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Theorem
(Elliott-Gong (1996)) Let A and B be two unital simple AH-algebras
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Theorem

(Elliott-Gong (1996)) Let A and B be two unital simple AH-algebras with
slow dimension growth
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Theorem

(Elliott-Gong (1996)) Let A and B be two unital simple AH-algebras with
slow dimension growth and with real rank zero.
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Theorem

(Elliott-Gong (1996)) Let A and B be two unital simple AH-algebras with
slow dimension growth and with real rank zero. Then A = B if and only if
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Theorem

(Elliott-Gong (1996)) Let A and B be two unital simple AH-algebras with
slow dimension growth and with real rank zero. Then A = B if and only if

(KO(A)? KO(A)-H [1A]7 Kl(A)) = (KO(B)> KO(B)-H [18]7 Kl(B))
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Theorem

(Elliott-Gong (1996)) Let A and B be two unital simple AH-algebras with
slow dimension growth and with real rank zero. Then A = B if and only if

(KO(A)? KO(A)-H [1A]7 Kl(A)) = (KO(B)> KO(B)-I-? [18]7 Kl(B))

Theorem
( Elliott-Gong-Li 2007) Let A and B be two unital simple AH-algebras
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Theorem

(Elliott-Gong (1996)) Let A and B be two unital simple AH-algebras with
slow dimension growth and with real rank zero. Then A = B if and only if

(KO(A)? KO(A)-H [1A]7 Kl(A)) = (KO(B)> KO(B)-H [18]7 Kl(B))

Theorem

( Elliott-Gong-Li 2007) Let A and B be two unital simple AH-algebras
with no dimension growth. Then A= B if and only if
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Theorem

(Elliott-Gong (1996)) Let A and B be two unital simple AH-algebras with
slow dimension growth and with real rank zero. Then A = B if and only if

(KO(A)? KO(A)-H [1A]7 Kl(A)) = (KO(B)> KO(B)-H [18]7 Kl(B))

Theorem

( Elliott-Gong-Li 2007) Let A and B be two unital simple AH-algebras
with no dimension growth. Then A= B if and only if

(KO(A)’ KO(A)+7 [1A]7 KI(A)7 T(A)v rA)
= (KO(B)vKO(B)-H[1B]vK1(B)v T(B)arB)' (eO]')

v
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Here rc is an affine map from T(C) into S1(Ko(C)), the state space of
Ko(C), such that rc(7)([p]) = 7(p) for all projections in M,(C), k > 1.
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Here rc is an affine map from T(C) into S1(Ko(C)), the state space of
Ko(C), such that rc(7)([p]) = 7(p) for all projections in M,(C), k > 1.
The symbol "2" means: there is an isomorphism k1 : K1(A) — Ki(B);

911- 2012, Fields Institute Joint work }Nith [¢
34

Huaxin Lin Department of Mathematics UnivSimple C*-algebras of generalized tracial ran



Here rc is an affine map from T(C) into S1(Ko(C)), the state space of
Ko(C), such that rc(7)([p]) = 7(p) for all projections in M,(C), k > 1.
The symbol "2" means: there is an isomorphism k1 : K1(A) — Ki(B); an
order isomorphism kg : Ko(A) — Ko(B) such that ko([14a]) = [1B];
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Here rc is an affine map from T(C) into S1(Ko(C)), the state space of
Ko(C), such that rc(7)([p]) = 7(p) for all projections in M,(C), k > 1.
The symbol "2" means: there is an isomorphism k1 : K1(A) — Ki(B); an
order isomorphism kg : Ko(A) — Ko(B) such that ko([14]) = [15]; an
affine homeomorphism ~ : T(A) — T(B)
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Here rc is an affine map from T(C) into S1(Ko(C)), the state space of
Ko(C), such that rc(7)([p]) = 7(p) for all projections in M,(C), k > 1.
The symbol "2" means: there is an isomorphism k1 : K1(A) — Ki(B); an
order isomorphism kg : Ko(A) — Ko(B) such that ko([14]) = [15]; an
affine homeomorphism ~ : T(A) — T(B) such that

rao (v7H(r))(x) = ra(7)(ko(x))

for all x € Ko(A) and 7 € T(A).

911- 2012, Fields Institute Joint work }Nith [¢
34

Huaxin Lin Department of Mathematics UnivSimple C*-algebras of generalized tracial ran



Here rc is an affine map from T(C) into S1(Ko(C)), the state space of
Ko(C), such that rc(7)([p]) = 7(p) for all projections in M,(C), k > 1.
The symbol "2" means: there is an isomorphism k1 : K1(A) — Ki(B); an
order isomorphism kg : Ko(A) — Ko(B) such that ko([14]) = [15]; an
affine homeomorphism ~ : T(A) — T(B) such that

rao (Y"H7))(x) = ra(7)(ko(x))
for all x € Ko(A) and 7 € T(A). We will write

EH(A) = (KO(A)a KO(A)+7 [1A]7 Kl(A)’ T(A)7 rA)'
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Denote by 7y the class of all finite dimensional C*-algebras,
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Denote by Zy the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P,
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Denote by Zy the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k,
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Denote by Zy the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.
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Denote by Zy the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition
Let A be a unital simple C*-algebra.
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Denote by Zj the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition
Let A be a unital simple C*-algebra. We say A has tracial rank at
most k

911- 2012, Fields Institute Joint work }Nith [¢
34

Huaxin Lin Department of Mathematics UnivSimple C*-algebras of generalized tracial ran



Denote by Zj the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition

Let A be a unital simple C*-algebra. We say A has tracial rank at
most k and write TR(A) < k, if the following holds:
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Denote by Zj the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition
Let A be a unital simple C*-algebra. We say A has tracial rank at
most k and write TR(A) < k, if the following holds: For any

ac A+\{0}7
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Denote by Zj the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition

Let A be a unital simple C*-algebra. We say A has tracial rank at
most k and write TR(A) < k, if the following holds: For any

ac AL\ {0}, anye >0
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Denote by Zj the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition

Let A be a unital simple C*-algebra. We say A has tracial rank at
most k and write TR(A) < k, if the following holds: For any

ac€ AL\ {0}, any e >0 and any compact subset F C A, there exists a
projection p € A
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Denote by Zj the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition

Let A be a unital simple C*-algebra. We say A has tracial rank at
most k and write TR(A) < k, if the following holds: For any

ac€ AL\ {0}, any e >0 and any compact subset F C A, there exists a
projection p € A and a C*-subalgebra C € Z
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Denote by Zj the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition

Let A be a unital simple C*-algebra. We say A has tracial rank at
most k and write TR(A) < k, if the following holds: For any

ac€ AL\ {0}, any e >0 and any compact subset F C A, there exists a
projection p € A and a C*-subalgebra C € 7, with 1¢ = p such that
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Denote by Zj the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition

Let A be a unital simple C*-algebra. We say A has tracial rank at
most k and write TR(A) < k, if the following holds: For any

ac€ AL\ {0}, any e >0 and any compact subset F C A, there exists a
projection p € A and a C*-subalgebra C € 7, with 1¢ = p such that
(1) |[px — xp|| < € for all x € F;
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Denote by Zj the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition

Let A be a unital simple C*-algebra. We say A has tracial rank at
most k and write TR(A) < k, if the following holds: For any

ac€ AL\ {0}, any e >0 and any compact subset F C A, there exists a
projection p € A and a C*-subalgebra C € 7, with 1¢ = p such that

(1) |[px — xp|| < € for all x € F;
(2) dist(pxp, C) < € for all x € F and
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Denote by Zy the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition

Let A be a unital simple C*-algebra. We say A has tracial rank at
most k and write TR(A) < k, if the following holds: For any

ac€ AL\ {0}, any e >0 and any compact subset F C A, there exists a
projection p € A and a C*-subalgebra C € 7, with 1¢ = p such that
(1) |[px — xp|| < € for all x € F;

(2) dist(pxp, C) < € for all x € F and
B)l-psa
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Denote by Zy the class of all finite dimensional C*-algebras, denote by 7y
the class of C*-algebras with the form PM,(C(X))P, where X is a finite
CW complex with dimension k, P € M,(C(X)) is a projection.

Definition

Let A be a unital simple C*-algebra. We say A has tracial rank at
most k and write TR(A) < k, if the following holds: For any

ac€ AL\ {0}, any e >0 and any compact subset F C A, there exists a
projection p € A and a C*-subalgebra C € 7, with 1¢ = p such that
(1) |[px — xp|| < € for all x € F;

(2) dist(pxp, C) < € for all x € F and
B)l-psa

If TR(A) < k but TR(A) £ k — 1, we say A has tracial rank k and write
TR(A) = k.
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Theorem

(L-2003—2007) Let A and B be two unital separable simple amenable
C*-algebras which satisfy the UCT.
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Theorem

(L-2003—2007) Let A and B be two unital separable simple amenable
C*-algebras which satisfy the UCT. Suppose TR(A) <1 and TR(B) < 1.
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Theorem

(L-2003—2007) Let A and B be two unital separable simple amenable

C*-algebras which satisfy the UCT. Suppose TR(A) <1 and TR(B) < 1.
Then A= B
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Theorem

(L-2003—2007) Let A and B be two unital separable simple amenable

C*-algebras which satisfy the UCT. Suppose TR(A) <1 and TR(B) < 1.
Then A= B if and only if

Ell(A) = ElI(B).
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Theorem

(L-2003—2007) Let A and B be two unital separable simple amenable
C*-algebras which satisfy the UCT. Suppose TR(A) <1 and TR(B) < 1.
Then A= B if and only if

Ell(A) = ElI(B).

