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WATER WAVE PROBLEM - [

PHYSICAL ASSUMPTIONS:

Fluid is ideal

Flow is incompressible

...and irrotational, i.e. U = V¢
Free surface is a graph

Above free surface there is void
Atmospheric pressure is constant
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Surface tension can be also taken into
account




WATER WAVE PROBLEM - II

» Continuity equation
Vi =0, (x.y)€Qx[-d,n],

» Kinematic bottom condition
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a—y+v¢>-Vd_o, y=—d,

» Kinematic free surface condition
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» Dynamic free surface condition
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HAMILTONIAN STRUCTURE
ZAKHAROV (1968) [ZAK68]; CRAIG & SULEM (1993) [CS93]

CANONICAL VARIABLES:

n(x,t): free surface elevation
o(x,1): velocity potential at the free surface

Qg(x7 t) = ¢(X»y = 77(X7 t)) t)

» Evolution equations:
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» Hamiltonian:
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LUKE’S VARIATIONAL PRINCIPLES
J.C. LUKE, JFM (1967) [LUK67]

» First improvement of the classical Lagrangian . := K + I:
b U] 1

L= [ [z axat 2= [(o+51Vxy0 +0y) oy
toQ —d

0p: Ap =0, (x,¥)€Qx|[-d,n],
00ly— o 55 +V$-Vd=0, y=—d,
00ly_y: G+ Vo-Vn—92=0, y=n(x1),
on: 57+ 3IVeP+agn=0, y=n(x,1).

» We recover the water wave problem by computing
variations w.r.t. n and ¢



GENERALIZATION OF THE LAGRANGIAN DENSITY
D. CLAMOND & D. DUTYKH, PHYS. D (2012) [CD12]

» Introduce notation (traces):
¢ = ¢(x,y = n(x, t),1): quantity at the free surface
¢ = p(x,y = —d(x, 1), t): value at the bottom

» Equivalent form of Luke’s lagrangian:

n
—dmadd— Yy ggz— [[Livep s 12
& =G+ dok— 507 + 500~ [ [51V6 + 563] ay
“d

» Explicitly introduce the velocity field: u = V¢, v = ¢,

v oy, "
L = dnrt-ddi—5 g~ / WP (ot uloy—v)] dy

w,v: Lagrange multipliers or pseudo-velocity field



GENERALIZATION OF THE LAGRANGIAN DENSITY
D. CLAMOND & D. DUTYKH, PHYS. D (2012) [CD12]

» Relaxed variational principle:

5 .1
L=+ V= 0)d+ (0 + ji- VA + )6 — 590

1 1
_|_/[u.u_2u2—|—yv—2v2+(v'ﬂ+’/}/)¢} dy
—d

» Classical formulation (for comparison):

n
T L 1 2 1.
& =+ dok - 501 ~ [ [5IV6P + 565] ay
—d
DEGREES OF FREEDOM: 7, ¢; U, V ; p, v




SHALLOW WATER REGIME

CHOICE OF A SIMPLE ANSATZ IN SHALLOW WATER

» Ansatz:
u(x,y,t) = o(x,t),v(x,y, t) = (y + d)(n+ d)~ ! ¥(x,1)
Py, 1) ~ p(x, 1), v(X,y,t) = (y + d)(n + d) " D(x. 1)
» Lagrangian density:
,%:q;m—;gn2+(n+d)[ﬁ~0—;uz+sﬂ\7—6\72—/]-qu
» Nonlinear Shallow Water Equations:
hi+V - [hil] = 0,
U+ (u-V)u+gVh=0.

» Not so interesting. . .



CONSTRAINING WITH FREE SURFACE IMPERMEABILITY
» Constraint:
v=mnt+p-Vn
» Generalized Serre (Green—Naghdi) equations [Ser53]:
h:+ V - [hu] = 0,
- 1 _ _
U+ 0-Vi+gVh+ gh*1V[h2f"y] = (U-Vh)V(hV -0)
—[u-V(hV -0)]Vh
= +0U-Vi=h(V-0>2-V-U—0-V(V-0))

CANNOT BE OBTAINED FROM LUKE’S LAGRANGIAN:
ofi: U=V¢—LiVn#£Vé



INCOMPRESSIBILITY AND PARTIAL POTENTIAL FLOW

» Ansatz and constraints (v # ¢y):
fi=10,0=V0=V¢V=—(n+d)V?

-1, 1 —p 1 -
L = om— 591" = 5+ (V) + (0 +d)*(V*)*

» Generalized Kaup-Boussinesq equations:
1 -
n+ V- [(n+d)Ve] + 2V [(n+ d)*(VZ9)] =0,
1
2

Gt +9n+ %(V@z — —(n+d)3(V3p)? =0.

» Hamiltonian functional:

= [ {Gark + 3n+ AV 50+ (V%)) ax



INCOMPRESSIBILITY AND PARTIAL POTENTIAL FLOW

» Ansatz and constraints (v # ¢y):
L=00=v0=V¢V=—(n+dV>Z2

L == 90 = 51+ A)VR + G0+ AP (V2

» Generalized Kaup-Boussinesq equations:

ne+ V- [(n+d)Ve] + %V"‘ [(n+ d)3(V3¢)] =0,

1 1 -
betgn+ 5(Ve)* = 5(n+d)* (V) =0
» Dispersion relation (¢ < 0, kd > 1/1/3):

n=acosk(x —ct), c®=gd1— (xkd)?)



