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The central sequence C*-algebras

Let A be a unital C*-algebra, and let w be a free (ultra) filter on
N. Consider the central sequence C*-algebra A, N A’, where

Av = (W)l A), culA) = {(x) € £(A) | lim |n]| = 0}.

What do we know about central sequence C*-algebra A, N A'?



The central sequence C*-algebras

Let A be a unital C*-algebra, and let w be a free (ultra) filter on
N. Consider the central sequence C*-algebra A, N A’, where

A, =17(A)/c,(A), c,(A)= {(xn) € (>(A) | Iiur)n ||xnll = O}.
What do we know about central sequence C*-algebra A, N A'?
Theorem (Kirchberg, 1994)

If A is a unital Kirchberg algebra (i.e., A is unital simple purely
infinite separable and nuclear) and if w is a free ultrafilter on N,
then A, N A’ is simple and purely infinite.

In particular, Os, — A, N A’, which entails that A~ A® O.

Fact: AX AR Z <= d unital *-homomorphism Z — A, N A’
for some free filter w.

If Ais unital and approximately divisible, then @72 ;(M> & Ms)
maps unitally into A, N A". Hence Z —+ A, NA , so AZAR® Z.
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Fact: If M is a Il; von Neumann factor and if w is a free ultrafilter,
then M“ N M’ is either a ll; von Neumann algebra or it is abelian.

If the former holds, then M is said to be a McDuff factor, and in
this case R — M“ N M’ which entails that M =2 MXR.

Theorem (Strengthened version of a theorem of Matui-Sato)

Let A be a unital separable C*-algebra with a faithful trace 7. Let
M = n-(A)”, and let w be a free ultrafilter on N. Then the

canonical map
A,NA = MM

is surjective.

In particular, if A is non-elementary, unital, simple, nuclear and
stably finite, then a quotient of A, N A’ contains a subalgebra
isomorphic to R.

Matui and Sato proved the theorem above under the additional
assumptions that A is simple and nuclear.
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Idea of proof: The inclusion A — M induces a *-homomorphism
®: A, — M which is surjective (by Kaplanski's density theorem).

Let m,: £°(A) — A, be the quotient mapping and put
®=3dom,: (*(A) - M.

Enough to show that if b = (by, by, ...) € £>°(A) is such that
®(b) € MY N M, then dc = (c1, ¢, ... ) € £°(A) st d(c) = d(b)
and m,(c) € A, NA".
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Idea of proof: The inclusion A — M induces a *-homomorphism
®: A, — M which is surjective (by Kaplanski's density theorem).
Let m,: £°(A) — A, be the quotient mapping and put
®=3dom,: (*(A) - M.

Enough to show that if b = (by, by, ...) € £>°(A) is such that
®(b) € MY N M, then dc = (c1, ¢, ... ) € £°(A) st d(c) = d(b)
and m,(c) € A, NA".

Put D = C*(A, b) C {>(A) and put J = Ker(®|p). Let (e(¥)) C J
be an asymptocially central approximate unit for J. Note that

ba — ab € J for all a € A. Hence, for all a € A:

0 = lim ||(1—e®)(ba— ab)(1 - )]
k—o00
(1 — ek p(1 — eFya — a(1 — el p(1 — ).

lim ||
k—o00
We can therefore take ¢, = (1 — e,gk"))bn(l — e

sequence (kp).

k”)) for a suitable
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Example

There exist non-elementary, unital, simple, separable, nuclear
(stably finite) C*-algebras A that do not absorb the Jiang-Su
algebra. E.g.:

@ Villadsen's examples of simple AH-algebras with strongly
perforated Ko-groups or with stable rank > 1.

@ The example of a simple unital nuclear separable C*-algebra
with a finite and an infinite projection, [R], (which also
provided a counterexample to the Elliott conjecture).

@ Toms' refined counterexamples to the Elliott conjecture
(which are AH-algebras).

@ Many others!

For any of the C*-algebras mentioned above, Z does not embed
unitally into A, N A’. For the stably finite ones, we still have a
surjection A, NA" = RYNR’, so A, N A" is not small (or abelian).
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Proposition (Kirchberg (Abel Proceedings))

Let A and D be unital separable C*-algebras, and let w be a free
filter on N. If there is a unital *-hom D — A, N A, then there is a
unital *-hom oo

QD — A NA
(Where ® = ®max)- n=1
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Proposition (Kirchberg (Abel Proceedings))

Let A and D be unital separable C*-algebras, and let w be a free
filter on N. If there is a unital *-hom D — A, N A, then there is a
unital *-hom oo

QD — A NA
(Where R = ®max)- n=1

Lemma

If A, N A’ has no character, then 3 unital separable D C A, N A’ st
D has no character.