According to a result of Guiuha Gong, a unital simple AH-algebra with
very slow dimension growth has tracial rank at most one.
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Theorem

(L-2003—2007) Let A and B be two unital separable simple amenable
C*-algebras which satisfy the UCT. Suppose TR(A) <1 and TR(B) < 1.
Then A= B if and only if

Ell(A) = ElI(B).

According to a result of Guiuha Gong, a unital simple AH-algebra with
very slow dimension growth has tracial rank at most one.
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Theorem
( L-Phillips) Let X be a finite dimensional infinite metric space
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Theorem

( L-Phillips) Let X be a finite dimensional infinite metric space and let «
be a minimal homeomorphism.
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Theorem

( L-Phillips) Let X be a finite dimensional infinite metric space and let «
be a minimal homeomorphism. Suppose that p(Ko(C(X) X Z)) is dense
in Aff(T(C(X) xq Z)).
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Theorem

( L-Phillips) Let X be a finite dimensional infinite metric space and let «
be a minimal homeomorphism. Suppose that p(Ko(C(X) X Z)) is dense
in Aff(T(C(X) xq Z)). Then C(X) x4 Z is isomorphic to a unital simple
AH-algebra
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Theorem

( L-Phillips) Let X be a finite dimensional infinite metric space and let «
be a minimal homeomorphism. Suppose that p(Ko(C(X) X Z)) is dense
in Aff(T(C(X) xq Z)). Then C(X) x4 Z is isomorphic to a unital simple
AH-algebra with no dimension growth and with real rank zero (tracial rank
zero).

v
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Theorem

(Villadsen) For any countable weakly unperforated simple ordered group
Go 2 7 with the Riesz interpolation property and with order unit u,
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Theorem

(Villadsen) For any countable weakly unperforated simple ordered group

Go 2 7 with the Riesz interpolation property and with order unit u, any
countable abelian group G,
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Theorem

(Villadsen) For any countable weakly unperforated simple ordered group
Go 2 7. with the Riesz interpolation property and with order unit u,

any
countable abelian group Gi, any metrizable Choquet simplex A,
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Theorem

(Villadsen) For any countable weakly unperforated simple ordered group
Go 2 7 with the Riesz interpolation property and with order unit u, any
countable abelian group Gi, any metrizable Choquet simplex A, and any

surjective affine continuous map r : A — S,(Gp) (the state space of Gp)
so that
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Theorem

(Villadsen) For any countable weakly unperforated simple ordered group
Go 2 7 with the Riesz interpolation property and with order unit u, any
countable abelian group Gi, any metrizable Choquet simplex A, and any
surjective affine continuous map r : A — S,(Gp) (the state space of Gp)
so that r(0e(A)) = 0e(Go),
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Theorem

(Villadsen) For any countable weakly unperforated simple ordered group
Go 2 7 with the Riesz interpolation property and with order unit u, any
countable abelian group Gi, any metrizable Choquet simplex A, and any
surjective affine continuous map r : A — S,(Gp) (the state space of Gp)
so that r(0e(A)) = 0e(Go), there is a unital simple AH-algebra A with
TR(A) <1 such that

EH(A) = (Go, (GO)+, u, Gl, A, r).
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Theorem

Let A be a unital separable simple C*-algebra with tracial rank at most
one.
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Theorem

Let A be a unital separable simple C*-algebra with tracial rank at most
one. Then Ky(A) is weakly unperforated Riesz group and
ra(9e(T(A))) = 9e(Sy1,)(Ko(A))-
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Theorem

Let A be a unital separable simple C*-algebra with tracial rank at most
one. Then Ky(A) is weakly unperforated Riesz group and
ra(9e(T(A))) = 9e(Sy1,)(Ko(A))-

Every unital separable simple amenable C*-algebra A with TR(A) <1
which satisfies the UCT
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Theorem

Let A be a unital separable simple C*-algebra with tracial rank at most
one. Then Ky(A) is weakly unperforated Riesz group and
ra(9e(T(A))) = 9e(Sy1,)(Ko(A))-

Every unital separable simple amenable C*-algebra A with TR(A) <1
which satisfies the UCT is isomorphic to a unital simple AH-algebra with
no dimension growth
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Theorem

Let A be a unital separable simple C*-algebra with tracial rank at most
one. Then Ky(A) is weakly unperforated Riesz group and
ra(9e(T(A))) = 9e(Sy1,)(Ko(A))-

Every unital separable simple amenable C*-algebra A with TR(A) <1
which satisfies the UCT is isomorphic to a unital simple AH-algebra with
no dimension growth (in fact the dimension of the base spaces can be
chosen to be no more than 3).
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Theorem

Let A be a unital separable simple C*-algebra with tracial rank at most
one. Then Ky(A) is weakly unperforated Riesz group and
ra(9e(T(A))) = 9e(Sy1,)(Ko(A))-

Every unital separable simple amenable C*-algebra A with TR(A) <1
which satisfies the UCT is isomorphic to a unital simple AH-algebra with
no dimension growth (in fact the dimension of the base spaces can be
chosen to be no more than 3).

Jiang-Su algebra Z is not an AH-algebra.
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A remarkable result of Winter provides a new method to push a
classification theorem which will apply to classes of C*-algebras include
simple C*-algebras which have tracial rank other than 0, 1.
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A remarkable result of Winter provides a new method to push a
classification theorem which will apply to classes of C*-algebras include
simple C*-algebras which have tracial rank other than 0, 1. More
precisely, Winter's result provides a method which can be used to classify
those simple C*-algebras A which have the property that

TR(A® M,) < 1, where M, is a UHF-algebra of infinite type.
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A remarkable result of Winter provides a new method to push a
classification theorem which will apply to classes of C*-algebras include
simple C*-algebras which have tracial rank other than 0, 1. More
precisely, Winter's result provides a method which can be used to classify
those simple C*-algebras A which have the property that

TR(A® M,) < 1, where M, is a UHF-algebra of infinite type.

In fact, with Winter's method, one has the following.
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A remarkable result of Winter provides a new method to push a
classification theorem which will apply to classes of C*-algebras include
simple C*-algebras which have tracial rank other than 0, 1. More
precisely, Winter's result provides a method which can be used to classify
those simple C*-algebras A which have the property that

TR(A® M,) < 1, where M, is a UHF-algebra of infinite type.

In fact, with Winter's method, one has the following.

Let A be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT
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A remarkable result of Winter provides a new method to push a
classification theorem which will apply to classes of C*-algebras include
simple C*-algebras which have tracial rank other than 0, 1. More
precisely, Winter's result provides a method which can be used to classify
those simple C*-algebras A which have the property that

TR(A® M,) < 1, where M, is a UHF-algebra of infinite type.

In fact, with Winter's method, one has the following.

Let A be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT and TR(A® M,) < 1 for all UHF-algebras M, of
infinite type.
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A remarkable result of Winter provides a new method to push a
classification theorem which will apply to classes of C*-algebras include
simple C*-algebras which have tracial rank other than 0, 1. More
precisely, Winter's result provides a method which can be used to classify
those simple C*-algebras A which have the property that

TR(A® M,) < 1, where M, is a UHF-algebra of infinite type.

In fact, with Winter's method, one has the following.

Let A be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT and TR(A® M,) < 1 for all UHF-algebras M, of
infinite type.

Let Ap be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT
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A remarkable result of Winter provides a new method to push a
classification theorem which will apply to classes of C*-algebras include
simple C*-algebras which have tracial rank other than 0, 1. More
precisely, Winter's result provides a method which can be used to classify
those simple C*-algebras A which have the property that

TR(A® M,) < 1, where M, is a UHF-algebra of infinite type.

In fact, with Winter's method, one has the following.

Let A be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT and TR(A® M,) < 1 for all UHF-algebras M, of
infinite type.

Let Ap be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT and TR(A ® M,) = 0 for all UHF-algebras M, of
infinite type.
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A remarkable result of Winter provides a new method to push a
classification theorem which will apply to classes of C*-algebras include
simple C*-algebras which have tracial rank other than 0, 1. More
precisely, Winter's result provides a method which can be used to classify
those simple C*-algebras A which have the property that

TR(A® M,) < 1, where M, is a UHF-algebra of infinite type.

In fact, with Winter's method, one has the following.

Let A be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT and TR(A® M,) < 1 for all UHF-algebras M, of
infinite type.

Let Ap be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT and TR(A ® M,) = 0 for all UHF-algebras M, of
infinite type.

Theorem
(L-2011) Let A, B € A which are Z-stable.
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A remarkable result of Winter provides a new method to push a
classification theorem which will apply to classes of C*-algebras include
simple C*-algebras which have tracial rank other than 0, 1. More
precisely, Winter's result provides a method which can be used to classify
those simple C*-algebras A which have the property that

TR(A® M,) < 1, where M, is a UHF-algebra of infinite type.

In fact, with Winter's method, one has the following.

Let A be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT and TR(A® M,) < 1 for all UHF-algebras M, of
infinite type.

Let Ap be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT and TR(A ® M,) = 0 for all UHF-algebras M, of
infinite type.

