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What is the Calkin algebra?

Let H be an infinite dimensional separable Hilbert space. Let L(H) be the
algebra of all bounded operators on H.
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operations, L(H) has an adjoint: for a € L(H), a* is determined by
(a*&,m) = (&, an) for all £,m € H. When H = C" with the usual Hilbert
space structure, this operation is the usual conjugate transpose of
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algebra of all bounded operators on H. Besides the usual algebraic
operations, L(H) has an adjoint: for a € L(H), a* is determined by
(a*&,m) = (&, an) for all £,m € H. When H = C" with the usual Hilbert
space structure, this operation is the usual conjugate transpose of
matrices.

Let K(H) be the ideal consisting of all compact operators on H. (For a
Hilbert space, although not for a general Banach space, this is the norm
closure of the set of finite rank operators.)

The Calkin algebrais Q = L(H)/K(H). The adjoint is well defined on Q.
The Calkin algebra is an inseparable purely infinite simple C*-algebra
which has no nonzero representations on separable Hilbert spaces.
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Inner and outer automorphisms
The Calkin algebra is Q = L(H)/K(H).

In this talk, automorphisms are *-automorphisms, that is, they preserve
adjoints as well as the algebra operations. Subalgebras will be
*_subalgebras.
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Inner and outer automorphisms
The Calkin algebra is Q = L(H)/K(H).

In this talk, automorphisms are *-automorphisms, that is, they preserve

adjoints as well as the algebra operations. Subalgebras will be
*_subalgebras.

Let A be any unital C*-algebra. An automorphism ¢ € Aut(A) is inner if
there is a unitary u € A (that is, ul= u*) such that, for all a € A, we
have p(a) = vau™! = vau*.
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there is a unitary u € A (that is, ul= u*) such that, for all a € A, we
have p(a) = vau™! = vau*. (If a+— sas~! is a *-automorphism, then
there is a unitary u such that sas~ ! = yau* for all a € A.) Otherwise, ¢ is
said to be outer.

We write Inn(A) for the subgroup of inner automorphisms. The
automorphism a — wvau* is denoted Ad(u).
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said to be outer.

We write Inn(A) for the subgroup of inner automorphisms. The
automorphism a — wvau* is denoted Ad(u).

It is easy to prove (idea given below) that every automorphism of L(H) is
inner (no matter what dim(H) is). The proof relies mainly on what
happens in K(H), and of course K(H) is no longer present in Q.
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Automorphisms of the Calkin algebra
All automorphisms of L(H) are inner. The proof is really about K(H). The
Calkin algebra is Q = L(H)/K(H).

Question
Does @ have outer automorphisms? J
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Automorphisms of the Calkin algebra

All automorphisms of L(H) are inner. The proof is really about K(H). The
Calkin algebra is Q = L(H)/K(H).

Does @ have outer automorphisms?

Question J

The first reference | have found is in the work of Brown-Douglas-Fillmore
in the early 70's, in connection with extension theory.
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Calkin algebra is Q = L(H)/K(H).

Does @ have outer automorphisms?

Question J

The first reference | have found is in the work of Brown-Douglas-Fillmore
in the early 70's, in connection with extension theory.

Let s be the image in @ of the unilateral shift. The unilateral shift acts on
sequences in /2 by

(50’517 B ) = (0750751’ .. )
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Automorphisms of the Calkin algebra

All automorphisms of L(H) are inner. The proof is really about K(H). The
Calkin algebra is Q = L(H)/K(H).

Does @ have outer automorphisms?

Question J

The first reference | have found is in the work of Brown-Douglas-Fillmore
in the early 70's, in connection with extension theory.

Let s be the image in @ of the unilateral shift. The unilateral shift acts on
sequences in /2 by

(507517 .. ) = (07507617 b )

They really wanted to know whether there is ¢ € Aut(Q) such that one
has ¢(s) = s*. (Such an automorphism can't be inner because it is
nontrivial on K-theory.)
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Two papers

Question J

Does @ have outer automorphisms?

@ N. C. Phillips and N. Weaver, The Calkin algebra has outer
automorphisms, Duke Math. J. 139(2007), 185-202.

@ |. Farah, All automorphisms of the Calkin algebra are inner, Ann.
Math. 173(2011), 619-661.
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The first paper assumes the Continuum Hypothesis. The second assumes
Todorcevic's Axiom (also known as the Open Coloring Axiom).
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This talk is primarily about the original proof of the existence of outer
automorphisms. (There is a somewhat different proof in the second
paper.) A reason for using the original proof will be seen later.
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Let ¢ € Aut(L(H)). We describe how to find u such that ¢ = Ad(u).
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Innerness of automorphisms of L(H).
Let ¢ € Aut(L(H)). We describe how to find u such that ¢ = Ad(u).

