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Introduction

Introduction

We have a locally compact quantum group (M, A) with a
unigue left and right Haar weight ¢ and ). The modular
automorphism groups are denoted by (ot) and (o{) resp. There
is also the scaling group (7:) and the polar decomposition of the
antipode S = R7_i where R is an involutive,

*-anti-isomorphisrﬁ of M that flips the coproduct.

All these automorphism groups commute with each other. The
anti-isomorphism R commutes with the scaling automorphisms,
but not with the modular automorphisms. We have

Root = U/_t oR.

The relation with the coproduct is as follows

Alor(x)) = (m@a)A(X)  Alof(x)) = (o1 @ 7)A(x) (1)
A(m(x)) = (m@n)AKX)  A(re(x)) = (o1 @ L )A(X).  (2)
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Relative invariance of the Haar weights

We have a strictly positive number v, called the scaling
constant, satisfying

por =v"p por =v 3)
Yooy =v ' pooi =1y 4
Finally, there is the modular element §. It is a non-singular,

positive self-adjoint operator, affiliated with M and relating the

left with the right Haar weight as ¢ = @(5% . 6%). This operator
satisfies o1(d) = v'§ and o{(§) = v '4. Is is invariant under the
automorphisms (7;) and R(0) = 6—1. We also have the relation
ol(x) = dtor(x)s .

We will work further with the left regular representation W. We
write #H for H, and A for A,. Formally we have

W (€ @ AX)) = 2 X1)§ ® A(X(2))-



The dual

The dual (M, A)

First we define the dual von Neumann algebra M.

Definition

Let M be the o-weak closure of the subspace
{(w® )W | w € M} of B(H).

From the pentagon equation, it follows that the space
{(w® )W | w € M.} is a subalgebra of B(#). To show that its
closure in *-invariant, we use the formula

(W@ )W)* = (w1 @ )W

that holds for nice elements w in M, and where w, is defined by
w1(X) = w(S(X)*)” = w(S(x)) when x € D(S).

Proposition

M is a von Neumann algebraand W e M ® M.
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Topologies on a von Neumann algebra

Let M act on H.

@ The weak operator topology on M is the weakest topology
making the linear maps x — (x&,n) continuous for all
&neH.

@ The o-weak topology is the weakest topology making the
linear maps

X = (X&)
continuous whenever " ||&]|||7i]| < oo.
These two topologies coincide on bounded sets.

The space of o-weakly continuous functionals on M is denoted
by M., and called the predual of M. The dual of M, is M.

There are various other topologies on a von Neumann algebra,
all weaker than the norm topology, and stronger than the weak
operator topology.
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The Pentagon equation

We have
o A(x) =W*1ex)W
o (A & L)W = W;y3Wy3

If we combine this with the fact that M is the left leg of W, we
can summarize these two formulas and find

W13Waz = WH,Woz Wy,

Rewriting it, we find the so-called Pentagon equation
W1oW13Wo3 = WosW1,. Now apply w ® w' ® ¢ and we find that
the space

{(w®@ )W | w e M, }

is a subalgebra of B(H).
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The norm closure of {(w ® ()W | w € M, }

In general, {(w ® t)W | w € M.} is not *-invariant. We have that
(W@ )W) = (w1 @ )W

provided w1 (X) = @(S(x)).

We can produce enough such functionals by taking integrals

X /f(t)w(ﬁ(x))dt

with the appropriate choice of functions f. Recall that
S=R7_i.

=
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The dual coproduct AonM

Proposition

Forally € M we have Wy ®1)W* e M ® M. If we define
Aly) = xW(y @ L)W

where y is the flip, Ais a coproduct on M

All this is an easy consequence of the Pentagon equation for
W, now written as

Wo3sW1ioWo3 = WipWig

and the fact that W € M ® M. The use of the flip map is just a
convention.

This is the easy part of the construction. The more difficult step
is the construction of the dual Haar weights.
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Construction of a left Hilbert algebra

To construct the dual left Haar weight ¢ on (I\7I, ﬁ), we need a
left Hilbert algebra.

Definition

Let 01 be the set of elements y € M so that there is a w € M,
and a vector ¢ € ‘H satisfying

w(x*) = (¢, A(x)) forallx €9, and y = (w® ()W,

We set K(y) = ¢.

Observe that, given y, the element w and the vector £ are
unique, if they exist. Also A is linear and injective.

What is the possible motivation for such a definition?



Dual Haar weights

Motivation of this definition

The Fourier transform Z of an element z is defined as the linear
functional w = ¢( - z) (provided this makes sense). Now, it is
known from the algebraic theory that the multiplicative unitary
W is essentially the duality. So, formally, we have Z = (w ® )W
when w = (- z). The 'spaces’ L2(G) and L2(G) are identified
which means (again formally) that we want A5(z) = A,(z). This
formula is rewritten as

(N5(2), Ao(X)) = (No(2), A (X)) = $(x72) = w(x")
whenever x € N,,.