Theorem
(L-2011) Let A, B € A which are Z-stable. Then A= B if and only if
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A remarkable result of Winter provides a new method to push a
classification theorem which will apply to classes of C*-algebras include
simple C*-algebras which have tracial rank other than 0, 1. More
precisely, Winter's result provides a method which can be used to classify
those simple C*-algebras A which have the property that

TR(A® M,) < 1, where M, is a UHF-algebra of infinite type.

In fact, with Winter's method, one has the following.

Let A be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT and TR(A® M,) < 1 for all UHF-algebras M, of
infinite type.

Let Ap be the class of all unital amenable separable simple C*-algebras A
which satisfy the UCT and TR(A ® M,) = 0 for all UHF-algebras M, of
infinite type.

Theorem
(L-2011) Let A, B € A which are Z-stable. Then A= B if and only if

Ell(A) = ElI(B).
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The above was preceded by the following earlier result which followed the
road of the above mentioned Winter's method.
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The above was preceded by the following earlier result which followed the
road of the above mentioned Winter's method.

Theorem

(L-Zhuang Niu 2008) Let A and B be two unital amenable separable
simple Z-stable C*-algebras which satisfies the UCT.
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The above was preceded by the following earlier result which followed the
road of the above mentioned Winter's method.

Theorem

(L-Zhuang Niu 2008) Let A and B be two unital amenable separable
simple Z-stable C*-algebras which satisfies the UCT. Suppose that
TR(A® Mp) =0 and TR(B® M,) =0
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The above was preceded by the following earlier result which followed the
road of the above mentioned Winter's method.

Theorem
(L-Zhuang Niu 2008) Let A and B be two unital amenable separable
simple Z-stable C*-algebras which satisfies the UCT. Suppose that

TR(A® Mp) =0 and TR(B® M,) =0 for all UHF-algebras M, of
infinite type.
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The above was preceded by the following earlier result which followed the
road of the above mentioned Winter's method.

Theorem
(L-Zhuang Niu 2008) Let A and B be two unital amenable separable
simple Z-stable C*-algebras which satisfies the UCT. Suppose that

TR(A® Mp) =0 and TR(B® M,) =0 for all UHF-algebras M, of
infinite type. Then A= B if and only if
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The above was preceded by the following earlier result which followed the
road of the above mentioned Winter's method.

Theorem
(L-Zhuang Niu 2008) Let A and B be two unital amenable separable
simple Z-stable C*-algebras which satisfies the UCT. Suppose that

TR(A® Mp) =0 and TR(B® M,) =0 for all UHF-algebras M, of
infinite type. Then A= B if and only if

(KO(A)a KO(A)+7 [1A]7 Kl(A)) = (KO(B)7 KO(B)+7 [1B]7 KI(B))
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Theorem

( Toms and Winter 2009) Let X be an infinite compact metric space with
finite covering dimension
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Theorem

( Toms and Winter 2009) Let X be an infinite compact metric space with

finite covering dimension and let o : X — X be a minimal
homeomorphism.
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Theorem

( Toms and Winter 2009) Let X be an infinite compact metric space with
finite covering dimension and let o : X — X be a minimal

homeomorphism. Suppose that projections of C(X) X, Z separate the
tracial states.
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Theorem

( Toms and Winter 2009) Let X be an infinite compact metric space with
finite covering dimension and let o : X — X be a minimal
homeomorphism. Suppose that projections of C(X) X, Z separate the

tracial states. Then C(X) X4 Z is a unital simple Z-stable C*-algebra in
Ap.
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Theorem

(L=Niu 2011) Let (Go, (Go)—+, u) be a countable partially ordered simple
weakly unperforated
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Theorem

(L=Niu 2011) Let (Go, (Go)—+, u) be a countable partially ordered simple
weakly unperforated and rationally Riesz group,
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Theorem

(L=Niu 2011) Let (Go, (Go)—+, u) be a countable partially ordered simple

weakly unperforated and rationally Riesz group, let Gy be a countable
abelian group,
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Theorem

(L=Niu 2011) Let (Go, (Go)—+, u) be a countable partially ordered simple
weakly unperforated and rationally Riesz group, let Gy be a countable
abelian group, let T be a metrizable Choquet simplex
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Theorem

(L=Niu 2011) Let (Go, (Go)—+, u) be a countable partially ordered simple
weakly unperforated and rationally Riesz group, let Gy be a countable
abelian group, let T be a metrizable Choquet simplex and let

A1 T — S,(Go) be a surjective affine continuous map
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Theorem

(L=Niu 2011) Let (Go, (Go)—+, u) be a countable partially ordered simple
weakly unperforated and rationally Riesz group, let Gy be a countable
abelian group, let T be a metrizable Choquet simplex and let

A1 T — S,(Go) be a surjective affine continuous map sending extremal
points to extremal points.
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Theorem

(L=Niu 2011) Let (Go, (Go)—+, u) be a countable partially ordered simple
weakly unperforated and rationally Riesz group, let Gy be a countable
abelian group, let T be a metrizable Choquet simplex and let

A1 T — S,(Go) be a surjective affine continuous map sending extremal
points to extremal points. Then there exists one (and exactly one, up to
isomorphic) unital Z-stable C*-algebra A € A such that
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Theorem

(L=Niu 2011) Let (Go, (Go)—+, u) be a countable partially ordered simple
weakly unperforated and rationally Riesz group, let G1 be a countable
abelian group, let T be a metrizable Choquet simplex and let

A1 T — S,(Go) be a surjective affine continuous map sending extremal
points to extremal points. Then there exists one (and exactly one, up to
isomorphic) unital Z-stable C*-algebra A € A such that

Ell(A) = ((Go, (Go)+, u), G1, T, A7).

Moreover, A can be constructed to be locally approximated by
subhomogeneous C*-algebras.

911- 2012, Fields Institute Joint work }Nith [¢
34

Huaxin Lin Department of Mathematics UnivSimple C*-algebras of generalized tracial ran



Theorem

(L=Niu 2011) Let (Go, (Go)—+, u) be a countable partially ordered simple
weakly unperforated and rationally Riesz group, let G1 be a countable
abelian group, let T be a metrizable Choquet simplex and let

A1 : T — S,(Go) be a surjective affine continuous map sending extremal
points to extremal points. Then there exists one (and exactly one, up to
isomorphic) unital Z-stable C*-algebra A € A such that

Ell(A) = ((Go, (Go)+, u), G1, T, A7).

Moreover, A can be constructed to be locally approximated by
subhomogeneous C*-algebras.

Proposition

Let G be a countable weakly unperforated simple partially ordered group
with an order unit u.
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Theorem

(L=Niu 2011) Let (Go, (Go)—+, u) be a countable partially ordered simple
weakly unperforated and rationally Riesz group, let G1 be a countable
abelian group, let T be a metrizable Choquet simplex and let

A1 : T — S,(Go) be a surjective affine continuous map sending extremal
points to extremal points. Then there exists one (and exactly one, up to
isomorphic) unital Z-stable C*-algebra A € A such that

Ell(A) = ((Go, (Go)+, u), G1, T, A7).

Moreover, A can be constructed to be locally approximated by
subhomogeneous C*-algebras.

Proposition

Let G be a countable weakly unperforated simple partially ordered group
with an order unit u. Then G has the rationally Riesz property if and only
if S,(G) is a metrizable Choquet simplex.
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Theorem

(L-W. Sun (2012)) Let A be a unital separable simple amenable
C*-algebra.
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Theorem

(L-W. Sun (2012)) Let A be a unital separable simple amenable
C*-algebra. Then the following are equivalent:
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Theorem

(L-W. Sun (2012)) Let A be a unital separable simple amenable
C*-algebra. Then the following are equivalent:

(1) TR(A® U) <1 for all UHF-algebras U of infinite type;
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Theorem

(L-W. Sun (2012)) Let A be a unital separable simple amenable
C*-algebra. Then the following are equivalent:

(1) TR(A® U) <1 for all UHF-algebras U of infinite type;

(2) TR(A® U) <1 for one UHF-algebra U of infinite type;
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Theorem

(L-W. Sun (2012)) Let A be a unital separable simple amenable
C*-algebra. Then the following are equivalent:

(1) TR(A® U) <1 for all UHF-algebras U of infinite type;

(2) TR(A® U) <1 for one UHF-algebra U of infinite type;

(3) TR(A® B) <1 for all unital simple AF-algebras B;
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Theorem

(L-W. Sun (2012)) Let A be a unital separable simple amenable
C*-algebra. Then the following are equivalent:

(1) TR(A® U) <1 for all UHF-algebras U of infinite type;

(2) TR(A® U) <1 for one UHF-algebra U of infinite type;

(3) TR(A® B) <1 for all unital simple AF-algebras B;

(4) TR(A® B) <1 for some unital infinite dimensional simple AF-algebra
B;
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Theorem

(L-W. Sun (2012)) Let A be a unital separable simple amenable
C*-algebra. Then the following are equivalent:

(1) TR(A® U) <1 for all UHF-algebras U of infinite type;

(2) TR(A® U) <1 for one UHF-algebra U of infinite type;

(3) TR(A® B) <1 for all unital simple AF-algebras B;

(4) TR(A® B) <1 for some unital infinite dimensional simple AF-algebra
B.

