
Hamilton-Jacobi equation and non-holonomic
dynamics

Why use algebroid theory to describe the H-J equation?

Edith Padrón

University of La Laguna, Spain

mepadron@ull.es

Focus Program on Geometry, Mechanics and Dynamics

and the Legacy of Jerry Marsden

Edith Padrón H-J equation and algebroid theory



Purpose of this talk

Advances about a formalism which allows to describe Hamilton-Jacobi
equation for a great variety of mechanical systems

Unconstrained systems (Classical hamiltonian systems, reduced
hamiltonian systems,.....)

nonholonomic systems subjected to linear or affine constraints

dissipative systems subjected to external forces

time-dependent mechanical systems

....
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Classical Hamilton-Jacobi equation

ingredients

Q configuration space (manifold) (qi )

τ∗Q : T∗Q → Q phase space of momenta (qi , pi )

H : T∗Q → R Hamiltonian function H(qi , pi )

⇓

XH ∈ X(T∗Q) hamiltonian vector field XH = ∂H
∂pi

∂
∂qi
− ∂H
∂qi

∂
∂pi

W : Q → R the characteristic function W (qi )

Classical Hamilton-Jacobi Theorem

The following sentences are equivalent

1 For every c : I → Q, c(t) = (qi (t)) integral curve of

XW
H = Tτ∗Q ◦ XH ◦ dW ∈ X(Q) dqi

dt
= ∂H
∂pi

(q(t), ∂W
∂q

(q(t))

⇓

dW ◦ c : I → T∗Q is an integral curve of XH

2 W satisfies Hamilton-Jacobi equation

H ◦ dW = constant, H(qi , ∂W
∂qi

) = constant
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Classical Hamilton-Jacobi equation

Let λ ∈ Ω1(Q) be a closed 1-form (dλ = 0)

T∗Q

τT∗Q

��

XH // T (T∗Q)

TτT∗Q

��
Q

λ

==

XλH // TQ

Theorem

c : I → Q integral curve of XλH ⇒ λ ◦ c integral curve of XH ,

m

XH and XλH are λ-related (i.e. Tλ(XλH ) = XH).

m

d(H ◦ λ) = 0 Hamilton-Jacobi equation
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Classical Hamilton-Jacobi equation

Tools

TQ
τTQ // Q  vector bundle τD : D → Q over a manifold Q

The canonical symplectic 2-form ωQ in T ∗Q ' The canonical Poisson bracket
{·, ·}T∗Q on T ∗Q  a linear Poisson bracket {·, ·}D∗ on D∗

A Hamiltonian function H : T ∗Q −→ R  a function H : D∗ → Q

A section λ : Q −→ T ∗Q such that dλ = 0  a section λ ∈ Γ(D∗) which is

closed with respect to a certain differential
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Hamilton-Jacobi equation for nonholonomic mechanical systems

ingredients

Q manifold (configuration space)

D a distribution on Q (constraint distribution)

g a Riemannian metric on Q

V : Q → R a real function on Q (Potential)

⇓

L : TQ → R, L(v) =
1

2
g(v , v)− V (τ(v))

FL : TQ → T ∗Q Legendre transformation

FL ≡ The vector bundle isomorphism induced by the metric g

⇓
D̄ = FL(D) the constraint Hamiltonian subbundle of T ∗Q

H : T ∗Q → R Hamiltonian function
⇓

X̄H ∈ X(D∗) X̄H = Ti∗D ◦ XH ◦ P∗

TQ = D ⊕ D⊥ P : TQ → D, P∗ : D∗ → T∗Q

iD : D → TQ, i∗D : T∗Q → D∗ Ti∗D : T (T∗Q)→ TD∗
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Hamilton-Jacobi equation for nonholonomic mechanical systems

I(D0) ≡ the algebraic ideal generated by D0

Hamilton-Jacobi Theorem for nonholonomic systems

Let λ ∈ Ω1(Q) taking values into D̄ and satisfying dλ ∈ I(Do). Then the
following conditions are equivalent:

1 For every integral curve c : R→ Q of

Xλ
H = (TπQ) ◦ XH ◦ λ ∈ X(Q)

then λ ◦ c is an integral curve of X̄H .

2 d(H ◦ λ)(Q) ⊂ Do

D. Iglesias, M. de León, D. Mart́ın de Diego 2008
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Hamilton-Jacobi equation for nonholonomic mechanical systems

Tools

D
τD // Q  τD : D → Q vector bundle over a manifold Q

The nonholonomic bracket on D∗  an almost linear Poisson {·, ·}D∗ bracket
of functions on D∗, i.e., in general, does not satisfy Jacobi identity

{F ,G}D∗ = {F ◦ i∗D ,G ◦ i∗D} ◦ P∗, F ,G ∈ C∞(D∗)