DEEP WATER APPROXIMATION

» Choice of the ansatz:
{ru; v, pv} =~ {(Z;, u,v;p, ﬂ}e”(y_")
2kL = 2kdn — gr® + %LNI2 + %\72 —U-(Vd—kdVn) — KV

» generalized Klein-Gordon equations:

1 o 1 - 1.
M+ =6V — kb = o[V + K(Vn)?]
2 2 2
- 1 - -
ditgn = —5V - [0Vo—rd* Vi)
» Hamiltonian functional:

_ 1 2 1 -1 T T 2 1 72
’H—/Q{Zgn +4/<c [Vo — kpVn) +4/<cd> }dx



DEEP WATER APPROXIMATION

» Choice of the ansatz:

{¢ru; v v} = {6 U

Qz
‘(;x
AN}
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h
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~ 1
2kY = 2kdnr — grn® + =02 +

» generalized Klein-Gordon equations

1 I -
Nt + Efﬁ V20— —ko §¢[V277 + k(Vn)?]

drtgn = —5V - [0Vo— ki)
» Multi-symplectic structure:



COMPARISON WITH EXACT STOKES WAVE

» Cubic Zakharov Equations (CZE):

0 = -V -(nVd)—o(nd) +
1VZ( 200) + 2(10(m09)) + 32(n*V29),
dr+gn = 3007 - 5(Vé )2—(77045)V2¢ (20)2(1709).
» Phase speed :

EXACT: g—%;{%c:1+%a2+%a4+707 6 1+ 0(ad)

384
CZE: g~ 2/<;20—1+2a +61a4+g;ia6+0( 8)
GKG: g~ 2/€2C:1+§Oé —l—éoz —l—gggas—l—O( 8)

» n-th Fourier coefficient to the leading order:
same in gKG & Stokes but not in CZE)

m (the



DEEP-WATER SERRE—GREEN—-NAGHDI EQUATIONS

CONSTRAINING WITH THE FREE-SURFACE IMPERMEABILITY
» Additional constraint:
V=mn +U-Vn

» Lagrangian density reads:

2k L =G (km+ V- &1) — gun? + S0P + Lo+ 0 Vn)?

Y] 0 =+ (n+0-Vn)Vny— Vo,
§d: 0 =rmp+V-0,
on

0 = 2grn + kbt + g + (T - Vn)e +V « (Tne) + V - [(& - V)]

» Cannot be derived from Luke’s Lagrangian:

Voé=1ib+0Vny



DEEP-WATER SERRE—GREEN—-NAGHDI EQUATIONS

CONSTRAINING WITH THE FREE-SURFACE IMPERMEABILITY

» Additional constraint:
V=mn+ u-Vp

» Lagrangian density reads:

2k L = G(km+ V- &1) — gun? + S0P + Lo+ 0 Vn)?
Str: 0 =0+ (p+0-Vn)Vy—Vo,

§d: 0 =rm+V-0,

Sn: 0 =2gkn—+ K +m+ (U V)i + V- (Une) + V + [(T - V)]

» Incompressibility is satisfied identically:

O=k+V- 0= V-u+v,=0



DEEP-WATER SERRE—GREEN—-NAGHDI EQUATIONS

CONSTRAINING WITH THE FREE-SURFACE IMPERMEABILITY

» Additional constraint:
V=mn + U-Vn

» Lagrangian density reads:

2k L = G(km+ V- &1) — gan? + Y0P + Lo+ 0 Vn)?

0 =i+ (n+ - Vn)Vn— Ve,

5o : 0 =k + V-0,

0 = 2gkn + kdr + e + (U V)t + Y« (Une) + V + (8- V)]
» Exact dispersion relation if k = x:

n = acosk(xy—ct), ¢ = 2gk(k®+k?)"



ARBITRARY DEPTH CASE

NO AVAILABLE SMALL PARAMETERS. . .

» Finite depth ansatz:
coshkY - coshkY .
o~ cosh kh ox. 1), ux coshkh u(x. 1),

NcoshmYN(x ) NsmhnY~(x )
~ cosheh ™M\ V¥ Ginh e Y\

» Finite depth Lagrangian:

sinh(2xh) — 2kh

l\)\
_|_
S
<t
|
<

=+ AVl - 2k cosh(2kh) — 2k
~ sinh(2xh) + 2kh

o %[,2 0V - fi—stanh(xh)é ji- V] 2rcosh(2kh) + 2k

17~ 2xh
+2¢V[sinh(2/<ah) B 1]'




CONCLUSIONS & PERSPECTIVES

CONCLUSIONS:

» A relaxed variational principle was
presented

» Practical usage of this principle was
illustrated

» All models automatically possess the
Lagrangian structure

» |In most cases the Hamiltonian as well!

PERSPECTIVES:

» Further validation of derived models is needed
» Deeper study of their properties
» Development of variational discretizations
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