For £,n € H, let 6¢,, be the rank one operator i +— (u,7)¢.
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For £,n € H, let 6¢,, be the rank one operator 11— (u,n)&. If ||£|| = 1,
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Innerness of automorphisms of L(H).
Let ¢ € Aut(L(H)). We describe how to find u such that ¢ = Ad(u).

For £,n € H, let 6¢,, be the rank one operator 11— (u,n)&. If ||£|| = 1,
then 0¢ ¢ is a rank one projection.

Fix some & € H with ||o|| = 1. Then ¢(0¢, ¢,) is a rank one projection.
Choose 7 in its range such that ||ng]| = 1. Then v is determined by

u(€) = (b g )mo for € € H.

We omit the (easy) proofs that v is unitary and that ufg ,u* = (0 ) for
&,mneH.

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 7 /34



Innerness of automorphisms of L(H).
Let ¢ € Aut(L(H)). We describe how to find u such that ¢ = Ad(u).

For £,n € H, let 6¢,, be the rank one operator 11— (u,n)&. If ||£|| = 1,
then 0¢ ¢ is a rank one projection.

Fix some & € H with ||o|| = 1. Then ¢(0¢, ¢,) is a rank one projection.
Choose 7 in its range such that ||ng]| = 1. Then v is determined by

u(€) = (b g )mo for € € H.

We omit the (easy) proofs that v is unitary and that ufg ,u* = (0 ) for
&,mneH.

It follows that wvau™ = p(a) for all a € K(H).

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 7 /34



Innerness of automorphisms of L(H).
Let ¢ € Aut(L(H)). We describe how to find u such that ¢ = Ad(u).

For £,n € H, let 6¢,, be the rank one operator 11— (u,n)&. If ||£|| = 1,
then 0¢ ¢ is a rank one projection.

Fix some & € H with ||o|| = 1. Then ¢(0¢, ¢,) is a rank one projection.
Choose 7 in its range such that ||ng]| = 1. Then v is determined by

u(€) = (b g )mo for € € H.

We omit the (easy) proofs that v is unitary and that ufg ,u* = (0 ) for
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It follows that uau™ = (a) for all a € K(H). Since K(H) is an essential
ideal in L(H), general theory shows that two automorphisms which agree
on K(H) must be equal.

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 7 /34



Innerness of automorphisms of L(H).
Let ¢ € Aut(L(H)). We describe how to find u such that ¢ = Ad(u).

For £,n € H, let 6¢,, be the rank one operator 11— (u,n)&. If ||£|| = 1,
then 0¢ ¢ is a rank one projection.

Fix some & € H with ||o|| = 1. Then ¢(0¢, ¢,) is a rank one projection.
Choose 7 in its range such that ||ng]| = 1. Then v is determined by

u(€) = (b g )mo for € € H.

We omit the (easy) proofs that v is unitary and that ufg ,u* = (0 ) for
&,mneH.

It follows that uau™ = (a) for all a € K(H). Since K(H) is an essential
ideal in L(H), general theory shows that two automorphisms which agree
on K(H) must be equal.

Therefore ¢ = Ad(u).

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 7 /34



Innerness of automorphisms of L(H).
Let ¢ € Aut(L(H)). We describe how to find u such that ¢ = Ad(u).

For £,n € H, let 6¢,, be the rank one operator 11— (u,n)&. If ||£|| = 1,
then 0¢ ¢ is a rank one projection.

Fix some & € H with ||o|| = 1. Then ¢(0¢, ¢,) is a rank one projection.
Choose 7 in its range such that ||ng]| = 1. Then v is determined by

u(€) = (b g )mo for € € H.

We omit the (easy) proofs that v is unitary and that ufg ,u* = (0 ) for
&,mneH.

It follows that uau™ = (a) for all a € K(H). Since K(H) is an essential
ideal in L(H), general theory shows that two automorphisms which agree
on K(H) must be equal.

Therefore ¢ = Ad(u).

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 7 /34



Innerness of automorphisms of L(H).
Let ¢ € Aut(L(H)). We describe how to find u such that ¢ = Ad(u).

For £,n € H, let 6¢,, be the rank one operator 11— (u,n)&. If ||£|| = 1,
then 0¢ ¢ is a rank one projection.

Fix some & € H with ||o|| = 1. Then ¢(0¢, ¢,) is a rank one projection.
Choose 7 in its range such that ||ng]| = 1. Then v is determined by

u(€) = (b g )mo for € € H.

We omit the (easy) proofs that v is unitary and that ufg ,u* = (0 ) for
&,mneH.

It follows that uau™ = (a) for all a € K(H). Since K(H) is an essential
ideal in L(H), general theory shows that two automorphisms which agree
on K(H) must be equal.

Therefore ¢ = Ad(u).

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 7 /34



Open questions

Theorem

Assume the Continuum Hypothesis. Then @ has outer automorphisms.

