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@ K is a uniform Eberlein compactum iff K is homeomorphic to
a compact subspace of a Hilbert space with the weak
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@ K is a uniform Eberlein compactum iff K is homeomorphic to a
compact subspace of a Hilbert space with the weak topology

o X is a Hilbert generated Banach space iff there is a Hilbert
space H and a bounded linear operator 7 : H — X with a
dense range.
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@ K is a uniform Eberlein compactum iff K is homeomorphic to a
compact subspace of a Hilbert space with the weak topology

o X is a Hilbert generated Banach space iff there is a Hilbert space
H and a bounded linear operator T : H — X with a dense range.

o (Benyamini, Starbird; 1976; Fabian, Godefroy, Zizler; 2001)

UE, and H, are K-associated and are not strongly
associated.
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o (M. Bell; 2000) It is consistent that there is no universal
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Uniform Eberlein Compact and Hilbert generated
Banach spaces |l

o (M. Bell; 2000) It is consistent that there is no universal uniform
Eberlein compact space of weight w1

o (M. Bell; 2000) Assume ~ = 2<". Then, there is a universal
uniform Eberlein compact space UE, in UE,, and so C(UE,,) is
isometrically universal Banach space for 7. In particular, the
above results hold for < = 2% = w4 if we assume the
continuum hypothesis.
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o (M. Bell; 2000) It is consistent that there is no universal uniform
Eberlein compact space of weight w4

@ (M. Bell; 2000) Assume « = 2<". Then, there is a universal
uniform Eberlein compact space UE,; in UE, and so C(UE,) is
isometrically universal Banach space for #H,. In particular, the
above results hold for k = 2% = wy if we assume the continuum
hypothesis.

o (C. Brech, P.K.; To appear in PAMS) It is consistent that there
is no Banach space of density 2 or w; which contains
isomorphic copies of all Banach spaces from UE,.. or from
UE,, respectively. In particular, it is consistent that there is
no universal Banach space neither in 7, nor in 7.
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Questions



Questions

o Is it consistent that there is a universal graph of size w; (2)
but there is no universal Banach space for 5., (52.)? Or any
other class we consider here?
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Scattered compact space and Asplund Banach spaces

o A Banach space is called Asplund if dual spaces to separable
subspaces are (norm) separable

@ A compact K is scattered iff C(K) is Asplund

o (Mazurkiewicz, Sierpinski; 1920) There is no universal
scattered space of a given weight.
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Scattered compact space and Asplund Banach spaces

o A Banach space is called Asplund if dual spaces to separable
subspaces are (norm) separable

@ A compact K is scattered iff C(K) is Asplund

@ (Mazurkiewicz, Sierpinski; 1920) There is no universal scattered
space of a given weight.

0 d: Kx K— Ry U{0} fragments K iff for every F C K, for
every ¢ > 0 there is an open U C K such that Un F # () and

diamyg(UNF) < e.
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@ (Mazurkiewicz, Sierpinski; 1920) There is no universal scattered
space of a given weight.

0 d: Kx K— Ry U{0} fragments K iff for every F C K, for every
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Scattered compact space and Asplund Banach spaces

o A Banach space is called Asplund if dual spaces to separable
subspaces are (norm) separable

o A compact K is scattered iff C(K) is Asplund

@ (Mazurkiewicz, Sierpinski; 1920) There is no universal scattered
space of a given weight.

0 d: Kx K — Ry U{0} fragments K iff for every F C K, for every
e > 0 there is an open U C K such that UN F # () and

diamg(UN F) < e.

@ (Namioka, Phelps, Jayne, Rogers) the dual norm fragments
compact subsets of By- iff X is Asplund

o (Szlenk 1968, Wojtaszczyk 1970, Hajek, Lancien, Montesinos
2007) For any cardinal « there is no universal reflexive or
Asplund Banach space of density < «
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Radon-Nikodym compact space and Asplund
generated Banach spaces
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Radon-Nikodym compact space and Asplund
generated Banach spaces

@ A compact space is called Radon-Nikodym compact iff there
is a l.s.c. metric on it which fragments it.
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Radon-Nikodym compact space and Asplund
generated Banach spaces

@ A compact space is called Radon-Nikodym compact iff there is a
l.s.c. metric on it which fragments it.

0 d:KxK-—R,U{0}isls.c.iff {(x,y) € K>:d(x,y) >r}is
closed for every r ¢ R, U {0}
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Radon-Nikodym compact space and Asplund
generated Banach spaces

@ A compact space is called Radon-Nikodym compact iff there is a
l.s.c. metric on it which fragments it.

