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Rogue Waves — higher order structures

N. Akhmediev
The Australian National University, Canberra, ACT 0200, Australia

Abstract

Peregrine breather being thelowest order rational solution of the
nonlinear Schrodinger equation is commonly considered as a
prototype of a rogue wave in the ocean. Higher-order rational
solutionsare far from being as smple as the Peregrine breather itself.
They are not as simple as a nonlinear superposition of solitons either.
Only recently, the complexity of their spatio-temporal structures
started to be revealed. Basic thoughts on their classification will be
presented in thistalk.




Rogue wave in alaboratory, Hamburg

Amin Chabchoub et al, Phys. Rev. X 2, 011015 (2012)



Rogue wave in the sea




Rogue waves In the ocean
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Recorded rogue waves

The Draupner platform isakey hub for

monitoring pressure, volume and quality of gas United Drau pner

ERS-2 SAR Detected Extreme Wave
Aug 20, 1996, 22:51:17 UTC, 446 S, 7.1

owsin the Norway's offshore gas pipelines.
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The Draupner wave, a single giant wave

measured on New Year's Day 1995, finally
A Boo confirmed the existence of freak waves, which
had previously been considered near-mythical



Optical Rogue Waves
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Optical rogue waves

D. R. Solli!, C. Ropers"?, P. Koonath' & B. Jalali’

Figure 1| Experimental observation of optical rogue waves. a, Schematic of
experimental apparatus. b—d, Single-shot time traces containing roughly
15,000 pulses each and associated histograms (bottom of figure: left,

b; middle, ¢; right, d) for average power levels 0.8 uW (red), 3.2 pW (blue)
and 12.8 pW (green), respectively. The grey shaded area in each histogram
demarcates the noise floor of the measurement process. In each
measurement, the vast majority of events (>99.5% for the lowest power) are
buried in this low intensity range, and the rogue events reach intensities of at
least 3040 times the average value. These distributions are very different
from those encountered in most stochastic processes.
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Figure 3 | Time-wavelength profile of an optical rogue wave obtained from
a short-time Fourier transform. The optical wave has broad bandwidth and



Rogue waves are ubiquitous

week ending

PRL 103, 173901 (2009) PHYSICAL REVIEW LETTERS 23 OCTOBER 2009

Non-Gaussian Statistics and Extreme Waves in a Nonlinear Optical Cavity

A. Montina,' U. Bortolozzo,” S. Residori,” and F. T. Arecchi'”

IDipar.'fmenm di Fisica, Universita di Firenze, via Sansone 1, 50019 Sesto Fiorentino (FI), Italy
2INLN, Université de Nice Sophia-Antipolis, CNRS, 1361 route des Lucioles 06560 Valbonne, France
3INOA—CNR, largo E. Fermi 6, 50125 Firenze, Italy
(Received 19 February 2009; published 19 October 2009)

0.08
10°! ;
0.06
102 f 0.04
M. S. Ruderman, i el 0.02
r 0
. . . fay 0 2000 4000
University of Sheffield, r 5 104} \,
[ \
L l(}-j %
Freak wavesin ° wl %
l(}-? i L s " i L " "
labor atory and FIG. 1 (color online). (a) Instantaneous experimental profile of 0 1000 2000 3000 4000
the transverse intensity distribution; (b) a 1D profile showing an I (gray values)
extreme event; / is measured in gray values, g.v.
J. Plasma Physics (20010}, vol. 76, parte 3&4, pp. 203-205. (@ Cambridge University Press 2010 a03 FIG. 2 (COIO]" on]ine), Experimema] PDF of the cavit_v field

doa 10 101 T B0223TTR0H99048 1

Rogue waves in superfluid helium

Rogue waves in the atmosphere , . ,
V. B. Efimov)?#, A. N. Ganshin®?, G. V. Kolmakov!:*¢ P. V. E. McClintock!+?, and
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Rogue waves In finances

The Pricing of Options and Corporate

Liabilities
Fischer Black Journal of Political

University of Chicago

Economy, 81, 637 (1973)

Myron Scholes

Massachusetts Institute of Technology

Merton and Scholesreceived the 1997 Nobel Prizein
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US Subprime lending expanded significantly in the years
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New Financial Research Program:
General Option-Price Wave Modeling