J
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Open questions
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Assume the Continuum Hypothesis. Then @ has outer automorphisms. J

In fact, Q has 22°° approximately inner automorphisms, but only 2% inner
automorphisms.
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Open questions
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Assume the Continuum Hypothesis. Then @ has outer automorphisms. J

In fact, Q has 22°° approximately inner automorphisms, but only 280 inner
automorphisms.

Theorem
Assume Todorcevic's Axiom. Then @ has no outer automorphisms.
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Open questions

Theorem J

Assume the Continuum Hypothesis. Then @ has outer automorphisms.

In fact, Q has 22°° approximately inner automorphisms, but only 280 inner
automorphisms.

Assume Todorcevic's Axiom. Then @ has no outer automorphisms.

Theorem J

Recall that s € Q is the image of the unilateral shift. The following
question remains open:
Question

Is it consistent with ZFC that Q has an automorphism ¢ such that
p(s) = s™7
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Open questions (continued)

Question

Is it consistent with ZFC that @ has an automorphism ¢ such that
o(s) = s*?
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Open questions (continued)

Question

Is it consistent with ZFC that Q has an automorphism ¢ such that
p(s) = s*7

Recall that K1(Q) = Z. It is equivalent to ask whether there is
¢ € Aut(Q) such that ¢,: Ki(Q) — Ki(Q) is multiplication by —1.
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Question

Is it consistent with ZFC that Q has an automorphism ¢ such that
o(s) = s*?

Recall that K1(Q) = Z. It is equivalent to ask whether there is
¢ € Aut(Q) such that ¢,: Ki(Q) — Ki(Q) is multiplication by —1.

The following question also remains open:
Question

Is it consistent with ZFC that Q@ has an automorphism ¢ which is not
approximately inner but such that p.: K1(Q) — Ki(Q) is idk,(q)?
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Basic outline of the proof.

From now on, we assume the Continuum Hypothesis, and we describe
parts of the proof that @ has at least one outer automorphism.
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Voiculescu's Theorem
We want separable subalgebras A, C Q such that J, % Aq = @, and
automorphisms ¢, € Aut(A,) such that:

Q ©5la, = P Whenever a < 3 < 2%,

Q@ ¢, # Ad(u,) whenever o < 2%,
Suppose we have A, and ¢,.
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Separability

To get Aq+1 and ¢q41 from A, and ¢, we need:

Theorem (Voiculescu's Theorem)

Let A C Q be a separable unital subalgebra. Let P C Q be the set of all
projections p € @ which commute with every element of A. Then a € Q is
in A if and only if ap = pa for all p € P.

We will apply it with A = A,. Therefore A, must be separable.
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If B < 2% is a limit ordinal, we will use A = U'Y<BA Therefore 3 must
be countable. This is how we use the Continuum Hypothesis.
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The automorphism at limit ordinals

To get Ap+1 and q41 from A, and 4, we need to know that ¢, is
implemented by a unitary in Q.
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implemented by a unitary in Q.

If 3 < 2% is a limit ordinal, we will use A = U, <Ay and the
automorphism ¢ € Aut(A) determined by |4, = ¢, whenever v < 3.
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implemented by a unitary in Q.
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o With A= J,;2, An, the limit automorphism ¢ € Aut(A) is
determined by p(a) = vhav; for a € Aj.
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What we want is probably not true
Suppose:
@ Ay C A1 C -+ are separable unital subalgebras of Q.
@ vi,V2,... € Q are unitaries such that v,A,v; = A, and
Ad(v,,+1)|A" = Ad(Vn)|A,, for n € Zzo.
o With A= J,2, An, the limit automorphism ¢ € Aut(A) is
determined by p(a) = vpav) for a € A,.
Then we want ¢ to be implemented by a unitary in Q.

Unfortunately, this is probably false.
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Let D be the rational UHF algebra, that is, the one with Ko(D) = Q.
(This is a particular C*-algebraic direct limit of finite dimensional
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Unfortunately, this is probably false. Here is a related example.

Let D be the rational UHF algebra, that is, the one with Ko(D) = Q.
(This is a particular C*-algebraic direct limit of finite dimensional
C*-algebras.) Then there exist uncountably many unital homomorphisms
from D to Q which are approximately unitarily equivalent (so unitarily
equivalent on all finite dimensional subalgebras), but are pairwise not
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Digression: A model theoretic consequence
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Types in the Calkin algebra
We have B = J;2, B, C Q, and a homomorphism ¢: B — Q, such that:

@ For every n € Z>q, there exists a unitary u, € Q such that
o(b) = upbuy; for all b € By,

@ There is no unitary u € Q such that o(b) = ubu* for all b € B.

