartsman (2006)
o WhHRN[s = { € L(S): sup &£, Q- D)us(s) € XS}, p>1
>
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Trace spaces on n-sets

Let SCR™ beann-set, ke N, 0<a <k

Th. Shvartsman (2006)
o WEP(R™)|s = {f € LP(S) : Sup # (£, Q1)) Li(s) € LP(9)}, p>1
alfl<p<oo 1<g<x

Fg (RY)|s = {f € L*(S) : (/01 (gk(f’Q("t))“(s)y ﬂy/q € LP(S)}

te t
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Trace spaces on n-sets

Let SCR™ beann-set, ke N, 0<a <k

Th. Shvartsman (2006)
o WEP(R™)|s = {f € LP(S) : Sup # (£, Q1)) Li(s) € LP(9)}, p>1
alfl<p<oo 1<g<x

Fg (RY)|s = {f € L*(S) : (/01 (gk(f’Q("t))“(s)y ﬂy/q € LP(S)}

te t

o B2 (R")|s =B, (S), 1<p<oo, 0<qg<oo
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Trace spaces on n-sets

Let SCR" beann-set, keN, 0<a<k
Th. Shvartsman (2006)
o WhP(R™)|s = {f € LP(S): sup (£, Q1) L1(s) € LP(S)}, p>1
>

alfl<p<oo 1<g<x

Fr s = e ([ (BLLDre) I )

te t

e By (R")|s =By, (S), 1<p<oo, 0<g<o0

> P. Shvartsman - Local approximations and intrinsic characterization of spaces of smooth functions
on regular subsets of R™, Math. Nachr., 2006
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Trace spaces on n-sets

Let SCR™ beann-set, ke N, 0<a <k

Th. Shvartsman (2006)
o Whr(R™)|s = {f € LP(S): sup #&e(£,Q(,1)L1(s) € LP(S)}, p>1
e lfl<p<oo, 1<g<

IRV O O e R

te t

e By (R")|s =By, (S), 1<p<oo, 0<g<o0

> P. Shvartsman - Local approximations and intrinsic characterization of spaces of smooth functions
on regular subsets of R™, Math. Nachr., 2006

If Q is a W*P-extension domain, 1 < p < 0o, k > 1, then Q is an n-set.

> P. Hajtasz, P.Koskela and H. Tuominen - Sobolev embeddings, extensions and measure density
condition, J. Funct. Anal., 2008.
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Trace of a function on a subset

Suppose that f € L{ (R") and S C R™. At those points z € S where exists

loc

flz) = Tim fly) dy = .

lim ———— f(y) dy,
r—0+ Q(z,r) r—0+ |Q(JI,T)| Q(z,r)

define the restriction (trace) of f to S by

fls(z) = f(2).
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Trace of a function on a subset

Suppose that f € L{ (R") and S C R™. At those points z € S where exists

loc

_ 1
f(z) = lim fy)dy= lim ——— f(y) dy,
7R foen T B8 QG o T

define the restriction (trace) of f to S by
fls(z) = f(2).

@ By the Lebesgue differentiation theorem, f = f a.e in R".
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Trace of a function on a subset

Suppose that f € L{ (R") and S C R™. At those points z € S where exists

loc

_ 1
f(z) = lim fy)dy= lim ——— f(y) dy,
7R foen T B8 QG o T

define the restriction (trace) of f to S by
fls(z) = f(2).
@ By the Lebesgue differentiation theorem, f = f a.e in R".
o If fe By (R™) or F¥ (R™), then for a d-set S with
d>n—ap

the trace f|g is well defined.
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N o - o Lo e SRl Besov spaces

Theorem™(A. Vdhakangas, L.I., 2011)
Let S beand-set, n—1<d<n,1<p,g<ooanda>(n—d)/p. Then

n—d

By (R")|s = Bpq " (),
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Theorem™(A. Vdhakangas, L.I., 2011)
Let S beand-set, n—1<d<n,1<p,g<ooanda>(n—d)/p. Then

n—d

o n=d
BS,q(R")ls :prq i (S),
i.e. for all functions f € By (R") the trace operator R : f + f|s satisfies:

R n— <c o (Rn),
IRAN oons S ell g,

p.q
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Theorem™(A. Vihikangas, L.I., 2011)
Let S beand-set, n—1<d<n,1<p,g<ooanda>(n—d)/p. Then

n—d

o n=d
B;',q(R")ls :prq i (S),
i.e. for all functions f € By (R") the trace operator R : f + f|s satisfies:

R n— <c o (RnY),
IRAN oons S ell g,

p.q

_n=d
and there exists an extension operator € : By, * (S) — By (R™), Egls = g:

18915 ) < €llgll onga

p,q

—d

forallge By, 7 (9)
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n—d

By (R")|s = Bpq " (),

i.e. for all functions f € By (R") the trace operator R : f + f|s satisfies:

P
q

R n— <c o (RnY),
| fHB:__d(S) < d|fll g, ®m)

n—d

and there exists an extension operator & : Bg,; " (8) = By ,(R"), Egls = g
EgllBa ®ny < gl ._n-a
€91l Bg ) < cll ”B,,,q =

n—d

forallge By, 7 (9)

> Yu. Brudnyi - Sobolev spaces and their relatives: local polynomial approximation approach, in:
Sobolev spaces in mathematics Il, 2009
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Theorem™(A. Vihikangas, L.I., 2011)
Let S beand-set, n—1<d<n,1<p,g<ooanda>(n—d)/p. Then

n—d

By (RM)ls = Bpg 7 (9),

i.e. for all functions f € By (R") the trace operator R : f + f|s satisfies:

P
q

R n— <c o (RnY),
| f||B:__d(S) < d|fll g, ®m)