Corollary

If A is separable and A, N A" has no character, then 3 unital
C*-algebra D with no characters and a unital *-homomorphism
QXD — A,NA.
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Hence, if there is a unital *-homomorphism D — A, N A’ (where D
has no character), then there is a unital *-homomorphism

o
A®(®D)—>Aw, st. a®l—a, (acA).

n=1
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Hence, if there is a unital *-homomorphism D — A, N A’ (where D
has no character), then there is a unital *-homomorphism

o
A®(®D)—>Aw, st. a®l—a, (acA).

n=1

Theorem (Dadarlat-Toms)

Let D be a unital C*-algebra. If Q- D contains a unital
subhomogeneous C*-algebra without characters, then
Z—Qp,D.




The central sequence C*-algebras

Hence, if there is a unital *-homomorphism D — A, N A’ (where D
has no character), then there is a unital *-homomorphism

o
A®(®D)—>Aw, st. a®l—a, (acA).

n=1

Theorem (Dadarlat-Toms)

Let D be a unital C*-algebra. If Q- D contains a unital

subhomogeneous C*-algebra without characters, then
Z—Qp,D.

Hence: A~ A® Z if and only if A, N A’ contains a unital
subhomogeneous C*-algebra without characters.

Fact: 3/(2,3) — A, N A unital *-hom (and hence Z — A, N A’)
if 3a, b € A, N A’ positive contractions st

a~ b, a_lb, l-a—-b3(a—e)y4,

i.e., if there exists *-hom CM, — A, N A’ with "large image”.
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Suppose that A is a unital separable C*-algebra st A, N A’ has no
characters (for some ultrafilter w). Does it follow that A, N A’
contains a unital copy of Z (so that A= A® Z)7?

By the result of Dadarlat—Toms, this question is equivalent to the
question if @7, D contains a unital copy of a subhomogeneous

C*-algebra without characters whenever D is a unital C*-algebra

without characters.

Definition

A unital C*-algebra is said to have the splitting property if there
are positive full elements a, b € A with a L b.

Note: A has the splitting property = A has no characters.

The opposite implication is false in general, but it may be true if
A= Q72 D for some unital D. | don’t know.



The central sequence C*-algebras

If A, N A" has the splitting property, then there is a full
*_homomorphism CM, — A, N A’.

Using results of [L. Robert + R] about divisibility properties for
C*-algebras we obtain:

Proposition
Let A be a unital separable C*-algebra and let w be a free
ultrafilter on N.
Q I/f A, N A" has no characters, then A has the strong Corona
Factorization Property.
Q If A, N A has the splitting property, then AN, € N st
@ Yk >2Vy e Cu(A) Ix € Cu(A) : kx <y < Nix.
@ Let x,y € Cu(A). If Nyx < ky for some k > 1, then x < y.
@ If A, N A has the splitting property and A is simple, then A is
either stably finite or purely infinite.
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Let A be a unital separable C*-algebra and let w be a free
ultrafilter on N.
Q@ If A, N A" has no character, then A has the strong Corona
Factorization Property.
Q If A, N A has the splitting property, then 3N, € N st
@ Yk >2Vy e Cu(A) 3x € Cu(A) : kx <y < Nix.
@ Let x,y € Cu(A). If Nkx < ky for some k > 1, then x < y.

@ If A, N A has the splitting property and A is simple, then A is
either stably finite or purely infinite.

Corollary

There exist non-elementary, unital, simple, separable, nuclear

C*-algebras A st A, N A" has a character (and, at the same time, a
sub-quotient = R ).
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@ Absorbing the Jiang-Su algebra



Absorbing the Jiang-Su algebra

A year ago, the following remarkable result was proved:

Theorem (Matui-Sato)

Let A be a unital, separable, simple, non-elementary, stably finite,
nuclear C*-algebra, and suppose that 0. T (A) is finite. Then the
following are equivalent:

QO AZAR Z,
@ A has strict comparison (i.e., Cu(A) is almost divisible),

© Every cp map A — A can be excised in small central
sequences,

Q A has property (S1).

We get back to the properties mentioned in (3) and (4).

Note that if A is not stably finite, then T(A) = 0 and (2) implies
that A is purely infinite. Hence A is a Kirchberg algebra and
AZARO0x ZAR Z.

It would be desirable to remove the condition that 0. T (A) is-finite!
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A unital C*-algebra with T(A) # ). Define

Y2 lallz= sup lall2r, a€ A

TET(A)

all2- = 7(a"a)

Define || - ||]2 on A, by
H7rw(317 327 337 st )”2 = ll:.)n HanH27
where 7, : £*°(A) — A, is the quotient map. Set

Ja={x€A,: a2 =0} < A,.

Definition (Matui—Sato)

A unital simple C*-algebra A is said to have property (S1) if for all
positive contractions e, f € A, N A such that

e € Ja, sup|]1—fk]|2<1,
P

there is s € A, N A’ with fs = s and s*fs = e.




