Large Cardinals:

®hho are Ekev;?
®What are %kev doing here?

@Whv wont Ekej Qo awav?

Filelds Instibute Mokt Foreman
November 7, 2012 UC Irvine



A?o«crfjgko\i qum&e:

Infinity is a
fakthomless qulf into
which all things
vanish,

Marcus Aurelius
121-1%0 AD



Irrational numbers:
Not builk from finite objects
bj algebraic operations

According to kradition
va&ssus was throwin
into the sea and
drowhed i reaction
to his discovery of
irrational numbers.

Hypassus of Metapontum
Sth century BCE



Zeno’s Paradoxes

& Achilles and the
Tortoise
© The Arrow parao&ox
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Zeno of £lia
490-4-30 BCE



Eudoxus of Cnidus

* Became worried about the
nature of mathematical

ijetﬁs

* Rebelled aqainst
aribhmetizabtion and
preferred to use purely
geometbrical notions
taking ideas such as Fo A
“magnitude” as Primi&iv& 410-355 BCE (7)
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Eudoxus of Chidus

* In doing so he kop@.d to be
rid of
“thcommensurables”
(irrational numbers)

* However, was a prapomemﬁ oﬂf
the method of exhaustion

method of Exhaustion



Aristotle

© What is a legitimate
arqument?

® Is this an objective
ques&om?

® Svttogis&ic mekhod

Aristotle
3¥4--322 BCE



Euclid of Alexandria

& AEEempﬁed o axiomakbize
mathematics (meaning

geom&rv)

© AXLOMS were su,pposed ko
be self evident

© AXLOMS were su_ppcrsed ko
be t:ompi.eﬁe

Dodecahedron



Aristotle’s logic was not
adequate, even for
Euclid’s Geomelry



Chrysippus of Soli

First “modern” logical
Sjs&em s due to bhe Stoics
who ci@.vetc;)ped the
‘Prcaposi&ic)mat Caleulus

Chrysippus of Soli
279-206 BCE



The Rasic Questions

o Are there fundamental bruths which
form a basis for mathematical
khowledqge?

o If there are, how does mathematics
flow from these bruths? (What is a

prooaf?)
o How does geometry relate to

arithmetic? Is it legitimate to arque
using inherently infinite objects?



The Rasic Questions

o What is a proof?

o What are the &ssumg&i;oms one starts
with? (What are bthe Axioms?)

® How does one uhb{v mathematics in
one seb of assumptions?



Skip ahead a couple of
milleninia

(ignoring some truly romantic figures)

Boethius Al-Khwarizmi Peter Abelaard Alhazen



Rewne Descartes

© Eevetopec& “AnaLinaaL
Greo me&rv"

e Hecwv emyhas&s O
“demonstrabtion” as a
means of discovery

Rene Descarte
1896-1650



Nobk Everyone was convinced

b
- -

“Numbers imitate space,

which is of such a different
nature”

Blaise Pascal
1623-1662



MQQMML\&L@. e MO&L‘\QMO\EE«&S qoes O,

Rulk bthe issues become more and more

difficult to ignore.



19tk Cem&urj mathemakics

o Completeness properties of the
real numbers ..

o What is a function?

o Alkernatives ko Euclidean
Geame&rfj

o Do we heed to PROVE that 2+2=47
From whabk??



19tk Cemﬁurv mathemakics

@ The wid&spreaci Qt«cep&amae of
“imaginary” numbers

o Abskract mathemwatical skruckures
with no obvicus “physical”
interpretations (e.q. Groups)

o Power series solukbiowns to equ&%mms



o Formal objects (Such as formal
power series)

o constructions of functions as Limiting objects

o  The definitions of “"Limit” even for a sequence of real numbers.

d Q&C «



And Just when it seemed Like
things couldnt get any

WIOTSE (e

-

Studying properties of
trigonometric series,
Cantor wmade a dramatic
discover:

There are different sizes
0{ &V\‘f E,V\E,&v! ,.. George Cantor

1¥4-6-191%



And more:

There are (ot least) btwo
different kinds of
infinite number:

o Cardinals

o Ordinals

George Cantor
1¥4-6-191%



The Well-ordering principle

Every set can be well-ordered



A QE&QMP& ak a Solukbiown
to the three puzzles

Freqe had d@.vempec&
a broad t‘m\t@.[p&mn
of logic, in which
Arithmetic was part of
logic and didnt need