(5) TR(A® B) <1 for all unital simple AH-algebras B of slow dimension
growth;

911- 2012, Fields Institute Joint work }Nith [¢
34

Huaxin Lin Department of Mathematics UnivSimple C*-algebras of generalized tracial ran



Theorem

(L-W. Sun (2012)) Let A be a unital separable simple amenable
C*-algebra. Then the following are equivalent:

(1) TR(A® U) <1 for all UHF-algebras U of infinite type;

(2) TR(A® U) <1 for one UHF-algebra U of infinite type;

(3) TR(A® B) <1 for all unital simple AF-algebras B;

(4) TR(A® B) <1 for some unital infinite dimensional simple AF-algebra
B;

(5) TR(A® B) <1 for all unital simple AH-algebras B of slow dimension
growth;

(6) TR(A® B) <1 for some unital infinite dimensional simple AH-algebra
with slow dimension growth.
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Let X be a compact metric space.
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Let X be a compact metric space. Let kK > 1 be an integer.
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Let X be a compact metric space. Let k > 1 be an integer. Let
my, mo,...,mp, > 1 be integers such that mj|k, j =1,2,...,n
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Let X be a compact metric space. Let k > 1 be an integer. Let
my, mo,...,m, > 1 be integers such that mj|k, j =1,2,...,n We write
My = Mj @ My ;.-
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Let X be a compact metric space. Let k > 1 be an integer. Let
my, mo,...,m, > 1 be integers such that mj|k, j =1,2,...,n We write
My = M; @ My ;. Let Bj = Mm; @ 1 /.
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Let X be a compact metric space. Let k > 1 be an integer. Let

my, mo,...,m, > 1 be integers such that mj|k, j =1,2,...,n We write
My = Mj @ My, Let Bj = Mm; @ 15 . Let X1, X,...,Xn C X be
mutually disjoint compact subsets.
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Let X be a compact metric space. Let k > 1 be an integer. Let

my, mo,...,m, > 1 be integers such that mj|k, j =1,2,...,n We write
My = Mj @ My, Let Bj = Mm; @ 15 . Let X1, X,...,Xn C X be
mutually disjoint compact subsets.

Denote

Dx k. x3.4m;} =
{f € C(X.My) : f(x) e B; for all xe X;,1<j<n}.
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Let X be a compact metric space. Let k > 1 be an integer. Let

my, mo,...,m, > 1 be integers such that mj|k, j =1,2,...,n We write
M, = /\/’J & Mk/mj' Let Bj = Mmj & 1m_,-/k' Let X1, X5,..., X, C X be
mutually disjoint compact subsets.

Denote

Dx eixy.4my =
{f € C(X.My) : f(x) e B; for all xe X;,1<j<n}.

We say C is a generalized dimension drop algebra
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Let X be a compact metric space. Let k > 1 be an integer. Let

my, mo,...,m, > 1 be integers such that mj|k, j =1,2,...,n We write
M, = /\/’J & Mk/mj' Let Bj = Mmj & 1m_,-/k' Let X1, X5,..., X, C X be
mutually disjoint compact subsets.

Denote

Dx eixy.4my =
{f € C(X.My) : f(x) e B; for all xe X;,1<j<n}.

We say C is a generalized dimension drop algebra if C has the form

C= @P X,k (1), 1 {mi ;} P
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Let X be a compact metric space. Let k > 1 be an integer. Let

my, mo,...,m, > 1 be integers such that mj|k, j =1,2,...,n We write
M, = /\/’J & Mk/mj' Let Bj = Mmj & 1m_,-/k' Let X1, X5,..., X, C X be
mutually disjoint compact subsets.

Denote

Dx eixy.4my =
{f € C(X.My) : f(x) e B; for all xe X;,1<j<n}.

We say C is a generalized dimension drop algebra if C has the form

C= @P X,k (1), 1 {mi ;} P

where P; € DX,-,k(i),{X,-jL{m,-j} is a projection,
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Let X be a compact metric space. Let k > 1 be an integer. Let

my, mo,...,m, > 1 be integers such that mj|k, j =1,2,...,n We write
M, = /\/’J & Mk/mj' Let Bj = Mmj & 1m_,-/k' Let X1, X5,..., X, C X be
mutually disjoint compact subsets.

Denote

Dx eixy.4my =

{f € C(X.My) : f(x) e B; for all xe X;,1<j<n}.

We say C is a generalized dimension drop algebra if C has the form

C= @P X,k (1), 1 {mi ;} P

where Pj € Dx; k(i) {x;,}.{m;,} IS @ projection, and where X; is locally
Euclidean (actually we allow much more general spaces).
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Theorem

(L-2010) Let A be a unital inductive limit of generalized dimension drop
algebras.
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Theorem

(L-2010) Let A be a unital inductive limit of generalized dimension drop
algebras. Then TR(A® Q) < 1.
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Theorem

(L-2010) Let A be a unital inductive limit of generalized dimension drop
algebras. Then TR(A® Q) < 1.

Theorem

Let A and B be two unital inductive limits of generalized dimension drop
algebras with no dimension growth. Then A= B if and only if

Ell(A) = ElI(B).
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But there are amenable simple C*-algebras with weakly unperforated
Ko(A) which are not rationally Riesz.
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But there are amenable simple C*-algebras with weakly unperforated
Ko(A) which are not rationally Riesz. There are amenable simple

C*-algebras that the map ra : T(A) — Sj1,(Ko(A)) do not preserve the
extremal points.
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But there are amenable simple C*-algebras with weakly unperforated
Ko(A) which are not rationally Riesz. There are amenable simple
C*-algebras that the map ra : T(A) — Sj1,(Ko(A)) do not preserve the
extremal points.

Definition
Let F; and F» be two finite dimensional C*-algebras.
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But there are amenable simple C*-algebras with weakly unperforated
Ko(A) which are not rationally Riesz. There are amenable simple
C*-algebras that the map ra : T(A) — Sj1,(Ko(A)) do not preserve the
extremal points.

Definition
Let F1 and F; be two finite dimensional C*-algebras. Suppose that there
are two unital homomorphisms ¢g, ¢1 : F1 — Fo.
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But there are amenable simple C*-algebras with weakly unperforated
Ko(A) which are not rationally Riesz. There are amenable simple
C*-algebras that the map ra : T(A) — Sj1,(Ko(A)) do not preserve the
extremal points.

Definition
Let F1 and F; be two finite dimensional C*-algebras. Suppose that there
are two unital homomorphisms ¢g, ¢1 : F1 — F». Put

A= A(F1, P2, ¢0, $1) =
{(f,g) € C([0,1], F2) ® F1 : f(0) = do(g) and f(1) = ¢1(g)}-
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But there are amenable simple C*-algebras with weakly unperforated
Ko(A) which are not rationally Riesz. There are amenable simple
C*-algebras that the map ra : T(A) — Sj1,(Ko(A)) do not preserve the
extremal points.

Definition
Let F1 and F; be two finite dimensional C*-algebras. Suppose that there
are two unital homomorphisms ¢g, ¢1 : F1 — F». Put

A= A(F1, P2, ¢0, $1) =
{(f,g) € C([0,1], F2) ® F1 : f(0) = do(g) and f(1) = ¢1(g)}-

Denote by 77 the class of all unital C*-algebras of the form
A= A(F17 F27¢07¢1)‘

911- 2012, Fields Institute Joint work }Nith [¢
34

Huaxin Lin Department of Mathematics UnivSimple C*-algebras of generalized tracial ran



Definition
Let A be a unital simple C*-algebra.
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Definition
Let A be a unital simple C*-algebra. We write GTR(A) < 1 if the
following hold:
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Definition
Let A be a unital simple C*-algebra. We write GTR(A) < 1 if the

following hold:
Let e >0, let a € A, \ {0}
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Definition

Let A be a unital simple C*-algebra. We write GTR(A) < 1 if the
following hold:

Let € >0, let a € A \ {0} and let F C A be a finite subset.
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Definition

Let A be a unital simple C*-algebra. We write GTR(A) < 1 if the
following hold:

Let € >0, let a € Ay \ {0} and let F C A be a finite subset. There exists
a projection p € A and a C*-subalgebra C € J; with Ki(C) = {0}
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Definition

Let A be a unital simple C*-algebra. We write GTR(A) < 1 if the
following hold:

Let € >0, let a € Ay \ {0} and let F C A be a finite subset. There exists
a projection p € A and a C*-subalgebra C € J; with K1(C) = {0} and
with 1¢ = p such that
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Definition
Let A be a unital simple C*-algebra. We write GTR(A) < 1 if the

following hold:
Let € >0, let a € Ay \ {0} and let F C A be a finite subset. There exists

a projection p € A and a C*-subalgebra C € J; with K1(C) = {0} and
with 1¢ = p such that

Ixp — px|| < € for all x € F, (e0.2)
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Definition
Let A be a unital simple C*-algebra. We write GTR(A) < 1 if the

following hold:
Let € >0, let a € Ay \ {0} and let F C A be a finite subset. There exists

a projection p € A and a C*-subalgebra C € J; with K1(C) = {0} and
with 1¢ = p such that

Ixp — px|| < e for all x € F, (e0.2)
dist(pxp, C) < € for all x € F and (e0.3)
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Definition

Let A be a unital simple C*-algebra. We write GTR(A) < 1 if the
following hold:

Let € >0, let a € Ay \ {0} and let F C A be a finite subset. There exists
a projection p € A and a C*-subalgebra C € J; with K1(C) = {0} and
with 1¢ = p such that

Ixp — px|| < e for all x € F, (e0.2)
dist(pxp, C) < € for all x € F and (e0.3)
1-p<a (e0.4)

v
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Theorem
Let A be a unital simple C*-algebra with GTR(A) < 1.
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then either A is
an inductive limit of unital C*-algebras in Ji or it has the property (SP).
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then either A is
an inductive limit of unital C*-algebras in Ji or it has the property (SP).