Proposition

Let A be a separable, simple, unital, stably finite C*-algebra with
property (S1). TFAE:

QO AZAR Z,
@ 3 unital *-homomorphism My, — (A, NA")/Ja.
© V UHF-algebras B 3 unital *-hom B — (A, NA")/Ja.

Fact: (2) + (SI) = 3 unital *-hom /(2,3) = A,NA = (1).



Proposition

Let A be a separable, simple, unital, stably finite C*-algebra with
property (S1). TFAE:

QO AZAR Z,
@ 3 unital *-homomorphism My, — (A, NA")/Ja.
© V UHF-algebras B 3 unital *-hom B — (A, NA")/Ja.

Fact: (2) + (SI) = 3 unital *-hom /(2,3) = A,NA = (1).

Theorem

If A is a non-elementary, unital, simple, separable, exact, stably
finite C*-algebra st

Q@ 7.(A)" is McDuff factor for all 7 € 0, T (A).
@ 0.T(A) is (weak *) closed in T(A) (i.e., T(A) is a Bauer
simplex).

© 0.T(A) has finite covering dimension,

then there is a unital *~-homomorphism My — (A, N A")/Ja.
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Results similar to the ones above and below have been obtained
independently by Andrew Toms, Stuart White and Wilhelm Winter.

Corollary

Let A be a non-elementary, unital, simple, separable, exact, stably
finite C*-algebra st

@ 7 (A)" is McDuff factor for all T € 9, T (A).
@ 0.T(A) is weak * closed in T(A) (i.e., T(A) is a Bauer
simplex).
@ 0.T(A) has finite covering dimension.
Q A has property (S)
Then AZ AR Z.




Absorbing the Jiang-Su algebra

Results similar to the ones above and below have been obtained
independently by Andrew Toms, Stuart White and Wilhelm Winter.

Corollary

Let A be a non-elementary, unital, simple, separable, exact, stably
finite C*-algebra st

@ 7 (A)" is McDuff factor for all T € 9, T (A).
@ 0.T(A) is weak * closed in T(A) (i.e., T(A) is a Bauer
simplex).
@ 0.T(A) has finite covering dimension.
Q A has property (S)
Then AZ AR Z.

o Note that A= A® Z implies (1), but not (2) and (3).
@ It is not known if A= A® Z implies (4).
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Definition (Matui-Sato)
A cp map p: A— AC A, can be excised in small central
sequences if for all positive contractions e, f € A, N A" with

e € Ja, sup |1 — K|, < 1,
k

there exists s € A, st




Definition (Matui-Sato)

A cp map p: A— AC A, can be excised in small central
sequences if for all positive contractions e, f € A, N A" with

e € Ja, sup |1 — K|, < 1,
k

there exists s € A, st

Proposition (Matui-Sato)

Let A be a unital simple C*-algebra.
©Q /fida: A — A can be excised in small central sequences, then
A has property (SI).
@ If A is simple, separable, unital and nuclear, and if A has strict
comparison, then ida can be excised in small central
sequences.
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Definition

Let A be a unital, simple, stably finite C*-algebra. Then A has
local weak comparison if there exists a constant v = (A) st for all
positive element a, b € A:

v- sup dr(a)< inf d(b) = aZh
TEQT(A) (3) TEQRT(A) (5)

A has strict comparison <= Cu(A) is weakly unperforated —
Cu(A) has m-comparison for some m < oo (in the sense of
Winter) = A has local weak comparison.
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Definition

Let A be a unital, simple, stably finite C*-algebra. Then A has
local weak comparison if there exists a constant v = (A) st for all
positive element a, b € A:

v- sup dr(a)< inf d(b) = aZh
TEQT(A) (3) TEQRT(A) (5)

A has strict comparison <= Cu(A) is weakly unperforated —
Cu(A) has m-comparison for some m < oo (in the sense of
Winter) = A has local weak comparison.

Proposition

Let A be a unital, simple, stably finite C*-algebra.

© If A has local weak comparison, then every nuclear cp
w: A — A can be excised in small central sequences.

@ If A is nuclear and has local weak comparison, then A has
property (S).
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Corollary

Let A be a non-elementary, stably finite, simple, separable, unital
and nuclear C*-algebra. Suppose that 0. T(A) is closed in T(A)
and that 0. T(A) has finite covering dimension. Then the following
are equivalent:

QO AZAR Z,

© A has local weak comparison,

@ A has strict comparison (<= Cu(A) is weakly unperforated).
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Corollary

Let A be a non-elementary, stably finite, simple, separable, unital
and nuclear C*-algebra. Suppose that 0. T(A) is closed in T(A)
and that 0. T(A) has finite covering dimension. Then the following
are equivalent:

QO AZAR Z,

© A has local weak comparison,

@ A has strict comparison (<= Cu(A) is weakly unperforated).