AXLOMWS,

Frege
1¥4-%-1926



Bubt ik doesnt worlke

Russell aciap%ed
arquments of Cantor
to show that Freqe's

svs&em LS

INCONSISTENT,

“Russells Paradox”

Russell
1%¥72-1970






Rescuing Logic ﬂfram theology

®Roole realized Ehab “laws
of thought” can be
skudied ma&hema&icauvﬂ

® Roole exptaimed how the
‘Prapos&wmat Caleulus
(and more) can be
understood in algebraic

George Boole

skructures: 1%15-1564
Boolean Algebras



Moderin First Order Logic

What emerged from the work of Boole,
Freqe, Skolem and others was an
understanding of what “formal Logic”
MMEANS.

A special case became the “gold standard”:



Modern First Order Logic

First order logic has a rigorous well-
defined mathematical notion of F.'rc:»wf.

“A F?rowf cwf £ ﬂfrom assumy&om A Ls a «fﬁmi&e
string of svmbats such Ehak ...

where V.7 s conerete and unconkroversial.



Semantics of First order Logic

Q: If a proposition is a
formal mathematical object,
what does it mean for a

propos&mm to be “True” in }’g |
a skructure? , A
.. oo . \ f f,'.
Tarskti Ci.&m«fmd Ehis bv \ -,
giving a mathematical

' .  of \ red Tarsii
de{nﬂn&on o{: ‘truth”, Af;cl..w;s:




Godel’s Completeness Theorem

Let A and B be
proposi&iov\s‘ Godel
showed Ethak:
if every structure
satisfying A also satisfies
B, then

there is a first order :
PROOF that B follows alligi
from A,



~irst Order Logic

Proofs and propositions are easily and
uncontroversially recognizable.

There is a clear understanding of the relationship
between a mabthematical structure and the formal
propositions that hold i that structure.

It gives a sa&isf&&orv model of what mathematicians
actually “do”.

I B always holds when A does, then there is a proc{
of B assuming A,



Three Puzzles
o What is a proof?
o Proof FROM WHAT ASSUMPTIONS?
o Assumptions be comprehensive

enough to include all standard
mathematical objects



We've solved one:

o What is a proof?

A formal proof means a proof in

First Order Logic












Assumy&oms SHOULD

thvolve a si,mpi.e F?ri;mi,%i,ve notion
Ehak is easy to understand and can
be used ko “build” or c{evei,op all
standard mathematical ob jects,

ebe evident,

ebe ﬂomgiﬁ%e ua Ehak &h@.j sebble all
mathematical qu@.s&oms,

®be casily recognized as part of a
recursive schema.



Zermelo-Frankel Set Theary
wikth AC

o there is an infinite set

o U X exists then uX exists

o U X, Y exist then so does {X,Y1}
o U X exists the P(X) exists

o U X exists and £ is a definable functional then with domain X, thein
range of § exists

o X=Y ff X and ¥ have the same elements
o AC

o For all X there is a YeX with XnY EMFEZj






ij these axioms?

® mostly self evident

© reatbj a &omprem&s@.



We have logic, we have
axioms, but
do we have mathematics??

We need to wmake a common
playground for all mathematical
objects: it is a place where the
arithmetic and the gqeometbric can
tnteract.



A meerfec:&, but h@.i.pnfui.
analogy

Operating system Set Theory

124

High level Frogramméng Mabkhematics

Language



Is this the end of the story?

For example: Are all mathematical
truths provable in ZFC?

Is ZFC the final arbiter of
mabhemalbical Erubth?



A collection of assumptions is
COMPLETE

f ik either proves or refubes
every makthemakbical sktaktement,



The QPFOSEE@. of ﬂompteiemess ¥=
independence: a proposition P is

Lmd@;pemd@\%

of a collection A of assumptions
i A does NOT resolve P



Crodel’s lmaomgt&emess
Theorems

If A is a recursive, complete
collection of assumptions then
A s Uhcownsistent.

1 A is recursive, consistent and
strong enough to derive basic
number theory then

A cannot prove the skatement:
A s cownsiskent.



£t Alors??

® We've tommrvaﬁvei.v consbtruckted an
axiLom svsﬁem Ehak ev&demﬂj
consistent--nol worried aboub Ehak.