Theorem
Let A be a unital simple C*-algebra with GTR(A) < 1.
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then either A is
an inductive limit of unital C*-algebras in Ji or it has the property (SP).

Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has stable
rank one.

v
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then either A is
an inductive limit of unital C*-algebras in Ji or it has the property (SP).

Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has stable
rank one.

v

Theorem
Let A be a unital simple C*-algebra with GTR(A) < 1.

911- 2012, Fields Institute Joint work }Nith [¢
34

Huaxin Lin Department of Mathematics UnivSimple C*-algebras of generalized tracial ran



Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then either A is
an inductive limit of unital C*-algebras in Ji or it has the property (SP).

Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has stable
rank one.

v

Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1.Then, for any
projection p € A, GTR(pAp) < 1.
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Theorem
Let A be a unital simple C*-algebra with GTR(A) < 1.
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has
strictly comparison for positive elements
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has

strictly comparison for positive elements and Ky(A) is weakly
unperforated.
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has
strictly comparison for positive elements and Ky(A) is weakly
unperforated.

Theorem

Let A be a unital separable amenable simple C*-algebra with
GTR(A) < 1.
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has
strictly comparison for positive elements and Ky(A) is weakly
unperforated.

Theorem

Let A be a unital separable amenable simple C*-algebra with
GTR(A) < 1. Then A is Z-stable.
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has
strictly comparison for positive elements and Ky(A) is weakly
unperforated.

Theorem

Let A be a unital separable amenable simple C*-algebra with
GTR(A) < 1. Then A is Z-stable.

Lemma
Let A be a unital simple C*-algebra with GTR(A) <1
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has
strictly comparison for positive elements and Ky(A) is weakly
unperforated.

Theorem

Let A be a unital separable amenable simple C*-algebra with
GTR(A) < 1. Then A is Z-stable.

Lemma

Let A be a unital simple C*-algebra with GTR(A) <1 and let
B=A®U,
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has
strictly comparison for positive elements and Ky(A) is weakly
unperforated.

Theorem

Let A be a unital separable amenable simple C*-algebra with
GTR(A) < 1. Then A is Z-stable.

Lemma

Let A be a unital simple C*-algebra with GTR(A) <1 and let
B=A® U, where U is a UHF-algebra with infinite type and let
uec Uo(B)

v
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has
strictly comparison for positive elements and Koy(A) is weakly
unperforated.

Theorem

Let A be a unital separable amenable simple C*-algebra with
GTR(A) < 1. Then A is Z-stable.

Lemma

Let A be a unital simple C*-algebra with GTR(A) <1 and let
B=A® U, where U is a UHF-algebra with infinite type and let
u € Up(B). Then

(i) U(B)/CU(B) is torsion free and divisible;

.
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has
strictly comparison for positive elements and Koy(A) is weakly
unperforated.

Theorem

Let A be a unital separable amenable simple C*-algebra with
GTR(A) < 1. Then A is Z-stable.

Lemma

Let A be a unital simple C*-algebra with GTR(A) <1 and let
B=A® U, where U is a UHF-algebra with infinite type and let
u € Up(B). Then

(i) U(B)/CU(B) is torsion free and divisible;

(ii) If u,v € U(B) with cel((u*)kvk) < L for some integer k > 0,

.
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Theorem

Let A be a unital simple C*-algebra with GTR(A) < 1. Then A has
strictly comparison for positive elements and Koy(A) is weakly
unperforated.

Theorem

Let A be a unital separable amenable simple C*-algebra with
GTR(A) < 1. Then A is Z-stable.

Lemma

Let A be a unital simple C*-algebra with GTR(A) <1 and let
B=A® U, where U is a UHF-algebra with infinite type and let

u € Up(B). Then

(i) U(B)/CU(B) is torsion free and divisible;

(ii) If u,v € U(B) with cel((u*)kvk) < L for some integer k > 0, then

cel(u*v) < 6m + L/k.

.
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Theorem

( Gong—L—Niu) Let A; and By be two unital separable amenable simple
C*-algebras.
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Theorem

( Gong—L—Niu) Let A; and By be two unital separable amenable simple

C*-algebras. Let A= A1 ® Uy and B = By ® Uy, where Uy and U are
infinite dimensional UHF-algebras
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Theorem

( Gong—L—Niu) Let A; and By be two unital separable amenable simple
C*-algebras. Let A= A1 ® Uy and B = By ® Uy, where Uy and U are
infinite dimensional UHF-algebras Suppose that GTR(A) <1 and
GTR(B) <1 and both satisfy the UCT.
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Theorem

( Gong—L—Niu) Let A; and By be two unital separable amenable simple
C*-algebras. Let A= A1 ® Uy and B = By ® Uy, where Uy and U are
infinite dimensional UHF-algebras Suppose that GTR(A) <1 and
GTR(B) <1 and both satisfy the UCT. Then A= B if and only if
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Theorem

( Gong—L—Niu) Let A; and By be two unital separable amenable simple
C*-algebras. Let A= A1 ® Uy and B = By ® Uy, where Uy and U are
infinite dimensional UHF-algebras Suppose that GTR(A) <1 and
GTR(B) <1 and both satisfy the UCT. Then A= B if and only if

Ell(A) = ElI(B).
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We will use Winter's method again.
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We will use Winter's method again.
In order to have Winter's method work,
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We will use Winter's method again.
In order to have Winter's method work, one still need so-called
"uniqueness’ and "existence” theorems.
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We will use Winter's method again.

In order to have Winter's method work, one still need so-called
"uniqueness’ and "existence” theorems.

It requires much finer "uniqueness” and "existence” theorems.
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We will use Winter's method again.

In order to have Winter's method work, one still need so-called
"uniqueness’ and "existence” theorems.

It requires much finer "uniqueness” and "existence” theorems. .
Approximate Unitary equivalence

911- 2012, Fields Institute Joint work with (
Huaxin Lin Department of Mathematics UnivSimple C*-algebras of generalized tracial ran / 34



We will use Winter's method again.

In order to have Winter's method work, one still need so-called
"uniqueness’ and "existence” theorems.

It requires much finer "uniqueness” and "existence” theorems.
Approximate Unitary equivalence

Let A and B be two unital C*-algebras and let ¢1, ¢ : A — B be two
unital monomorphisms.
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We will use Winter's method again.

In order to have Winter's method work, one still need so-called
"uniqueness’ and "existence” theorems.

It requires much finer "uniqueness” and "existence” theorems.
Approximate Unitary equivalence

Let A and B be two unital C*-algebras and let ¢1, ¢ : A — B be two
unital monomorphisms. We say ¢1 and ¢, are approximately unitarily
equivalent

911- 2012, Fields Institute Joint work }Nith [¢
34

Huaxin Lin Department of Mathematics UnivSimple C*-algebras of generalized tracial ran



We will use Winter's method again.

In order to have Winter's method work, one still need so-called
"uniqueness’ and "existence” theorems.

It requires much finer "uniqueness” and "existence” theorems.
Approximate Unitary equivalence

Let A and B be two unital C*-algebras and let ¢1, ¢ : A — B be two
unital monomorphisms. We say ¢1 and ¢, are approximately unitarily
equivalent if there exists a sequence of unitaries {u,} C B such that
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We will use Winter's method again.

In order to have Winter's method work, one still need so-called
"uniqueness’ and "existence” theorems.

It requires much finer "uniqueness” and "existence” theorems.
Approximate Unitary equivalence

Let A and B be two unital C*-algebras and let ¢1, ¢ : A — B be two
unital monomorphisms. We say ¢1 and ¢, are approximately unitarily
equivalent if there exists a sequence of unitaries {u,} C B such that

lim uyo1(a)u, = ¢2(a) for all a € A.
n—o0
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Asymptotic Unitary equivalence
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Asymptotic Unitary equivalence
Let A and B be two unital C*-algebras and let ¢1,¢2 : A — B be two
unital monomorphisms.
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Asymptotic Unitary equivalence
Let A and B be two unital C*-algebras and let ¢1,¢2 : A — B be two

unital monomorphisms. We say ¢1 and ¢, are approximately unitarily
equivalent
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Asymptotic Unitary equivalence

Let A and B be two unital C*-algebras and let ¢1,¢2 : A — B be two
unital monomorphisms. We say ¢1 and ¢, are approximately unitarily
equivalent if there exists a path of unitaries {u(t) : t € [0,00)} C B such
that
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Asymptotic Unitary equivalence

Let A and B be two unital C*-algebras and let ¢1,¢2 : A — B be two
unital monomorphisms. We say ¢1 and ¢, are approximately unitarily
equivalent if there exists a path of unitaries {u(t) : t € [0,00)} C B such
that

tl;rgo u(t) d1(a)u(t) = ¢a(a) for all a € A.
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If ¢1, ¢o are approximately unitarily equivalent,
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If ¢1,p2 are approximately unitarily equivalent, then [¢1] = [¢2] in
KL(A, B),
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If ¢1,p2 are approximately unitarily equivalent, then [¢1] = [¢2] in
KL(A, B), (¢1)T = (¢2)T and
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If ¢1,p2 are approximately unitarily equivalent, then [¢1] = [¢2] in
KL(A,B), (¢1)1 = (¢2)7 and the maps U(A)/CU(A) — U(B)/CU(B)
induced by ¢1 and ¢> are the same.
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If ¢1,p2 are approximately unitarily equivalent, then [¢1] = [¢2] in
KL(A, B), (¢1)T = (¢2) 1 and the maps U(A)/CU(A) — U(B)/CU(B)
induced by ¢1 and ¢> are the same.