Vladimir G. Ivancevic

Defence Science & Technology Organisation, Australia
Financial rogue waves

Zhenya Yan®P
“Centro de Fisica Tedrica e Computacional, Universidade de Lisboa, Complero Interdisciplinar,
Lisboa 1649-003, Portugal
1’K(-:y Laboratory of Mathematics Mechanization, Institute of Systems Science, AMSS,
Chinese Academy of Sciences, Beijing 100190, China



Two forms of the NL S eguation

'ITyO gk, Ty xﬁ
'Sﬂt Co s 8K I’ Gy 'y =0

Water surface elevation: n= Re[y (X, t) exp(iw,t - 'kOX)]

Dispersion relation: =gy
c =Wo
Group velocity: o 2k,

+ 2 =

Sxc, 9 M@

A. Osborne, Nonlinear ocean waves and the inver se scattering transform (Academic Press,
2010)

K. Trulsen, Weakly nonlinear and stochastic properties of ocean wave fields. application to an
extreme wave event. In: Wavesin geophysical fluids: Tsunamis, Rogue waves, | nter nal waves
and Internal tides. Eds.: Grue, J. \& Trulsen, K. CISM Coursesand L ectures No. 489,

(Springer, NY, Wein, 2006).

0 6
aﬂle 12,1 Ty |, w vy =0



Modulation instability and FPU

RO 5 A

Benjamin-Fair (Bespalov-Talanov) instability:
1 éag 290, @ .2d6 U u
={1+@cl+i ™ +bcl- i = <& ™ coskty exp(ix
I’UTe k*@ bglkzzuuc%p()

The simplest form of Akhmediev breather: rowth rate of instability:

cos(/2ty+i/2sinhx .
= exp(1x “
v COS(\E)- i-/2sinhx P()

MODULATION INSTABILITY AND PERIODIC SOLUTIONS OF THE
NONLINEAR SCHRODINGER EQUATION k2

1
N. N. Akbmediev and V. I. Korneev \

Translated from Teoreticheskaya i Matematicheskaya Fizika, Vol. 6%, No. 2, pp. 189-194,
November, 1986. Original article submitted July 23, 1985.

0040-5779/86/6902-1089$12.50 © 1987 Plenum Publishing Corporation io8n
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wave supercontinuum generation

(a) Temporal evolution and temporal profile at 3.5 m
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(b) Spectral evolution and spectral profile at 3.5 m
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Dudley et al., Optics Express, 17, No 24, 21497 (2009)



NLSE and variety of its solutions

Double periodic solution

Ty 1 ﬂ2y Rational soliton

X —

Akhmediev breather

Peregrine Solution
(rational salitan)
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EXACT FIRST-ORDER SOLUTIONS OF THE NONLINEAR SCHRODINGER EQUATION

N. N. Akhmediev, V. M. Eleonskii, and
N. E. Kulagin

Translated from Teoreticheskaya i Matematicheskaya Fizika, Vol. 72, No. 2, pp. 183-196,
August, 1987. Original article submitted March 12, 1986. E

0040-5779/87/7202-0809$12.50 © 1988 Plenum Publishing Corporation 809



Observation of super-rogue wave

Second order rogue wave:
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The Peregrine soliton in nonlinear fibre optics
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Darboux transformations

. ﬂy lﬂzy 2 2 I* _ I r*

! X * 2 qt? *y[y =0 W=y o+ (r12 +1)8121 Eigenvalueisimaginary:
NL SE is a condition of compatibility: ‘ 1‘ H |, =in,

R =1JR+UR AB solution:

R :IZJR+IUR+;VR

With the following matrices:

= a_ k ? cosh(d,x) + 2ik n, sinh(d,x) 'uglexp[i(x )
2] 2(cosh(d,x) - n,cosk,t))

y-S0 iy'u & o

&y 00 - D -it where d, =nk, and k,=2/1-n/

_Siy? y; U éu C *
V_g_yt Wtza R_% = (|1 - |1)S_Lr152+(|2 -2|1)I’122r2+(|2- ll)‘S_L‘er

n+s
* * 2 * 2
We use the seeding solution of NL SE: s, = (Il ) Il)slrl r2+(|2_ Il)‘sl‘ %+(|2- Il)‘rl‘ S
) 2 2 2
W, = exp(ix) [ARRaE