—d

and there exists an extension operator £ : Byq © (S) — BZ (R"), Eg|s = g:

I€allag vy < gl e

p,q

forallge By, 7 (9)

> Yu. Brudnyi - Sobolev spaces and their relatives: local polynomial approximation approach, in:
Sobolev spaces in mathematics |1, 2009

@ Trace theorems for Besov spaces and potential spaces on d-sets, 0 < d < n. A. Jonsson and H.
Wallin Function spaces on subsets of R™, 1984
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I S IR 'icbel-Lizorkin spaces

Traces of Triebel-Lizorkin spaces

Theorem™(A. Vihikangas, L.I., 2011)

Let SCR" beadsetwithn—1<d<n. Letl<p<oo, 1<q<o0,and
a> (n—d)/p. Then

a— n—d

F;q(Rn”S:Bpm ! (S)
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Traces of Triebel-Lizorkin spaces

Theorem™(A. Vihikangas, L.I., 2011)

Let SCR" beadsetwithn—1<d<n. Letl<p<oo, 1<q<o0,and
a> (n—d)/p. Then
a—n=d

F;q(Rn”S:Bpm ! (S)

Corollary

_n—d
Since FFy(R™) = WHP(R™), the space Bﬁ,p ? (9) is the trace space for
Whp(R™).
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a> (n—d)/p. Then

q_n=d

F;q(Rn”S:Bpm ! (S)

Corollary

_n—d
Since FFy(R™) = WHP(R™), the space Bﬁ,p ? (9) is the trace space for
Whp(R™).

> G.A. Mamedov, Traces of functions in anisotropic Nikol’skii-Besov and Lizorkin-Triebel spaces on
subsets of the Euclidean space, 1993
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The restriction theorem, 1995
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subsets of the Euclidean space, 1993

> K. Saka, The trace theorem for Triebel-Lizorkin spaces and Besov spaces on certain fractal sets. |.
The restriction theorem, 1995

> K. Saka, The trace theorem for Triebel-Lizorkin spaces and Besov spaces on certain fractal sets. II.
The extension theorem, 1996
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N e e o R BNl Bosic tools
Remez-type inequality

Let Sbead-set,n—1<d<n.
Suppose that Q = Q(xqg,rq) and Q' = Q(xq/,rq ) are cubes in R™ such that

g €85,Q CQ,rq < Rrg and rgg < R for some R > 0.
Then, ¥V p € Py

1 1/r 1 4 1/u
— prd:z:> §C<7,/ p"d’z'-l) ,
(1 HHQNS) Joyrs

where 1 < u,r < oo and C depends on S, R, n, u, r, k.

> A. Brudnyi and Yu. Brudnyi - Remez type inequalities and Morrey-Campanato spaces on Ahlfors
regular sets, Contemp. Math., 2007
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N o b oo e Rl BSCRUl  Basic tools

The construction of the extension operator is based on a modification of the
Whitney extension method

Let Wg denote a Whitney decomposition of R \ .S and
@ := {pg : Q@ € Ws} be a smooth partition of unity

To every cube Q = Q(zq,rg) € Wy assign the cube a(Q) := Q(ag,7q/2),
where ag € S is such that ||zg — aglle = dist(zg, S)
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To every cube Q = Q(zq,rg) € Wy assign the cube a(Q) := Q(ag,7q/2),
where ag € S is such that ||zg — aglle = dist(zg, S)

If fe Li (S) and k € N, then

loc

f(z), if z €5;

Pt o) = {ZQEWS PQ(@)Pi-rqf(z), iz eR™\S,

where the projection Py ¢ : L' (a(Q) NS) — Py, are such that

1/u
(][ |f = Pe-1,ofl" de) ~ E(f,a(Q))Lu(s)-
a(Q)NS
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Let f € Lt (S), 1 <u < o0, and Q be a cube centered at S C R™. Then

loc
the normalized local best approximation of f on @ in L*(S) norm is

: 1 A
E(f, Q) ru(s) = Pelgf_l <m /Qms |f — P|“dH ) .
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and corresponding smoothness spaces

Co(S) =4S € LP(S) : If leg = If o+ 1FE sllp < o0}, p=1.

> (If S =R"™) R. DeVore, R. Sharpley - Maximal functions measuring local smoothness, Memoirs of
AMS, 1984
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Theorem (R. Korte, L.I., 2011)

Let S be an d-set withn —1 <d <n,1<p< oo and« be a non-integer
positive number. Then

B2 (S) C C%(S) C BS . (S)

15/17



Theorem (R. Korte, L.I., 2011)

Let S be an d-set withn —1 <d <n,1<p< oo and« be a non-integer
positive number. Then

B2 (S) C C%(S) C BS . (S)

Corollary

Let S beand-set, n—1<d<n,1<p<oo,keNanda=k—(n—d)/p>0.
Then forany 0 < e < (n—d)/p

Cote(S) Cc WHP(R™)|s € CS(S).
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@ Relations between the trace spaces of first order Sobolev spaces and Hajtasz-Sobolev spaces
P. Hajtasz and O. Martio - Traces of Sobolev functions on fractal type sets and characterization of
extension domains, J. Funct. Anal., 1997
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Are C7(S) relevant analogs of classical Sobolev spaces in the setting of an s-set? J
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> P. Hajtasz and J.Kinnunen, - Hélder quasicontinuity of Sobolev functions on metric spaces, Rev.
Mat. Iberoamericana, 1998.

o Let Sbeansset,n—1<s<n,p>1, kp<sandq=sp/(s—kp). Then

£l Lags) < el fE sllpegs) + (diamS) || £ Locs))
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Thank you for the attention J

=] = = E = APXN G4
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