© Mavbe Fhe c;:rmtj unresolvable
skaktements are “ph&tasopki&at”‘



Hilbert’s Firstk Problem

©Cantor’s diagonal
arqument shows that the
real numbers have larqger
&Qrdiv\atiﬁv than the
natural numbers.

®Slightly different
arqumets show that there
must be an uncountable
ORDINAL.

David Hilberk
1%¥62-194-3

nA



The Continuum Question

Is there a bijection between the real
numbers and the first uncountable
cardinal?



The Continuum Question

Equivatemﬂjz

1s there awn subset X of the real
numbers of cardinality between the
natural numbers and the real
numbers?



Grodels L

In the 19305 Godel showed that IF
there is an example of ZF then there
is & canonical minimal example of
L+ C,

"' is plays a role in set theory
analoqous to the Rationals for
characteristic © fields.



Grodels L

Godel showed that L satisfies both
the Continuum Hypothesis and the
Axiom of Choice.



Forcing
Paul Cohen invented a
general method for
transforming one example
of ZF (or ZFC) bo
another, The method is
called Forcing,

In Many ways Lk s
analogous to adding a

root of a polynomial to a Paul Cohen
1934-2007
fleld,



The first use of forcing

Cohen used forcing ko show the
following resulk:

Any model of ZFC can be
transformed into a model of ZFC
where the continuum hypothesis fails.



A REAL Emc{epemd@\té resulk

The conkinuum kjpoﬁkesis cannolt be
settled by the axioms of set theory

(ZFC).



How widespread is Ehis
pro levn?

Virtually every area of mathematics
that inherently involves infinite
combinatorics is how khown to
suffer from independence
phenomena.






Replace previous goals for
OUr axXLoOMmM svs%emq
Fuad assum[w&oms Ehak:

® are in accord with the intuitions of
mabthematicians well versed in the
appropriate sub ject matter
and

¢ describe mathematics ko as large an
extent as is possible.



Exbend ZFC approprm%e
wWAYS

Find o\ssumg&mms that are robust
and parsimonious and thabt have
consequences that accord with the
general picture of the mathematical
world.




Starting in the early 20th
cev\mvv, sek Eheorv
developed two distinct
streams, exempi.&f&ed bjz

Nikolai Luzin Paul Erdos
1l¥y3-1960 1913-199¢&



Corrasyamdimax to Ehese two
Eraditions were kwo
extensions of ZFC

Bes&rip&v& Sek Theorv:
“ﬁe&mmima&v Axionms”

Combinakorial Sek Thﬁorv:
“Large Cardinal Axioms”



Deberminacu Axitoms
J

Let A be a subset of the unik interval.
Two players take turis playing either
© or 1.

The result is an infinite sequence x of
o's and 1's, Player 1 wins i the
number whose b&mm*j sequence s

coded x belongs to A,



ﬁe&ermma&v Axiomws

The Axiom of determinacy for a
collection § of subsets of the unit
interval says:

For each sebt AcS, either ptaver Ior
player 11 has a winning strateqy



Large Cardinal Axioms

Large Cardinal Axioms posit sets that
have many of the properties of the
whole mathematical universe.



Some representative fiqures

Stanislaw Ulam
1909-19% 4

Jan Mycielski Robert Solovay



Virtues and DPrawbacikes

ﬁe&ermmaav:

® Virtues: easy to state, settles most
problems in Descriptive Set Theory

® Drawbacks: strong versions are
theconsistent with AC, Moreover, it is
hard ko arque for a priori.



Virtues and DPrawbacikes

Large Cardinals:

® Virtues: A priori arguments in their
favor; continue the tradition of the
expansion of mathematical objects

® Drawbacles: They involve very large
sets (Duh..)



Worsk Possibi.@. sttuakion

Campe&uf\g axiom svjs%ems, o
apparem& connection, each with iks
owi mathematical tov\s&&uewav«



“QPF’j Ending

Downald Martin John Steel W. Hugh Woodin



Unification!

Large Cardinals E,m[zai.v Fhe

Axioms of Determinacy:



A Liktkle wore color

Give a very loose description of
Large Cardinal Axioms



Start with a basic description
of the mathematical universe

The mathematical universe is builk bfj
skarting with the emg&:jse% and
tterating the Power set operation
transfinitely,

i
it
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Standard Form of a Large
Cardinal assumption

The basic building blocis
of a cofinal set of large
cardinals are elementary
embeddings from V the
universe of sets to a
transitive model M.