If 1 and ¢, are asymptotically unitarily equivalent,
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If ¢1,p2 are approximately unitarily equivalent, then [¢1] = [¢2] in
KL(A, B), (¢1)T = (¢2) 1 and the maps U(A)/CU(A) — U(B)/CU(B)
induced by ¢1 and ¢> are the same.

If $1 and ¢, are asymptotically unitarily equivalent, then [¢p1] = [¢2] in
KK(A, B),
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If ¢1,p2 are approximately unitarily equivalent, then [¢1] = [¢2] in
KL(A, B), (¢1)T = (¢2) 1 and the maps U(A)/CU(A) — U(B)/CU(B)
induced by ¢1 and ¢> are the same.

If $1 and ¢, are asymptotically unitarily equivalent, then [¢p1] = [¢2] in
KK(A,B), (61)T = (¢2)7T and ¢t = ¢} are the same.

911- 2012, Fields Institute Joint work }Nith [¢
34

Huaxin Lin Department of Mathematics UnivSimple C*-algebras of generalized tracial ran



If ¢1, ¢ are approximately unitarily equivalent, then [¢1] = [¢2] in
KL(A, B), (¢1)T = (¢2) 1 and the maps U(A)/CU(A) — U(B)/CU(B)
induced by ¢1 and ¢> are the same.

If ¢1 and ¢o are asymptotically unitarily equivalent, then [¢1] = [¢2] in
KK(A,B), (¢1)T = (¢2)T and qﬁ = qﬁi are the same. But there are
more.
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Let A and B be two unital C*-algebras.
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Let A and B be two unital C*-algebras. Suppose that ¢, : A — B are
two monomorphisms.

y
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Let A and B be two unital C*-algebras. Suppose that ¢, : A — B are
two monomorphisms. Define

Mgy =
{x € C([0,1], B) : x(0) = ¢(a) and x(1) =1(a) for some a € A}.

y
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Let A and B be two unital C*-algebras. Suppose that ¢, : A — B are
two monomorphisms. Define

Mgy =
{x € C([0,1], B) : x(0) = ¢(a) and x(1) =1(a) for some a € A}.

Thus one obtains an exact sequence:

0SB -5 Myy A0, (e0.5)

y
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Let A and B be two unital C*-algebras. Suppose that ¢, : A — B are
two monomorphisms. Define

Mgy =
{x € C([0,1], B) : x(0) = ¢(a) and x(1) =1(a) for some a € A}.

Thus one obtains an exact sequence:
0SB -5 Myy A0, (e0.5)

7o : My — A is identified with the point-evaluation at the point 0.

y
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Let A and B be two unital C*-algebras. Suppose that ¢, : A — B are
two monomorphisms. Define

Mgy =
{x € C([0,1], B) : x(0) = ¢(a) and x(1) =1(a) for some a € A}.

Thus one obtains an exact sequence:
0SB -5 Myy A0, (e0.5)

7o : My — A is identified with the point-evaluation at the point 0.
Suppose that A is a separable amenable C*-algebra.

y
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Let A and B be two unital C*-algebras. Suppose that ¢, : A — B are
two monomorphisms. Define

Mgy =
{x € C([0,1], B) : x(0) = ¢(a) and x(1) =1(a) for some a € A}.

Thus one obtains an exact sequence:
0SB -5 Myy A0, (e0.5)

7o : My — A is identified with the point-evaluation at the point 0.
Suppose that A is a separable amenable C*-algebra.
Suppose that [¢] = [¢] in KK(A, B).

y
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Let A and B be two unital C*-algebras. Suppose that ¢, : A — B are
two monomorphisms. Define

Mgy =
{x € C([0,1], B) : x(0) = ¢(a) and x(1) =1(a) for some a € A}.

Thus one obtains an exact sequence:
0SB -5 Myy A0, (e0.5)

7o : My — A is identified with the point-evaluation at the point 0.
Suppose that A is a separable amenable C*-algebra.
Suppose that [¢] = [¢] in KK(A, B). The mapping torus My ,;,
corresponds a trivial element in KK(A, B).

y
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Let A and B be two unital C*-algebras. Suppose that ¢, : A — B are
two monomorphisms. Define

Mg,y =
{x € C([0,1], B) : x(0) = ¢(a) and x(1) =1(a) for some a € A}.

Thus one obtains an exact sequence:
0—SB-5 My, 3 A—0, (e0.5)

7o : My — A is identified with the point-evaluation at the point 0.
Suppose that A is a separable amenable C*-algebra.
Suppose that [¢] = [¢] in KK(A, B). The mapping torus My ,;,
corresponds a trivial element in KK(A, B). It follows that there are two

splitting short exact sequences:
* o)
0= Ki(B) % Ko(Mys) ™" Ko(A) = 0 and  (0.6)
0 = Ko(B) %5 Ki(My.) ™ Ky(A) = 0. (€0.7)
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Definition
Suppose that T(B) # 0.
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Definition
Suppose that T(B) # 0. Let u € M;(My,) be a unitary which is a
piecewise smooth function on [0, 1].
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Definition
Suppose that T(B) # 0. Let u € M;(My,) be a unitary which is a
piecewise smooth function on [0,1]. For each 7 € T(B), we denote by 7

the trace 7 ® Tr on M(B),
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Definition

Suppose that T(B) # (. Let u € M;(M,,) be a unitary which is a
piecewise smooth function on [0,1]. For each 7 € T(B), we denote by 7
the trace 7 ® Tr on M;(B), where Tr is the standard trace on M;.
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Definition

Suppose that T(B) # (. Let u € M;(M,,) be a unitary which is a
piecewise smooth function on [0,1]. For each 7 € T(B), we denote by 7
the trace 7 ® Tr on M;(B), where Tr is the standard trace on M,. Define

1 u
Ryu(u)(7) = 2% /0 T(dd—(tt)u(t)*)dt. (0.8)
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Definition

Suppose that T(B) # (. Let u € M;(M,,) be a unitary which is a
piecewise smooth function on [0,1]. For each 7 € T(B), we denote by 7
the trace 7 ® Tr on M;(B), where Tr is the standard trace on M,. Define

1 u
Riw(u)(7) = — /0 T(dd—(tt)u(t)*)dt. (0.8)

2

It is easy to see that Ry, (u) has real value.
If

7(¢(a)) = 7(y(a)) for all a€ A and 7€ T(B),
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Definition

Suppose that T(B) # (. Let u € M;(M,,) be a unitary which is a
piecewise smooth function on [0,1]. For each 7 € T(B), we denote by 7
the trace 7 ® Tr on M;(B), where Tr is the standard trace on M,. Define

1 u
Ryu(u)(7) = zim /0 T(dd—(tt)u(t)*)dt. (0.8)

It is easy to see that Ry, (u) has real value.
If

7(¢(a)) = 7(y(a)) for all a€ A and 7€ T(B), (e0.9)

then there exists a homomorphism
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Definition

Suppose that T(B) # (. Let u € M;(M,,) be a unitary which is a
piecewise smooth function on [0,1]. For each 7 € T(B), we denote by 7
the trace 7 ® Tr on M;(B), where Tr is the standard trace on M,. Define

1 u
Ry p(u)(r) = 2% /0 - d(tt) u(t)*)dt. (€0.8)

It is easy to see that Ry, (u) has real value.
If

7(¢(a)) = 7(y(a)) for all a€ A and 7€ T(B), (e0.9)
then there exists a homomorphism
Rd)ﬂl) : Kl(MqS,d;) — Aff( T(B))

defined by
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Definition

Suppose that T(B) # (. Let u € M;(M,,) be a unitary which is a
piecewise smooth function on [0,1]. For each 7 € T(B), we denote by 7
the trace 7 ® Tr on M;(B), where Tr is the standard trace on M,. Define

s dt

1 u
Ry(u)(r) = 211/0 (2 )t (€0.8)

It is easy to see that Ry, (u) has real value.
If

7(¢(a)) = 7(y(a)) for all ae A and 7 € T(B), (e0.9)
then there exists a homomorphism
R¢7w : Kl(M¢,¢) — Aff( T(B))

defined by

du(t
Roslla)() = 5 [ (240 e
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If p is a projection in M;(B) for some integer | > 1,
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If pis a projection in M;(B) for some integer / > 1, one has .([p]) = [u],
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If pis a projection in M;(B) for some integer / > 1, one has w.([p]) = [u],
where u € My, is a unitary defined by

u(t) = e>™p + (1 —p) for t € [0,1].
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If pis a projection in M;(B) for some integer / > 1, one has w.([p]) = [u],
where u € My, is a unitary defined by

u(t) = e*™tp+ (1 —p) for t €[0,1].
It follows that

Ry (([p]))(7) = 7(p) for all 7€ T(B).
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If pis a projection in M;(B) for some integer / > 1, one has w.([p]) = [u],
where u € My, is a unitary defined by

u(t) = e*™tp+ (1 —p) for t €[0,1].
It follows that

Ry (([p]))(7) = 7(p) for all 7€ T(B).