We are considering the type given by the following conditions on x € Q:

Ixakx™ —o(ak)]| =0 and ||x*o(ax)x —ak|| =0 for k € Z>o.
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Replacing approximate innerness

We have:
@ Separable unital subalgebra Ag C A; C --- C Q.
@ Unitaries vq, vo,... € Q such that v,A,v; = A, and

Ad(Vn+1)|A,, = Ad(Vn)|A,, for n € Zzo.
o With A= J,2, An, an automorphism ¢ € Aut(A) determined by
v(a) = vpav; for a € A,.
It probably does not follow that ¢ is implemented by a unitary, not even
(as will happen in our case) if v, € Apy1 for all n € Zxg.
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Asymptotic innerness
Definition

Let A be a unital C*-algebra, and let ¢, € Aut(A). Then ¢ is
asymptotically unitarily equivalent to v if there is a continuous path
t — uy, for t € [0,00), in the unitary group of A such that

lim¢—oo urp(a)uy = 1p(a) for all a € A.
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Using asymptotic innerness

If AC Q is separable and ¢ € Aut(A) is asymptotically inner in A, then ¢
is implemented by a unitary in Q.

If 3 < 2% is a limit ordinal, we will take A = U7<5A and let ¢ € Aut(A)
be the automorphism determined by ¢|a, = ¢, whenever v < 3. We need
the automorphisms ¢, to be implemented by unitaries v, € Q.
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structure that we can show that ¢ is in fact asymptotically inner in A, and
moreover that we still have the auxiliary structure when we construct Ag.
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Quasicentral approximate identities

We give the basic idea of the proof that asymptotic innerness implies
innerness. (The main work was done by Manuilov and Thomsen.)
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If Ais a C*-algebra, then an approximate identity for A is a net (ex)xea
such that limy exa = a and lim aey, = a for all a € A. We also require that
ex > 0and ||ey]| <1 forall A € A, and that u < X imply e, < ej.
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Using quasicentral approximate identities: setup

We have a separable subalgebra A C Q and an asymptotically inner

automorphism ¢ of A. We want to show that ¢ is implemented by a
unitary in Q.

Let m: L(H) — Q be the quotient map.
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If the quasicentral approximate identity consists of
projections

We have 7: L(H) — Q and B = 7~ 1(A). Also, (en)nez, is an
approximate identity for K(H) which is quasicentral for B, and t — w; is

a unitary path in L(H) such that lim;_ ||7(w:)am(we)* — ¢(a)|| = 0 for
all a € A.
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Suppose that we could take (e;)nez., to be an increasing sequence of
finite rank projections.
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averaging process. But this situation is a good place to start.)

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 25 / 34



If the quasicentral approximate identity consists of
projections

We have m: L(H) — Q and B = 7 1(A). Also, (en)nez., is an
approximate identity for K(H) which is quasicentral for B, and t — w; is

a unitary path in L(H) such that lim;_ ||7(w:)am(we)* — ¢(a)|| = 0 for
all a € A

Suppose that we could take (e;)nez., to be an increasing sequence of
finite rank projections. (Not likely, since the proof of existence involves an
averaging process. But this situation is a good place to start.)

Taking ep = 0, this means that (e,+1 — en)nezzo is a sequence of
orthogonal finite rank projections in L(H)

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 25 / 34



If the quasicentral approximate identity consists of
projections

We have m: L(H) — Q and B = 7 1(A). Also, (en)nez., is an
approximate identity for K(H) which is quasicentral for B, and t — w; is
a unitary path in L(H) such that lim;_ ||7(w:)am(we)* — ¢(a)|| = 0 for
all a € A

Suppose that we could take (e;)nez., to be an increasing sequence of
finite rank projections. (Not likely, since the proof of existence involves an
averaging process. But this situation is a good place to start.)

Taking ep = 0, this means that (e,+1 — en)nezzo is a sequence of
orthogonal finite rank projections in L(H) such that >° (eny1 —€5) =1
in the strong operator topology.

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 25 / 34



If the quasicentral approximate identity consists of
projections

We have m: L(H) — Q and B = 7 1(A). Also, (en)nez., is an
approximate identity for K(H) which is quasicentral for B, and t — w; is
a unitary path in L(H) such that lim;_ ||7(w:)am(we)* — ¢(a)|| = 0 for
all a € A

Suppose that we could take (e;)nez., to be an increasing sequence of
finite rank projections. (Not likely, since the proof of existence involves an
averaging process. But this situation is a good place to start.)

Taking ep = 0, this means that (e,+1 — en)nezzo is a sequence of
orthogonal finite rank projections in L(H) such that >° (eny1 —€5) =1

in the strong operator topology.

Then we would only need approximate innerness.

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 25 / 34



If the quasicentral approximate identity consists of
projections

We have m: L(H) — Q and B = 7 1(A). Also, (en)nez., is an
approximate identity for K(H) which is quasicentral for B, and t — w; is
a unitary path in L(H) such that lim;_ ||7(w:)am(we)* — ¢(a)|| = 0 for
all a € A

Suppose that we could take (e;)nez., to be an increasing sequence of
finite rank projections. (Not likely, since the proof of existence involves an
averaging process. But this situation is a good place to start.)