We get the formulas from the previous definition with y = z and
£ =N3(2).
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The *- algebra N N N*

First we need to show that ﬂ(‘ft N s)AT*) is dense in H.

Proposition

Let &, € ‘H and assume that 7 is right bounded. Let
w=(-§nandy = (w®)W. Theny € 7 and K(y)A: 7' (n)*€.
In particular, the space A() is dense in H and also 91 is
o-weakly dense in M.

Doing this construction a little more careful, we find the density
of A(M N M*) in H and of 9N N N* in M.

The following will provide the multiplication.

Proposition

Let w,w; € M, arAld y =

= (w® W andy; = (w1 @ )W. Ify € n,
then also y;y € 9t and A(y,

y) = yaA(y).
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Assume that ¢ is any vector in the Hilbert space # and that n is
right bounded. Then

(7' ()&, A(x)) = (&, 7' (nA(X)) = (&, xn)

and we see thaty, defined asy = (w @ ()W where w = (-&,7)
will satisfy A(y) = 7'(n)*¢.
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The left Hilbert algebra K(‘ft N ‘ft*)

Proposition

Let 2l = ﬂ(‘ﬁ N 91*). We can equip 2l with the *-algebra
structure inherited from 91 1 91*. If we denote y by 7(£) when
y € N N* and £ = A(y), then we have:

@ 2l and 2? are dense in #,

@ 7(&) is continuous for all £ € 2,

@ 7 is a *-representation of 2,

@ The *-operation on 2, denoted as ¢ — &, is preclosed.

Theorem

|

There exists a normal faithful semi-finite weight © on M such
that the G.N.S.-representation can be realized in H, satisfying
N C 25 and such that the canonical map A is the closure of A

Qn‘)‘t

A\
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Left invariance of the dual left Haar weight

Proposition
Define the unitary W = YW*Y on H ® H. We use X for the flip

~

operator on H ® H. Then (w ® t)A(y) € 9N and

(@ ® YW *)AS(Y) = As((w ® )A(Y))

whenevery € 95 and w € B(H)..

The proof is rather straightforward. At the end one uses that A
on 9 is the closure of A on 91.

The weight ¢ is left invariant on (I\7I, D).
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The dual right Haar weight

Recall the formula (1 ® J)W (I ® J) = W* where J is the
modular conjugation associated with the original left Haar
weight ¢ on (M, A).

Proposition

Define R on M by FAQ(y) =Jy*J. Then R is an involutive
*-anti-automorphism of M that flips the coproduct A.

We can now define ¢ on (I\7I ﬁ) by ¢ = Go R. This will be a
right invariant weight. Hence we find that (M A) is a locally
compact quantum group. It is called the dual of (M, A).

It is not hard to show that the dual of (|\7|, A) is canonically
isomorphic with the original locally compact quantum
group(M, A).
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More formulas

We have lots of operators and other objects, related with a
locally compact quantum group (M, A) and its dual (M, A).

Due to the relative invariance of the Haar weights, the
automorphism groups are implemented by unitaries.

Proposition

There exist continuous one-parameter groups of unitaries (u;),
(vt) and (w;) on H given by

@ UtA,(X) = Ay(at(X))
0 ViA,(X) = v2'A(7(X))
@ WA, (X) = 12 Ay (0l(X))

when x € 91,. They all commute and implement the associated
automorphism groups.

~

We also have the one parameter groups (5*) and (5").



More formulas

Proposition

The modular conjugation J and the modular operator V for the
dual left Haar weight ¢ are given by

ING(X) = As(R(x)*52) (5)
V(%) = Ap(mi(x)5 ™) (6)

where x € N,.

RX)=JxJ  #m(x)=V'xV ™" forallxeM (7)
Jy*J Ai(y)=Viyvt forallyeM (8)

\
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Proposition

We have
@ A(S") = ot @ o' for all t.
@ A(0") =& @ s for all t.

Remark that the second formula is proven by duality, from the
first one.

Proposition
o Vit = (J5J) Pt
o V' = (J5t) Pt

We have written Pt for v, introduced earlier. We get similar
formulas for the modular operators of the right Haar weights.
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Conclusions

@ We have associated a dual locally compact quantum group
(A, M) to any locally compact quantum group (M, A).

@ We obtained many formulas connecting the multitude of
objects that come with such a pair of quantum groups.

@ However, we seem to have forgotten to go back to the
C*-algebras.

@ This is one of the topics we plan to treat in the last lecture.
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