In other words,
R0 (u([P])) = pe([P])-
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If pis a projection in M;(B) for some integer / > 1, one has w.([p]) = [u],
where u € My, is a unitary defined by

u(t) = e*™tp+ (1 —p) for t €[0,1].
It follows that

Ry (([p]))(7) = 7(p) for all 7€ T(B).

In other words,
R0 (u([P])) = pe([P])-

Thus one has the following: diagram commutes:
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If pis a projection in M;(B) for some integer / > 1, one has w.([p]) = [u],
where u € My, is a unitary defined by

u(t) = e*™tp 4+ (1 - p) for t €[0,1].
It follows that

R4 (1+([P]))(7) = 7(p) for all T T(B).

In other words,
Ro,u(1([p])) = p&([pP])-

Thus one has the following: diagram commutes:

Ko(B) =5 Ki(My.y)

PB "\« v Rox
Aff(T(B))
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If [¢] = [¢] in KK(A, B) and A satisfies the Universal Coefficient
Theorem,
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If [¢] = [¢] in KK(A, B) and A satisfies the Universal Coefficient
Theorem, using Dadarlat-Loring's notation, one has the following
splitting exact sequence:
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If [¢] = [¢] in KK(A, B) and A satisfies the Universal Coefficient
Theorem, using Dadarlat-Loring's notation, one has the following
splitting exact sequence:

[mo]

0 = K(SB) L K(My.p) =y K(A) — 0. (€0.10)
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If [¢] = [¢] in KK(A, B) and A satisfies the Universal Coefficient
Theorem, using Dadarlat-Loring's notation, one has the following

splitting exact sequence:

[Wo]

0 = K(SB) L K(My.p) =y K(A) — 0. (€0.10)

In other words, there is § € Homa(K(A), K(My)) such that
[mo] 0 6 = [ida].
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If [¢] = [¢] in KK(A, B) and A satisfies the Universal Coefficient
Theorem, using Dadarlat-Loring's notation, one has the following
splitting exact sequence:

[Wo]

0 = K(SB) L K(My.p) =y K(A) — 0. (€0.10)

In other words, there is § € Homa(K(A), K(My)) such that
[mo] © @ = [ida]. In particular, one has a monomorphism
‘9|K1(A) : Kl(A) — Kl(MdmlJ) such that [71'0] Oe’Kl(A) = (idA)*l
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If [¢] = [¢] in KK(A, B) and A satisfies the Universal Coefficient
Theorem, using Dadarlat-Loring's notation, one has the following
splitting exact sequence:

[ﬂo]

0 = K(SB) L K(My.p) =y K(A) — 0. (€0.10)

In other words, there is § € Homa(K(A), K(My)) such that
[mo] © @ = [ida]. In particular, one has a monomorphism
‘9|K1(A) : Kl(A) — Kl(MdmlJ) such that [71'0] 09’K1(A) = (idA)*l. Thus, one
may write

KI(M¢,1/;) = K()(B) D Kl(A) (e 0.1].)

, Suppose also that 70 ¢ = 7o for all T € T(A).
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If [¢] = [¢] in KK(A, B) and A satisfies the Universal Coefficient
Theorem, using Dadarlat-Loring's notation, one has the following
splitting exact sequence:

[ﬂo]

0 = K(SB) L K(My.p) =y K(A) — 0. (€0.10)

In other words, there is § € Homa(K(A), K(My)) such that
[mo] © @ = [ida]. In particular, one has a monomorphism
‘9|K1(A) : Kl(A) — Kl(MdmlJ) such that [71'0] og’Kl(A) = (idA)*l. Thus, one
may write

KI(M¢,1/;) = K()(B) D Kl(A) (e 0.1].)

, Suppose also that 70 ¢ = 7o for all 7 € T(A). Then one obtains the
homomorphism

Rs.0 0 0l ky(a) : Ki(A) — AFF(T(B)). (€0.12)
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We say a rotation related map vanishes,
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We say a rotation related map vanishes, if there exists a such splitting
map 6 such that

Ro,p © 0]k (a) = 0.
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We say a rotation related map vanishes, if there exists a such splitting
map @ such that

R¢,¢' O HlKl(A) = 0

Denote by Rg the set of those homomorphisms
A € Hom(Ki(A), Aff(T(B))) for which there is a homomorphism
h: Ki(A) = Ko(B) such that A = pa o h. It is a subgroup of
Hom(Ki(A), Aff(T(B))).
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We say a rotation related map vanishes, if there exists a such splitting
map @ such that

R¢,¢' O HlKl(A) = 0
Denote by Rg the set of those homomorphisms
A € Hom(Ki(A), Aff(T(B))) for which there is a homomorphism
h: Ki(A) = Ko(B) such that A = pa o h. It is a subgroup of
Hom(K1(A), Aff(T(B))). There is a well-defined element

Ry € Hom(Ki(A), Aff(T(B)))/Ro (which does not depend on the
choices of ).
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In particular, if Ry, = 0, there exists © € Homp(K(A), K(My)) such
that [mp] 0 © = [ida] and
R(z,’w O 6) =0.

When Ry = 0, (K1(A)) € kerRy,;, for some 6 above.
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In particular, if Ry, = 0, there exists © € Homp(K(A), K(My)) such
that [mp] 0 © = [ida] and
R¢ﬂ/’ o) @ =0.

When Ry, = 0, (K1(A)) € kerRy,, for some 6 above. In this case ¢ also

gives the following:
kerRy = kerpg @ K1(A).
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Theorem

(Gong—L—-Niu—2012) Let A; and B be two unital separable simple
amenable C*-algebras which satisfy the UCT.
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Theorem

(Gong—L—-Niu—2012) Let A; and B be two unital separable simple
amenable C*-algebras which satisfy the UCT. Let A= A; ® U for some
infinite dimensional UHF-algebra U such that GTR(A) < 1.
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Theorem

(Gong—L—-Niu—2012) Let A; and B be two unital separable simple
amenable C*-algebras which satisfy the UCT. Let A= A; ® U for some
infinite dimensional UHF-algebra U such that GTR(A) < 1. Suppose that
¢, : A— B are two unital monomorphisms.
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Theorem

(Gong—L—-Niu—2012) Let A; and B be two unital separable simple
amenable C*-algebras which satisfy the UCT. Let A= A; ® U for some
infinite dimensional UHF-algebra U such that GTR(A) < 1. Suppose that
¢,y : A— B are two unital monomorphisms. Then ¢ and v are
asymptoticaly unitarily equivalent if and only if
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Theorem

(Gong—L—-Niu—2012) Let A; and B be two unital separable simple
amenable C*-algebras which satisfy the UCT. Let A= A; ® U for some
infinite dimensional UHF-algebra U such that GTR(A) < 1. Suppose that
¢,y : A— B are two unital monomorphisms. Then ¢ and v are
asymptoticaly unitarily equivalent if and only if

[¢] = [¢] in KK(A,B), (€0.13)
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Theorem

(Gong—L—-Niu—2012) Let A; and B be two unital separable simple
amenable C*-algebras which satisfy the UCT. Let A= A; ® U for some
infinite dimensional UHF-algebra U such that GTR(A) < 1. Suppose that
¢,y : A— B are two unital monomorphisms. Then ¢ and v are
asymptoticaly unitarily equivalent if and only if

[¢] = [¢] in KK(A,B), (€0.13)
o1 =T, (e0.14)
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Theorem

(Gong—L—-Niu—2012) Let A; and B be two unital separable simple
amenable C*-algebras which satisfy the UCT. Let A= A; ® U for some
infinite dimensional UHF-algebra U such that GTR(A) < 1. Suppose that
¢,y : A— B are two unital monomorphisms. Then ¢ and v are
asymptoticaly unitarily equivalent if and only if

[¢] = [¢] in KK(A,B), (€0.13)
o1 =T, (e0.14)
¢t = ¢¥ and (e0.15)
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Theorem

(Gong—L—-Niu—2012) Let A; and B be two unital separable simple
amenable C*-algebras which satisfy the UCT. Let A= A; ® U for some
infinite dimensional UHF-algebra U such that GTR(A) < 1. Suppose that
¢,y : A— B are two unital monomorphisms. Then ¢ and v are
asymptoticaly unitarily equivalent if and only if

[¢] = [¢] in KK(A, B), (€0.13)
ng = ¢T7 (e 014)

¢ = ¢ and (e0.15)

Ry =0. (e0.16)
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Let A and B be two unital amenable separable C*-algebras with stable
rank one.
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [15]
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

r(Ko(A)+ \ {0}) C Ko(B)+ \ {0}
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

k(Ko(A)+ \ {0}) C Ko(B)+ \{0}. ~: T(B)— T(A) be an affine
continuous map
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

k(Ko(A)+ \ {0}) C Ko(B)+ \{0}. ~: T(B)— T(A) be an affine
continuous map and A : U(A)/CU(A) — U(B)/CU(B) be a continuous
homomorphism.