Think of these as non-
trivial injections of V VY :
into a proper subclass.




Any etemem&arv
embedding of V inko a
Eransitive class M maust
move an ordinal. The
least ordinal woved is

the large cardinal.




Two parameters
determine the strength
of the large cardinal:

® Where ordinals are
moved

© The extenk to which M
resembles V itV




Remember (rodel’s Fheorem?

o Cvodel’s theorem said Ehat no
consiskenk Eheorfj can prove ks ocwin
aonsis%@.mav

o This gives a hierarchy of consistency
strength of assumptions:

A < 8

if and only i the consistency of B
implies the consistency of A



Rewarkable Facts of Nature

¢ Large Cardinals form an essentially
linear hierarchy of assumptions in
this ordering.

©  As far as is khown, all nakural
assumptions extending ZFC £ik on
this hierarchy.



The sinqular cardinal
kvpowesm

f A isa stinqular strowng

Limik cardinal cardinal
Ehein

QN T



Magidor and Jensen

o Magidor: If there is a supercompact
cardinal thewn ik is consisbtent Ehat
2RW > Nw—+1

o Jensen: If this happens then there
are fairly strong large cardinals.

Rownald Jensen







The Lev:ijatovav theorem

Large cardinals are preservec’k under
“small forcing”.

i a4

Azriel Levy Robert Solovay




In po\r&tuta\r

Large Cardinals cannot settle
ques&oms thvolving small sets:

e.q.



Where the action is

Fund axioms Ehal sebble Ehe CH.

Then setkle the rest ...



Avenues of Research:
ﬁmraima AXLomws

S Markins Maxinum

® Proper Forcing axiom

Saharown Shelah




F«‘forth AxLoms

® Prove bthalt Ehe real numbers are khe
second uncounkable cardinal

® Crive an essen&aﬂ.v aompté.&e Ekeorj
of sets of size wi

® In particular they settle most (all?)
combinatorial qu,esﬁov\s



Generic large Cardinals

These are axioms that combine large
cardinal embeddings with forcing.

The elementary embedding of V is
revealed in a mforci;s»\g) extension of vV

Include ordinary large cardinals as
special cases

Settle esmmﬁatbj all qu,es&cwms.



Gther Appra&hes

® Specify entirely the mathematical universe by
describing it as the result of a specific construction.

“Ulkimwake L7

¢ Give mebta-mathematical arquments involving
stronger logics.

“Omeqga Logic”

W. Hugh Woodin



thj wont Ehev qo aw&v?

© As strengthenings of ZFC %hev are
canonical
(at least U the consistency kierar&k-j)

® Butb.. if you've got an idea, Let’s hear it!









First Attack: the logic
(either strengthen or

weakein)
® Intuitionism/constructivism
® Second order logic

& A different stremgthening of First order
logic



We dont really need
infinite seks
(we dont really need
uncountable sets)

Everything “real” is finite

Everything “real” is countable



The M‘ev word s NEED

Logical need

Griven a result (sav the Halhn-Banach
theorem) that uses the Axiom of Choice in
an essenbial role. Is there a relakted resulk

Ehak ptavs the same role tn some
apptiﬂa&wn that can be prov&d using omlv
finite sets? Countable sekbs?



Often the answer is yes.

The mathematics needed to design an
aircraft probably can be derived in a
purely finikist way,

But could airplanes be built if calculus
Aidnt exist?



Mabthemwalbkical Finance

The Fundamental Theorem of Asset
Pricing

is proved using the Hahn-Banach theorem.

it CAN be prcwed using ain “effective”
version of HB, But would ik have been?
Would the researcher been able to find
the right version and verify the
kvpo&hesis?



Asset Pricing
The basic theory of asset pricing (in a
continuous conkext) is based on

Browhnian Mokiown,

Essential to BM are continuous nowhere
differential functions and abstrack measure
Ehec}r‘y

Nowne of this is Possi;bte. i very weak
theories.



In each case

A fortiori-- one can qo back and find an
effective version of the theorem and an
effective version of the proaf‘.

However the set theoretic infrastructure
was conceptually necessary for the
mathematical development.



What would E wmean?

1{ the ﬁav\&@.p%uat framework of set
theory is necessary for mathematics to
proceed. shouldnt we take it at face
value?
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Thank You!