Taking ep = 0, this means that (e,+1 — en)nezzo is a sequence of
orthogonal finite rank projections in L(H) such that >° (eny1 —€5) =1
in the strong operator topology.

Then we would only need approximate innerness. Thus, assume that
(Wn)nez-, is a unitary sequence in B such that
limp— o0 ||m(wp)am(w,)* — @(a)|| = 0 for all a € A.

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 25 / 34



If the quasicentral approximate identity consists of
projections

We have m: L(H) — Q and B = 7 1(A). Also, (en)nez., is an
approximate identity for K(H) which is quasicentral for B, and t — w; is
a unitary path in L(H) such that lim;_ ||7(w:)am(we)* — ¢(a)|| = 0 for
all a € A

Suppose that we could take (e;)nez., to be an increasing sequence of
finite rank projections. (Not likely, since the proof of existence involves an
averaging process. But this situation is a good place to start.)

Taking ep = 0, this means that (e,+1 — en)nezzo is a sequence of
orthogonal finite rank projections in L(H) such that >° (eny1 —€5) =1
in the strong operator topology.

Then we would only need approximate innerness. Thus, assume that
(Wn)nez-, is a unitary sequence in B such that
limp— o0 ||m(wp)am(w,)* — @(a)|| = 0 for all a € A.
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If the quasicentral approximate identity consists of
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Producing an implementing unitary

We have 7: L(H) — @ and B = 7~ 1(A). Also, (e)nez-, is an increasing
sequence of projections in L(H) such that >_°° (e,t1 — e,) = 1, and
which is quasicentral for B. Furthermore, (Wp)nez., is a unitary sequence
in B such that lim,_ ||m(w,)am(w,)* — ¢(a)|| = 0 for all a € A.
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We have 7: L(H) — @ and B = 7~ 1(A). Also, (e)nez-, is an increasing
sequence of projections in L(H) such that >_°° (e,t1 — e,) = 1, and
which is quasicentral for B. Furthermore, (Wp)nez., is a unitary sequence
in B such that lim,_ ||m(w,)am(w,)* — ¢(a)|| = 0 for all a € A.

By quasicentrality and omitting terms from (en)ncz.,, We can assume that
lim (epw, — whep) =0 and  lim (epr1w, — Whent1) = 0.
n—oo n—oo

(Details omitted.)
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Producing an implementing unitary
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By quasicentrality and omitting terms from (en)ncz.,, We can assume that
lim (epw, — whep) =0 and  lim (epr1w, — Whent1) = 0.
n—oo n—oo

(Details omitted.) Now define

o0
w = Z(en—l-l - en)Wn(en—l-l - en);
n=0
with convergence in the strong operator topology.
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w = Z(en—l-l - en)Wn(en—l-l - en);

n=0

with convergence in the strong operator topology. Then w is a block
diagonal matrix with finite rank blocks.

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 26 / 34



Producing an implementing unitary

We have 7: L(H) — @ and B = 7~ 1(A). Also, (e)nez-, is an increasing
sequence of projections in L(H) such that >_°° (e,t1 — e,) = 1, and
which is quasicentral for B. Furthermore, (Wp)nez., is a unitary sequence
in B such that lim,_ ||m(w,)am(w,)* — ¢(a)|| = 0 for all a € A.

By quasicentrality and omitting terms from (en)ncz.,, We can assume that
lim (epw, — whep) =0 and  lim (epr1w, — Whent1) = 0.
n—oo n—oo

(Details omitted.) Now define

o0
w = Z(en—l-l - en)Wn(en—l-l - en);
n=0
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n—oo
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with convergence in the strong operator topology. Then w is a block
diagonal matrix with finite rank blocks. Moreover, with p, = e,11 — ep,

lim HPnW:Pn " PnWnPn — PnH =0,

n—oo

from which one easily gets w(w)*m(w) = 1.
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The automorphism is inner

Set p, = ent1 — e, for n € Z>g.
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The automorphism is inner

Set pp = eny1 — €, for n € Z>o. We have > 7°  pp =1,

liMp_oo ||m(wWh)am(w,)* —(a)|| =0 for all a € A, lim,_.oo(pnb— bpp) =0
for all b € B, and lim,_,oo(pnWn — wnpn) = 0. Define

00
w = Z PnWnpPn-
n=0

Then 7(w) is unitary.
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00
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Then 7(w) is unitary.

Let b€ B. Then b— Y >, pnbpn is compact,
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for all b € B, and lim,_,oo(pnWn — wnpn) = 0. Define

00
w = Z PnWnpPn-
n=0

Then 7(w) is unitary.