Question

Are (1), (2) and (3) above equivalent for all non-elementary, stably
finite, simple, separable, unital and nuclear C*-algebra?

Are (2) and (3) above equivalent for all non-elementary, stably
finite, simple, separable, unital and nuclear C*-algebra!?
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A bit about the proof. We want to find a unital *~homomorphism
My — (Aw N A/)/JA
Proposition
Let B be a unital C*-algebra, and let p1,p2,...,om: My — B be
cpc order zero maps with commuting images.

Q Ifp1(1) +v2(2) + - - -+ ¢m(1) < 1, then there is a cpc order

zero map Y. My — B such that
P(1) = 1(1) + 02(2) + - + om(1).

Q Ifo1(1)+w2(2)+ -+ pm(l) =1, then¢: My — B from (i)
is a *~-homomorphism.
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A bit about the proof. We want to find a unital *~homomorphism
My — (Aw N A/)/JA
Proposition

Let B be a unital C*-algebra, and let ©1,p2,...,¢0m: My — B be
cpc order zero maps with commuting images.

Q Ifp1(1) +v2(2) + - - -+ ¢m(1) < 1, then there is a cpc order
zero map Y. My — B such that
(1) = e1(1) + ©2(2) + -+ + em(1).

Q Ifo1(1)+w2(2)+ -+ pm(l) =1, then¢: My — B from (i)
is a *~-homomorphism.

Hence it suffices to find cp order zero maps
Wiy, Wo ... , Wy My — (Aw ﬁA,)/JA
with commuting images such that

Wi(1) + Wa(1) + - + Win(1) = 1.
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Let now 7 € 0. T(A).

Apply the fact that A, N A" — M¥ N M.’ is onto and the
assumption that M, is McDuff to find:

©: My — MY M, (unital *-homomorphism)
Vo: My — A,NA (ucp lift of ¢)
V = (Vl, Vg,\/g,,...): Mo *)fOO(A) (ucp lift of Vo)

The ucp maps V,,: My — A satisfy:
Q lim T(V,,(b*b) — V,(b)* V,,(b)) =0 for all b e Ms.
@ lim||[a, Va(b)]|| =0 for all a € A and all b € Ms.

We must glue these maps (one for each trace) together!
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We have a natural ucp map 7: A — C(0.T(A)) given by
T(a)(r) = 7(a), ac A 17€0T(A).
This induces a ucp map 7,,: A, = C(0e T(A))w

Proposition

If A is a unital separable C*-algebra, for which 0. T (A) is closed in
T(A), and if A denotes the multiplicative domain of T, then
AC (A, NA) + Ja, and

Tola: A— C(0e T(A))w

is a *-isomorphism.
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We have a natural ucp map 7: A — C(0.T(A)) given by
T(a)(r) = 7(a), ac A 17€0T(A).
This induces a ucp map 7,,: A, = C(0e T(A))w

Proposition

If A is a unital separable C*-algebra, for which 0. T (A) is closed in
T(A), and if A denotes the multiplicative domain of T, then
AC (A, NA) + Ja, and

Tola: A— C(0e T(A))w

is a *-isomorphism.

It follows that if fi,...,f, C C(0.T(A)) are pairwise orthogonal
positive contractions, € > 0 and F C A is finite, then there are
pairwise orthogonal contractions ai,...,a, € A such that

1T (@)~ fllo <&, 1T(af) ~ fFlloo <e, la,alll <e, a€F.
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Suppose we are given:
@ ¢ >0 and F C A finite,
o Vi, Vo,..., Vi: My — A ucp maps,
o Ui, Us,...,Ux C 9. T(A) open, pairwise disjoint,
o fi,h,...,fk € C(9e T(A))T contractions; supp(fj) C U;,
@ aj,a,...,ax € A pairwise orthogonal positive contractions
such that
7(Vj(b*b) — Vj(b)*Vj(b)) < ¢ for all contractions b € Mo
and all 7 € U;,
e ||[a, V;(b)]|| < € for all contractions b € M> and all a € F,
e ||[a,a)]|| <€ forall a€ FU {images of balls of the V;'s},
o |[T(a)) — £ll < = and |T(a2) — £2]| < &

Then
k

=LAy be

defines a cp "tracially almost order zero” map M, — A with
W(1) =311 4
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Advertisement:

Masterclass on Sofic groups and Applications to
Operator Algebras

Copenhagen, November 5.-9., 2012.

The Masterclass is aimed at PhD students and postdocs (others
are also welcome). There are lecture series (mini courses) by:

e David Kerr
o Narutaka Ozawa
@ Andreas Thom
+ a few additional lectures, including by Nicolas Monod.

Some support for PhD students and postdoc is available (you must
apply). Don't wait too long.

The webpage for the conference can be found under " conferences”
in the departments homepage www.math.ku.dk.
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