And obtain the solutions of the linear system: Higher order solution:

l/J =y, + 2('2' IZ)S_L2r12
5 :{e(—Zic1+ik1t— ip12+il,J4x)/2 4 o(2icy- ikt +ip /2- iIlklx)/Z} aix/2 2 7t \rlz\z + \512\2

el

r :{e( - 2ic,- ikyt+ip /2- illklx)/z} L




Collision of breathers

Collision of two ABs with zero velocity Collision of two ABswith nonzer o velocity
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Collision of 3 ABswith eigenvalues: Collision of 3 ABswith eigenvalues:



Waves that appear from nowhere and
disappear without atrace
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Waves that appear from nowhere and disappear without a trace

M. Akhmediev?, A Ankiewicz =, M. Taki?




Higher-order translations

ABsolution: | =i0.65 i e G +iH U
iy - Shifts PO =g-07+ e
=X+ X K2+ X K+ "
=T, +T K +T k* +

M odulation frequencies:

K=21+1

In thefirst order case, n=1:
G, =4
H, =8(x- X))
D1 :1+4(X - X11)2 +4(1' T11)2

In the second order case, n=2;

Per egrine solution: | =i G, = *(5X +%)(X* +1°) - (3X +17) + x¢g + it ot g

1 15 106
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g Kedziora, PR E 84, 056611 (2011)



Infinite period limit of ABs
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Astronomers capture death of star

The 1987A supernova

April 3,2013 Thering consists of 19 RWs. (2N-1)=19. ThusN=10

Scientistsin Australia have captured the most detailed images yet of the death of a giant star. A team of
astronomersled by the International Centrefor Radio Astronomy Research (ICRAR) in Western
Australia hasrevealed new images of the death throes of Supernova 1987A, whose demise was fir st
spotted morethan 25 years ago. Situated on the outskirts of the Tarantula Nebulain the Large
Magellanic Cloud, SN1987A expired about 168,000 light years from Earth.

In new resear ch published in the Astrophysical Journal, a team of astronomersfrom Australia and
Hong Kong has succeeded in using the Australia Telescope Compact Array, a CSIRO radio telescopein
NSW, to make the highest-resolution images yet of the expanding supernova.
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Higher order modulation instability
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Classification of higher order rogue wave structures
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Rogue waves of Hirota eguation
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'yx+2ytt "'b’zy = 18Y +6b/2yt]

First order rogue wave:

\

e 1+ 2 u
Y=4a- 4 IX2 > Uexp(ix)
& 1+4(t+6ex) +4x°(

Very little difference from the NL SE case

Breather solution:

\

22(1- 2a,)Cosh(bx) +ib Sinh(bx) U
& Cosh(bx) - \/2a,Cog §(t +VX)]

Y= - Wexp(ix)

where s=2./1-2a, b=.2a s and v=2e(l+4a)




Rogue waves of the Sasa-Satsuma equation
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Modulation instability of a plane wave: _
Three parameter s control the solution: e=05 k=08
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Growth rate of modulation instability:

K
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Rogue wave solution:
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First order rational solution

First order rational solution:

é 1+2ix U

VIR 1 4w 2P

Its spectrum:
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Second order rational solution
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Early detection of rogue waves
In a chaotic wave field
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Dissipative rogue waves. model

. A dissipative system isthe one with
_ (t) ~ » Sense introduced by Prigogine.
T=T+Dl I, +1(t) where 1) = (1) In other words, itisasystem far

from equilibrium.