Let b€ B. Then b— Y 2 pnbpn is compact, and one can check that

0o 00
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The automorphism is inner

Set pp = eny1 — €, for n € Z>o. We have > 0° 1 pp =1

liMmp_oo ||T(Wn)am(wy)* —p(a)|| =0 for all a € A, limp—oo(pnb— bpp) =0
for all b € B, and lim,_,oo(pnWn — wnpn) = 0. Define

00
w = Z PnWnpPn-
n=0

Then 7(w) is unitary.

Let b€ B. Then b— Y 2 pnbpn is compact, and one can check that

o x
w (Z p,,bp,,) w* — Z PrWnbw, pp,
n=0 n=0

is compact. Moreover, one can check that

™ <Z pnwan:pn> = lim m(wa)m(b)m(wa)* = ¢(r(b)).
n=0
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When we don't have projections

We heavily used the fact that we were working with block diagonal
elements.
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When we don't have projections

We heavily used the fact that we were working with block diagonal
elements. This is a consequence of

(em+1 — em)(ent1 — €n) =0

for m # n,
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When we don't have projections

We heavily used the fact that we were working with block diagonal
elements. This is a consequence of

(em+1 — em)(ent1 — €n) =0

for m # n, which followed from the assumption that e, is a projection and
ent1 > e, forall n € Z-o.
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When we don't have projections

We heavily used the fact that we were working with block diagonal
elements. This is a consequence of

(em+1 — em)(ent1 — €n) =0

for m # n, which followed from the assumption that e, is a projection and
ent1 > e, forall n € Z-o.

In general, with a little work, we can arrange to have e,t+1e, = e, for all
ne Z>07
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When we don't have projections

We heavily used the fact that we were working with block diagonal
elements. This is a consequence of

(em+1 — em)(ent1 — €n) =0

for m # n, which followed from the assumption that e, is a projection and
ent1 > e, forall n € Z-o.

In general, with a little work, we can arrange to have e,t+1e, = e, for all
n € Z~o, but we can’t get projections.
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When we don't have projections

We heavily used the fact that we were working with block diagonal
elements. This is a consequence of

(em+1 — em)(ent1 —€n) =0

for m # n, which followed from the assumption that e, is a projection and
ent1 > e, forall n € Z-o.

In general, with a little work, we can arrange to have e,t+1e, = e, for all
n € Zso, but we can’t get projections. We then get

(em+1 — em)(ent1 —€n) =0

for [m —n| > 1.
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When we don't have projections

We heavily used the fact that we were working with block diagonal
elements. This is a consequence of

(em+1 — em)(ent1 —€n) =0

for m # n, which followed from the assumption that e, is a projection and

ent1 > e, forall n € Z-o.

In general, with a little work, we can arrange to have e,t+1e, = e, for all

n € Zso, but we can’t get projections. We then get

(em+1 — em)(ent1 —€n) =0
for [m — n| > 1. But

(en - enfl)(enJrl - en) =6€n— es:

which is nonzero unless e, is a projection.
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Not quite block diagonal
We get (em+1 — em)(en+1 — en) = 0 for [m — n| > 1; not for |[m — n| = 1.

We still think of block matrices (even though e,1 — e, is not a
projection).
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Not quite block diagonal
We get (em+1 — em)(en+1 — en) = 0 for [m — n| > 1; not for |[m — n| = 1.
We still think of block matrices (even though e,1 — e, is not a
projection). We must now take

[o.¢]

w = Z(en—i—l - en)Wn(en—i—l - en)

n=0

0o 00
+ Z(en+2 - en+1)cn(en+1 - en) + Z(en—i—l - en)dn(en+2 - en+1)
n=0 n=0

for suitable choices of ¢, and d,.
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Not quite block diagonal
We get (em+1 — em)(en+1 — €n) = 0 for |m — n| > 1; not for |m — n| = 1.

We still think of block matrices (even though e,1 — e, is not a
projection). We must now take

oo

w = Z(en—i—l - en)Wn(en+1 - en)

n=0

oo o0

+ Z(en+2 — ent1)cn(ent1 — €n) + Z(en—H — €n)dn(ent2 — €nt1)
n=0 n=0

for suitable choices of ¢, and d,. When we try to show that 7(w) is

unitary, in some places in the calculation we need ¢, = w, and in some
places we need ¢, = Wp41.
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We get (em+1 — em)(en+1 — €n) = 0 for |m — n| > 1; not for |m — n| = 1.
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Not quite block diagonal
We get (em+1 — em)(en+1 — €n) = 0 for |m — n| > 1; not for |m — n| = 1.

We still think of block matrices (even though e,1 — e, is not a
projection). We must now take

)
w = Z(en—i—l - en)Wn(en+1 - en)
n=0
) 00
+ Z(en+2 — ent1)Cn(ent1 — €n) + Z(en—H — en)dn(ent2 — en+1)
n=0 n=0

for suitable choices of ¢, and d,. When we try to show that 7(w) is
unitary, in some places in the calculation we need ¢, = w, and in some
places we need ¢, = wy41. Similarly for d,.