0d:KxK—=R,U{0}isls.c.iff {(x,y) € K2:d(x,y)>r}is
closed for every r e Ry U {0}

o A Banach space X is said to be Asplund generated iff there is
an Asplund space A and a bounded linear operator 7 : A — X
with dense range.
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Radon-Nikodym compact space and Asplund
generated Banach spaces

@ A compact space is called Radon-Nikodym compact iff there is a
l.s.c. metric on it which fragments it.

0d:KxK—=R,U{0}isls.c.iff {(x,y) € K2:d(x,y)>r}is
closed for every r e Ry U {0}

@ A Banach space X is said to be Asplund generated iff there is an
Asplund space A and a bounded linear operator T : A — X with
dense range.

o (I. Namioka; 1987) RN,, and A, are K-associated,
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Radon-Nikodym compact space and Asplund
generated Banach spaces

@ A compact space is called Radon-Nikodym compact iff there is a
l.s.c. metric on it which fragments it.

0 d:KxK-—=R,U{0}isls.c.iff {(x,y) € K2 :d(x,y)>r}is
closed for every r ¢ Ry U {0}

o A Banach space X is said to be Asplund generated iff there is an
Asplund space A and a bounded linear operator T : A — X with
dense range.

o (I. Namioka; 1987) RN,, and A,. are K-associated,

o (A. Avilés; 2005) strongly associated if x < b and not strongly
associated if x > b;
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Questions



Questions

o Is it consistent that there are universal spaces in one of the
classes RNy, RN, ?
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classes RNpw, RN, ?

o Is it consistent that there are universal spaces in one of the
classes Ay., A, ?
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Questions

o Is it consistent that there are universal spaces in one of the
classes RNpw, RN, ?

o Is it consistent that there are universal spaces in one of the
classes Az, A, ?

o Is it possible to associate to each Radon-Nikodym compact K
an ordinal index /(K) having the following properties:
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» |i(K)| is not bigger than the weight of K,
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Questions

o Is it consistent that there are universal spaces in one of the
classes RNpw, RN, ?

o Is it consistent that there are universal spaces in one of the
classes Az, A, ?

o Is it possible to associate to each Radon-Nikodym compact K an
ordinal index i(K) having the following properties:

» |i(K)| is not bigger than the weight of K,
» If L is a closed subset of K or if L is a continuous image of K,

then i(L) < i(K),
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Questions

o Is it consistent that there are universal spaces in one of the
classes RNpw, RN, ?

o Is it consistent that there are universal spaces in one of the
classes Az, A, ?

o Is it possible to associate to each Radon-Nikodym compact K an
ordinal index i(K) having the following properties:
» |i(K)| is not bigger than the weight of K,
» If Lis a closed subset of K orif L is a continuous image of K, then
i(L) <i(K),
» For every a < »™ there is a Radon-Nikodym compactum K of
weight « such that i(K) > a.
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Eberlein Compact and weakly compactly generated
(WCG) Banach spaces |
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Eberlein Compact and weakly compactly generated
(WCG) Banach spaces |

o A compact space is called an Eberlein compactum iff it is
homeomorphic to a compact subset of a Banach space with
the weak topology
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Eberlein Compact and weakly compactly generated
(WCG) Banach spaces |

o A compact space is called an Eberlein compactum iff it is
homeomorphic to a compact subset of a Banach space with the
weak topology

o A Banach space X is called WCG iff there is K C X such that

@ K is compact w. r. t. the weak topology of X
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o A compact space is called an Eberlein compactum iff it is
homeomorphic to a compact subset of a Banach space with the
weak topology

o A Banach space X is called WCG iff there is K C X such that

@ K is compact w. r. t. the weak topology of X
@ lin(K) is norm dense in X
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Eberlein Compact and weakly compactly generated
(WCG) Banach spaces |

o A compact space is called an Eberlein compactum iff it is
homeomorphic to a compact subset of a Banach space with the
weak topology

@ A Banach space X is called WCG iff there is K C X such that

@ K is compact w. r. t. the weak topology of X
@ lin(K) is norm dense in X

o (Amir, Lindenstrauss; 1968; Rosenthal; 1974) E,. and WCG,.,
are K-associated and are not strongly associated.
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Eberlein Compact and weakly compactly generated
(WCG) Banach spaces Il
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Eberlein Compact and weakly compactly generated
(WCG) Banach spaces |l

o (Argyros, Benyamini; 1987) If < = k or k = wq then there is no
weakly universal Eberlein compact of weight « nor a
universal WCG Banach space of density . If  is a strong
limit cardinal of countable cofinality, then there is a universal
Eberlein compact of weight «, and so, there is a universal
WCG Banach space of density «.