A few samples of output radiation

0.5dB

M odel of the fiber laser

Pulse propagation in SMF:
: D
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Pulse propagation in EDF:
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Wherethetotal energy is
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Pulse evolution when Q.= 3 Pulse group evoltition when Q_,= 60



Dissipative solitons with energy and matter flows:
fundamental building blocks for the world of living organisms
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Dissipative rogue waves. numerical results

Peak Amplitude
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Dissipative solitons with energy and matter flows:
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Energy flow j(x) (green dashed curve), energy
distribution p(x) (red curve) and density of
ener gy generation p(x) (blue dotted curve),
acrossthe stationary soliton at An = 0.15
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Dissipative rogue waves:
Probability density functions
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Dissipative Rogue Waves, Expen ment

(a) Histogram (log-
scale) showing alarge
deviation above the
classical distribution
(indicated by the
yellow dotted-line) for
6.8 millions of trace
events. RW events are
observed at the level of

up to 3 times the SWH.

(b) Optical spectrum.
(c) Optical
autocorrelation trace,
with a close-up view of
the central coherence
peak (inset).

(d) Stroboscopic
recording showing the
intracavity evolution
over successive
roundtrips around a
rogue wave event.
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FPU Recurrence and Cherenkov radiation
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FPU Recurrence and radiation

1S =

B,=0.01
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Spectral intensity

Spectral output for a propagation distance
z=20, B3=0.01 and for various values of 2.
The two sidebands are related to modulation _
instability, while the additional spectral band Spectral output for a propagation

on the right represents the resonant radiation. distance z=20, [2=1 as afunction of 53

Soto-Crespo, Ankiewicz, Devine and Akhmediev, JOSA B 29, 1930 (2012)




FPU Recurrence and radiation

N 3

s =

| N—

pe S

j N N
Recurrence spectrum of the NLSE with small TOD, 33=0.01, and The TOD is higher: 33=0.02. Resonant radiation is now closer
[32=1. The resonant radiation that can be seen on ther.h.s. of the to the pump. It hardly influences the first recurrence, but due to
spectrum isindicated by the dashed blue line. Itsinfluence is negligible the FWM through the pump, the resonant radiation appears
until the radiation grows to higher amplitudes and distorts the initially amost symmetrically on the |eft-hand-side of the spectrum.
symmetric AB spectrum. However, this distortion occurs at very long Moreover, an additional "~ "sideband" of the resonant radiation
propagation distances. The two red vertical lines show the limits of the appears a an equal distance on the right-hand-side of the
modulation instability region (x2). Theinitial condition contains only a spectrum. The asymmetry between the |hs. and rhs of the
single pair of sidebands at the maximum growth rate w=sqrt(2). The spectrum is due to the delay in the transfer of the spectral energy
periodicity is preserved on propagation by imposing periodic boundary to the | eft-hand-side of the spectrum.

conditions, such that the whole spectrum remains discrete.

Soto-Crespo, Ankiewicz, Devine and Akhmediev, JOSA B 29, 1930 (2012)




FPU Recurrence and radiation
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FPU recurrence dynamics of M1 with almost perfect triangular spectrum
©  of the sidebands when 33=1. The resonant frequency here is within the

-60 0 60 MI band. It defines the fundamental frequency of the sidebands.

W 3

The TOD is further increased to 33=0.04. The resonant radiation (shown
by the blue dashed line) is now much closer to the pump, but is still out of
the instability band shown by the red dashed lines. The four-wave mixing
adds distortions on each side of the spectrum. The resonant radiation
appears at higher values of the background spectrum, thus increasing its
influence. It accumulates much faster and FPU recurrenceislost right
from the first broadening of the spectrum. No cycles of recurrence can be 1
seen here.

Peak amplitude
\e]
I

Field evolution, starting with modul ation instability, for three small values of TOD.
The solid red curveisfor 33=0.02, the green dotted line is for 3=0.03, and the blue
dashed curve for 33=0.04. Up to z=12, the three curves almost coincide. Multiple
recurrence is clearly seen at theinitia stages of evolution for the smallest values of
3. Increasing the TOD parameter causes the periodic behavior to deteriorate.



FPU Recurrence and radiation
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larger values of TOD: the red solid line stands for $3=0.3, the green

dotted line for 33=0.4 and the dotted blue line for 33=0.5. : . . _
Recurrence, which was lost for small values of 33, starts to be seen Recurrent trgjectories of M1 dynamics for 33=0 (green

again for larger values of TOD, namely for 33> 0.3. curve), 33=0.02 (red curve) and 33=1 (blue curve).
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The END
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