This is a problem. However, if ¢ is asymptotically inner,
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Not quite block diagonal
We get (em+1 — em)(en+1 — €n) = 0 for |m — n| > 1; not for |m — n| = 1.

We still think of block matrices (even though e,1 — e, is not a
projection). We must now take

)
w = Z(en—i—l - en)Wn(en+1 - en)
n=0
) 00
+ Z(en+2 — ent1)Cn(ent1 — €n) + Z(en—H — en)dn(ent2 — en+1)
n=0 n=0

for suitable choices of ¢, and d,. When we try to show that 7(w) is
unitary, in some places in the calculation we need ¢, = w, and in some
places we need ¢, = wy41. Similarly for d,.

This is a problem. However, if ¢ is asymptotically inner, then we have a
continuous path t — w;.
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Not quite block diagonal
We get (em+1 — em)(en+1 — €n) = 0 for |m — n| > 1; not for |m — n| = 1.

We still think of block matrices (even though e,1 — e, is not a
projection). We must now take

)
w = Z(en—i—l - en)Wn(en+1 - en)
n=0
) 00
+ Z(en+2 — ent1)Cn(ent1 — €n) + Z(en—H — en)dn(ent2 — en+1)
n=0 n=0

for suitable choices of ¢, and d,. When we try to show that 7(w) is
unitary, in some places in the calculation we need ¢, = w, and in some
places we need ¢, = wy41. Similarly for d,.

This is a problem. However, if ¢ is asymptotically inner, then we have a
continuous path t — w;. We can choose 0 = tg < t; < -+ such that
limp—oo th = 00 and limp_o0 || We,,; — ws,|| = 0.
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projection). We must now take

)
w = Z(en—i—l - en)Wn(en+1 - en)
n=0
) 00
+ Z(en+2 — ent1)Cn(ent1 — €n) + Z(en+1 — en)dn(ent2 — en+1)
n=0 n=0

for suitable choices of ¢, and d,. When we try to show that 7(w) is
unitary, in some places in the calculation we need ¢, = w, and in some
places we need ¢, = wy41. Similarly for d,.

This is a problem. However, if ¢ is asymptotically inner, then we have a
continuous path t — w;. We can choose 0 = tg < t; < -+ such that
limp—oo th = 00 and limp_o [|[We,,; — W, || = 0. Then the error from
sometimes using w, and sometimes w, 1 will be a compact operator,
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Asymptotic innerness implies innerness

We have seen an outline of how to prove that if A C Q is separable unital,

and ¢ € Aut(A) is asymptotically inner in A, then ¢ is implemented by a
unitary in Q.
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unitary in Q.

There are still details to check (omitted). Moreover, a more complicated

statement is needed because of the auxiliary structure that must be carried
along (also omitted).
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One step

Suppose we have A, and ¢,, and we want to get A,+1 and ©,+1. Recall
that ¢, is implemented by a unitary v, € Q.
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One step

Suppose we have A, and ¢,, and we want to get A,+1 and ©,+1. Recall
that ¢, is implemented by a unitary v, € Q.

We also suppose we have an “enumeration” of @ as {xg: 3 < 2%}, and
we recall our “enumeration” of the unitaries in Q as {ug: 8 < 2%0}.
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Suppose we have A, and ¢,, and we want to get A,+1 and ©,+1. Recall
that ¢, is implemented by a unitary v, € Q.

We also suppose we have an “enumeration” of @ as {xg: 3 < 2%}, and
we recall our “enumeration” of the unitaries in Q as {ug: 3 < 2o},
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Set B = C*(Aa, Xa+1, Va)- Suppose Ad(v,) # Ad(uq+1). Choose y € Q
such that Ad(va)(y) # Ad(ua+1)(y), take Aqy1 = C*(B, y), and take
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Voiculescu's Theorem, there is a projection p € @ which commutes with
all elements of B but not with Ad(v,)(y)-

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 31/ 34
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Suppose we have A, and ¢,, and we want to get A,+1 and ©,+1. Recall
that ¢, is implemented by a unitary v, € Q.

We also suppose we have an “enumeration” of @ as {xg: 3 < 2%}, and
we recall our “enumeration” of the unitaries in Q as {ug: 3 < 280},

We will require that A,+1 contain x,t1 and v,. The first ensures that,
when all is done, we get [Jz_o% Ag = Q. The second ensures that Ad(ve)
defines an automorphism 7 of A,+1.

Set B = C*(Aa, Xa+1, Va)- Suppose Ad(v,) # Ad(uq+1). Choose y € Q
such that Ad(va)(y) # Ad(ua+1)(y), take Aqy1 = C*(B, y), and take
Va+1 = Vo We are done.