911- 2012, Fields Institute Joint work }Nith [¢
34

Huaxin Lin Department of Mathematics UnivSimple C*-algebras of generalized tracial ran



Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

k(Ko(A)+ \ {0}) C Ko(B)+ \{0}. ~: T(B)— T(A) be an affine
continuous map and A : U(A)/CU(A) — U(B)/CU(B) be a continuous
homomorphism. We say x,y and \ are compatible,
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

k(Ko(A)+ \ {0}) C Ko(B)+ \{0}. ~: T(B)— T(A) be an affine
continuous map and A : U(A)/CU(A) — U(B)/CU(B) be a continuous
homomorphism. We say ,~ and \ are compatible, if, for any x € Ky(A),

re(7)(k(x)) = ra(~y(7))(x) for all 7 € T(B)
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

k(Ko(A)+ \ {0}) C Ko(B)+ \{0}. ~: T(B)— T(A) be an affine
continuous map and A : U(A)/CU(A) — U(B)/CU(B) be a continuous
homomorphism. We say ,~ and \ are compatible, if, for any x € Ky(A),
re(7)(k(x)) = ra(y(7))(x) for all 7 € T(B) and MNg(A(@)) = &([u]) for
all u € U(A), where Mg : U(B)/CU(B) — Ki(B) be the quotient map.
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

k(Ko(A)+ \ {0}) C Ko(B)+ \{0}. ~: T(B)— T(A) be an affine
continuous map and A : U(A)/CU(A) — U(B)/CU(B) be a continuous
homomorphism. We say ,~ and \ are compatible, if, for any x € Ky(A),
re(7)(k(x)) = ra(y(7))(x) for all 7 € T(B) and MNg(A(@)) = &([u]) for
all u € U(A), where Mg : U(B)/CU(B) — Ki(B) be the quotient map.

Theorem

Let A1 and By be unital separable amenable simple C*-algebras which
satisfies the UCT,
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

k(Ko(A)+ \ {0}) C Ko(B)+ \{0}. ~: T(B)— T(A) be an affine
continuous map and A : U(A)/CU(A) — U(B)/CU(B) be a continuous
homomorphism. We say ,~ and \ are compatible, if, for any x € Ky(A),
re(7)(k(x)) = ra(y(7))(x) for all 7 € T(B) and MNg(A(@)) = &([u]) for
all u € U(A), where Mg : U(B)/CU(B) — Ki(B) be the quotient map.

Theorem

Let A1 and By be unital separable amenable simple C*-algebras which
satisfies the UCT, let A= A1 ® U; and B = B; ® Us,
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

k(Ko(A)+ \ {0}) C Ko(B)+ \{0}. ~: T(B)— T(A) be an affine
continuous map and A : U(A)/CU(A) — U(B)/CU(B) be a continuous
homomorphism. We say ,~ and \ are compatible, if, for any x € Ky(A),
re(7)(k(x)) = ra(y(7))(x) for all 7 € T(B) and MNg(A(@)) = &([u]) for
all u € U(A), where Mg : U(B)/CU(B) — Ki(B) be the quotient map.

Theorem

Let A1 and By be unital separable amenable simple C*-algebras which
satisfies the UCT, let A= A1 ® Uy and B = B; ® U>, where Uy and U,
are two infinite dimensional UHF-algebras.
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

k(Ko(A)+ \ {0}) C Ko(B)+ \{0}. ~: T(B)— T(A) be an affine
continuous map and A : U(A)/CU(A) — U(B)/CU(B) be a continuous
homomorphism. We say ,~ and \ are compatible, if, for any x € Ky(A),
re(7)(k(x)) = ra(y(7))(x) for all 7 € T(B) and MNg(A(@)) = &([u]) for
all u € U(A), where Mg : U(B)/CU(B) — Ki(B) be the quotient map.

Theorem

Let A1 and By be unital separable amenable simple C*-algebras which
satisfies the UCT, let A= A1 ® Uy and B = B; ® U>, where Uy and U,
are two infinite dimensional UHF-algebras. Suppose that GTR(A) < 1 and
GTR(B) < 1.
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

k(Ko(A)+ \ {0}) C Ko(B)+ \{0}. ~: T(B)— T(A) be an affine
continuous map and A : U(A)/CU(A) — U(B)/CU(B) be a continuous
homomorphism. We say ,~ and \ are compatible, if, for any x € Ky(A),
re(7)(k(x)) = ra(y(7))(x) for all 7 € T(B) and MNg(A(@)) = &([u]) for
all u € U(A), where Mg : U(B)/CU(B) — Ki(B) be the quotient map.

Theorem

Let A1 and By be unital separable amenable simple C*-algebras which
satisfies the UCT, let A= A1 ® Uy and B = B; ® U>, where Uy and U,
are two infinite dimensional UHF-algebras. Suppose that GTR(A) < 1 and
GTR(B) <1. Suppose also that (k,\,~) is a compatible triple as above.
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Let A and B be two unital amenable separable C*-algebras with stable
rank one. Let k € KK(A, B) such that x([14]) = [1g] and

k(Ko(A)+ \ {0}) C Ko(B)+ \{0}. ~: T(B)— T(A) be an affine
continuous map and A : U(A)/CU(A) — U(B)/CU(B) be a continuous
homomorphism. We say ,~ and \ are compatible, if, for any x € Ky(A),
re(7)(k(x)) = ra(y(7))(x) for all 7 € T(B) and MNg(A(@)) = &([u]) for
all u € U(A), where Mg : U(B)/CU(B) — Ki(B) be the quotient map.

Theorem

Let A1 and By be unital separable amenable simple C*-algebras which
satisfies the UCT, let A= A1 ® Uy and B = B; ® U>, where Uy and U,
are two infinite dimensional UHF-algebras. Suppose that GTR(A) < 1 and
GTR(B) <1. Suppose also that (k,\,~) is a compatible triple as above.
Then there exists a unital monomorphism ¢ : A — B such that

([¢]? o1, d)i) = (K” )‘77)
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Theorem
Given a unital monomorphism ¢ : A — B
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Theorem

Given a unital monomorphism ¢ : A — B and given an element
R e Hom(Kl(A),pB(Ko(B)))/Ro.
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Theorem

Given a unital monomorphism ¢ : A — B and given an element

R € Hom(Ki(A), ps(Ko(B)))/Ro. There exists a unital monomorphism
¥ : A — B such that
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Theorem

Given a unital monomorphism ¢ : A — B and given an element

R € Hom(Ki(A), ps(Ko(B)))/Ro. There exists a unital monomorphism
¥ : A — B such that

Rsw = R.
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Theorem

(Gong—L—Niu) Let A and B be two unital separable simple amenable
Z-stable C*-algebras which satisfy the UCT.
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Theorem

(Gong—L—Niu) Let A and B be two unital separable simple amenable

Z-stable C*-algebras which satisfy the UCT. Suppose that
GTR(A® M,) <1
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Theorem

(Gong—L—Niu) Let A and B be two unital separable simple amenable
Z-stable C*-algebras which satisfy the UCT. Suppose that

GTR(A® Mp) <1 and GTR(B ® M,) <1 for any UHF-algebra M), of
infinite type.
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Theorem

(Gong—L—Niu) Let A and B be two unital separable simple amenable
Z-stable C*-algebras which satisfy the UCT. Suppose that

GTR(A® Mp) <1 and GTR(B ® M,) <1 for any UHF-algebra M), of
infinite type. Then A = B are isomorphic if and only if
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Theorem

(Gong—L—Niu) Let A and B be two unital separable simple amenable
Z-stable C*-algebras which satisfy the UCT. Suppose that

GTR(A® Mp) <1 and GTR(B ® M,) <1 for any UHF-algebra M), of
infinite type. Then A = B are isomorphic if and only if

Ell(A) = ElI(B).
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Theorem

For each countable partially ordered weakly unperforated group Gy with
order unit u,
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Theorem

For each countable partially ordered weakly unperforated group Gy with
order unit u, any countable abelian group G,
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Theorem

For each countable partially ordered weakly unperforated group Gy with

order unit u, any countable abelian group Gy, any metrizable Choquet
simplex A
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Theorem

For each countable partially ordered weakly unperforated group Gy with
order unit u, any countable abelian group Gy, any metrizable Choquet
simplex A and any surjective affine continuous map r : A — S,(Gp) (the
state space of Gy),
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Theorem

For each countable partially ordered weakly unperforated group Gy with
order unit u, any countable abelian group Gy, any metrizable Choquet
simplex A and any surjective affine continuous map r : A — S,(Gp) (the
state space of Gy), there exists a unital separable simple amenable
C*-algebra A which satisfies the UCT and GTR(A® M,) < 1 for all
UHF-algebra M, of infinite type such that

EH(A) = (Go, (G0)+, u, Gl, A, r).
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Theorem

For each countable partially ordered weakly unperforated group Gy with
order unit u, any countable abelian group Gy, any metrizable Choquet
simplex A and any surjective affine continuous map r : A — S,(Gp) (the
state space of Gy), there exists a unital separable simple amenable
C*-algebra A which satisfies the UCT and GTR(A ® M,) <1 for all
UHF-algebra M, of infinite type such that

EH(A) = (Go, (G0)+, u, Gl, A, r).

Moreover, A can be constructed as an inductive limit of inductive limits
of subhomogenuous C*-algebras with dimension of base spaces no more
than three
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Theorem

For each countable partially ordered weakly unperforated group Gy with
order unit u, any countable abelian group Gy, any metrizable Choquet
simplex A and any surjective affine continuous map r : A — S,(Gp) (the
state space of Gy), there exists a unital separable simple amenable
C*-algebra A which satisfies the UCT and GTR(A ® M,) <1 for all
UHF-algebra M, of infinite type such that

EH(A) = (Go, (G0)+, u, Gl, A, r).

Moreover, A can be constructed as an inductive limit of inductive limits
of subhomogenuous C*-algebras with dimension of base spaces no more
than three and A is Z-stable.
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