Piotr Koszmider (Polish Academy of Sciences Universality and Forcing Toronto, 12 20/26



Questions



Questions

o Is it consistent that there is no universal space inE,_, in
WCG,,,?
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o Is it consistent that there is no universal space in E,, , in WCG,, ?
o Is it consistent that there is a universal space in E,,, in WCG,,,?
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces |
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces |

@ A compact space is called a Corson compactum iff it is
homeomorphic to compact subspace of the X-product of the
unit intervals
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces |

@ A compact space is called a Corson compactum iff it is
homeomorphic to compact subspace of the X-product of the unit
intervals

o A Banach space is called weakly Lindelof iff it is Lindelof in
the weak topology
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces |

@ A compact space is called a Corson compactum iff it is

homeomorphic to compact subspace of the X-product of the unit
intervals

@ A Banach space is called weakly Lindel6f iff it is Lindel6f in the
weak topology

o Every WCG space is weakly Lindel6f
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces |

@ A compact space is called a Corson compactum iff it is
homeomorphic to compact subspace of the X-product of the unit
intervals

@ A Banach space is called weakly Lindel6f iff it is Lindel6f in the
weak topology

o Every WCG space is weakly Lindelof
o Every Eberlein compact space is Corson compact
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces |

@ A compact space is called a Corson compactum iff it is
homeomorphic to compact subspace of the X-product of the unit
intervals

@ A Banach space is called weakly Lindel6f iff it is Lindel6f in the
weak topology

o Every WCG space is weakly Lindelof
o Every Eberlein compact space is Corson compact

o Corson compact space has property M iff every Radon
measure on it has separable support
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces |

@ A compact space is called a Corson compactum iff it is
homeomorphic to compact subspace of the X-product of the unit
intervals

@ A Banach space is called weakly Lindel6f iff it is Lindel6f in the
weak topology

o Every WCG space is weakly Lindelof
o Every Eberlein compact space is Corson compact

@ Corson compact space has property M iff every Radon measure
on it has separable support

o a Banach space X is called WLD iff X with the weak topology
is a continuous image of a closed subset of LY
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces Il
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces Il

o (Argyros, Mercourakis; 1993) K € CM,, if and only if
C(K) e WLD,,
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces Il

o (Argyros, Mercourakis; 1993) K € CM, if and only if
C(K) e WLD,,

o (Argyros, Mercourakis; 1993) X € WLD, if and only if
BX* € (CK!
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C(K) e WLD,,
o (Argyros, Mercourakis; 1993) X € WLD,, if and only if By« € C,,,

o (Argyros, Mercourakis, Negrepontis; 1988) Assuming
MA+-CH the classes C,, = CM,, and WLD,; are strongly
associated for any uncountable cardinal «.
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o (Argyros, Mercourakis, Negrepontis; 1988) Assuming MA+-CH
the classes C,, = CM,, and WLD,; are strongly associated for any
uncountable cardinal «.

o Assuming CH
@ (Argyros, Mercourakis, Negrepontis; 1988) C... is not
associated with any class of Banach spaces
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces Il
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces Il

o (Todorcevic; 1995) For every countably tight compact space
K of weight < 2“ there is a Corson compact K’ of weight < 2¢
where all Radon measures have separable supports and
which is not a continuous image of any closed set of K. In
particular there is no universal weakly Lindel6f determined
Banach spaces in W/.LDs..
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Corson compacta and weakly Lindelof determined and
weakly Lindel6f Banach spaces Il

o (Todorcevic; 1995) For every countably tight compact space K of
weight < 2% there is a Corson compact K’ of weight < 2 where
all Radon measures have separable supports and which is not a
continuous image of any closed set of K. In particular there is no
universal weakly Lindel6f determined Banach spaces in W/LDo. .

o There is no universal weakly Lindel6f Banach space of
density 2“.

Piotr Koszmider (Polish Academy of Sciences Universality and Forcing Toronto, 12 24/26



Questions



Questions

o Is it consistent that the class £, of Lindel6f Banach spaces in
the weak topology of density < « is associated with a class of
compact spaces for an uncountable x?
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P. Koszmider, Universal objects and associations between classes of
Banach spaces and classes of compact spaces
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