Suppose now that Ad(vy) = Ad(ua+1). Choose some y € Q \ B. By
Voiculescu's Theorem, there is a projection p € @ which commutes with
all elements of B but not with Ad(v,)(y). Set v =1 — 2p, which is
unitary. Then Ad(v)|g = idg, so Ad(v)|a, = ida,,
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One step (continued)

We took B = C*(Aq, Xa+1; Va ). We had found that Ad(v,) = Ad(ua+1).
We chose y € Q \ B and a projection p € Q which commutes with all
elements of B but not with Ad(v,)(y). We set v =1 — 2p, getting

Ad(v)[a, =ida, and (Ad(v)o Ad(va))(y) # Ad(tat1)(y)-
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One step (continued)

We took B = C*(Aq, Xa+1; Va ). We had found that Ad(v,) = Ad(ua+1)
We chose y € Q \ B and a projection p € Q which commutes with all
elements of B but not with Ad(v,)(y). We set v =1 — 2p, getting

Ad(v)[a, =ida, and (Ad(v)o Ad(va))(y) # Ad(tat1)(y)-

Take Ap+1 = C*(B,y,p) and vot1 = (2p — 1)v,.
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Yat+1 = Ad(Vat1)|a,,, agrees with ¢, on A,
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One step (continued)

We took B = C*(Aq, Xa+1; Vo). We had found that Ad(v,) = Ad(ua+1)-
We chose y € Q \ B and a projection p € Q which commutes with all
elements of B but not with Ad(v,)(y). We set v =1 — 2p, getting

Ad(v)[a, =ida, and (Ad(v)o Ad(va))(y) # Ad(tat1)(y)-

Take Ap+1 = C*(B,y,p) and voy1 = (2p — 1)v,. Then
Yat+1 = Ad(Vay1)|a,,, agrees with ¢, on A, but is different from
Ad(ua+1)|a,.,- (Note: We are not claiming that

Ad(ua+1)(Aat1) C Aat1)
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Ad(ua+1)|a,.,- (Note: We are not claiming that

Ad(ua+1)(Aat1) C Aat1)

We return very briefly to paths.
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We return very briefly to paths. In the full proof, we need a number M,
independent of «, and a continuous path from v, to v,1, consisting of
unitaries which commute with all elements of A,,.
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We return very briefly to paths. In the full proof, we need a number M,
independent of «, and a continuous path from v, to v,1, consisting of
unitaries which commute with all elements of A,. Choosing M = 7 and
using the path t — 1 — p+ e™p, for t € [0,1], will work.
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actually needs more, and the correct construction is a bit more
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actually needs more, and the correct construction is a bit more
complicated.)
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One step (continued)

We took B = C*(Aq, Xa+1; Vo). We had found that Ad(v,) = Ad(ua+1)-
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Ad(v)[a, =ida, and (Ad(v)o Ad(va))(y) # Ad(tat1)(y)-

Take Ap+1 = C*(B,y,p) and voy1 = (2p — 1)v,. Then

Yat+1 = Ad(Vay1)|a,,, agrees with ¢, on A, but is different from
Ad(ua+1)|a,.,- (Note: We are not claiming that

Ad(ua+1)(Aat1) C Aat1)

We return very briefly to paths. In the full proof, we need a number M,
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The last step: limit ordinals

We saw (a simplified version of) how to get A,+1 and p,+1 when we have
Aq and g
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The last step: limit ordinals

We saw (a simplified version of) how to get A,+1 and p,+1 when we have
Aq and g

The construction at limit ordinals is essentially the same. Suppose « is a

limit ordinal, and we have Ag and ¢ for 3 < a. Set Bo = (Jg, Ag- We
use By in place of A, on the previous slides.
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implies unitary implementation to get a unitary v € @ such that
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use By in place of A, on the previous slides. We use asymptotic innerness
implies unitary implementation to get a unitary v € @ such that
Ad(v)|a; = ¢p for all 3 < a. We set B = C*(Bo, Xa, V).

If Ad(v) # Ad(ua+1), choose y € Q on which they disagree, take
Ay = C*(B,y), and take v, = v.

N. C. Phillips (University of Oregon) Automorphisms of the Calkin algebra 10 September 2012 33 /34
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limit ordinal, and we have Ag and g for 3 < a. Set By = Uﬁ<a Ag. We
use By in place of A, on the previous slides. We use asymptotic innerness
implies unitary implementation to get a unitary v € @ such that
Ad(v)|a; = ¢p for all 3 < a. We set B = C*(Bo, Xa, V).

If Ad(v) # Ad(ua+1), choose y € Q on which they disagree, take
Ay = C*(B,y), and take v, = v.

If Ad(v) = Ad(uy), we choose y € Q \ B and a projection p € Q which
commutes with all elements of B but not with Ad(v)(y).
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