TQ = D ⊕ D⊥ P : TQ → D, P∗ : D∗ → T ∗Q

iD : D → TQ, i∗D : T ∗Q → D∗

A Hamiltonian function H : T ∗Q −→ R⇒ H = H ◦ P∗ : D∗ −→ R function
H : D∗ −→ R

⇓
X̄H ∈ X(D∗) X̄H(F ) = XH(F ) = {F ,H}D∗

A section λ : Q −→ T ∗Q taking values on D̄ such that dλ(Q) ⊂ I(Do)  A

section λ ∈ Γ(D∗).... and is it closed with respect to a certain differential

operator?
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The differential

ingredients:

τD : D −→ Q a vector bundle

⇓

τD∗ : D∗ −→ Q its dual vector bundle

A linear almost Poisson bracket 1 {·, ·}D∗ on D∗

⇓

dD : Γ(∧kD∗)→ Γ(∧k+1D∗) differential operator

1linear means that the bracket of two linear functions is a linear function
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linear almost Poisson structures on a vector bundle

τD : D → Q vector bundle with linear almost Poisson bracket {·, ·}D∗ on D∗ → Q

{X̂ : D∗ → R/X̂ is linear} ⇐⇒ Γ(D) = {X : Q → D/X is a section of τ}

What is the corresponding structure on D?

⇓
The bracket of two linear functions with respect to D∗ → Q is again linear

The bracket on the space of sections of D

[[·, ·]]D : Γ(D)× Γ(D)→ Γ(D) skew-symmetric

̂[[X ,Y ]]D = −{X̂ , Ŷ }D∗

The bracket of a linear function and a basic function f ◦ τD∗ is a basic function

The vector bundle morphism between D and TQ

ρD : D → TQ (anchor map) ⇒ ρD : Γ(D)→ X(Q)

ρD(X )(f ) ◦ τD∗ = {X̂ , f ◦ τD∗}D∗

[[X , fY ]]D = f [[X ,Y ]]D + ρD(X )(f )Y , ∀X ,Y ∈ Γ(D), ∀f ∈ C∞(Q)
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linear almost Poisson structures on a vector bundle

{{·, ·}D∗ linear almost Poisson bracket on D∗}

m

{([[·, ·]]D , ρD) skew-symmetric algebroid structure on D}
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The differential

dD : Γ(ΛkD∗)→ Γ(Λk+1D∗)

dDΩ(ξ0, ξ1, . . . , ξk) =
k∑

i=0

(−1)iρD(ξi )(Ω(ξ0, . . . , ξ̃i , . . . , ξk))

+
∑
i<j

Ω([[ξi , ξj ]]D , ξ0, . . . , ξ̃i , . . . , ξ̃j , . . . , ξk)

where ξ0, ξ1, . . . , ξk ∈ Γ(D)

(dD)2 6= 0
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Hamilton-Jacobi equation for a linear almost Poisson bracket

τD : D → Q vector bundle

{·, ·}D∗ linear almost Poisson bracket on D∗

H : D∗ → R Hamiltonian function ⇒ XH = {·,H}D∗ ∈ X(D∗)

λ : Q −→ D∗ be a section of τD∗ : D∗ −→ Q

D∗

τD∗

��

XH // TD∗

TτD∗

��
Q

λ

<<

XλH // TQ

XλH = TτD∗ ◦ XH ◦ λ

W : Q → R, dDW is not closed dD(dDW ) 6= 0
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Hamilton-Jacobi equation for a linear almost Poisson bracket

λ ∈ Γ(D∗)

Υλ : Ω1(D∗)→ Γ(D), η(Υλ(β)) = β(ηv ) ◦ λ β ∈ Ω1(D∗), η ∈ Γ(D∗)

ηv ∈ X(D∗)

δλH ∈ Γ(D) = Υλ(dH)

Hamilton-Jacobi Theorem

c : I → Q integral curve of XλH ∈ X(Q)⇒ λ ◦ c integral curve of XH ∈ Γ(D∗)

m

iδλH
dDλ+ dD(H ◦ λ) = 0

M de León, JC Marrero, D Mart́ın de Diego (2010)
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Hamilton-Jacobi equations for a linear almost Poisson bracket

The general distribution D̃ = ρD(D) bracket generating

m

{Xk , [Xk ,Xl ], [Xi , [Xk ,Xl ]..../Xj ∈ D̃} spans X(Q)

Lie∞(D̃) the smallest Lie subalgebra of X(Q) containing D̃

dD(H ◦ λ) = 0

m

H ◦ λ is constant on the leaves of the foliation Lie∞(D̃)

Edith Padrón H-J equation and algebroid theory



Hamilton-Jacobi equations for a linear almost Poisson bracket

g→ {x} with Lie-Poisson structure on g∗. Thus, if D = h is a subspace of g, we
obtain that the nonholonomic bracket (nonholonomic Lie-Poisson bracket)

A principal G -bundle π : Q → Q/G

τTQ : TQ → Q is equivariant

⇓

TQ/G → Q/G

The linear Poisson structure on (T∗Q)/G is characterized by the following
condition: the canonical projection T∗Q → T∗Q/G is a Poisson epimorphism

the Hamilton-Poincare bracket on T∗Q/G

D a G -invariant distribution on Q

⇓

D/G is a vector subbundle of TQ/G

⇓

the non-holonomic Hamilton-Poincaré bracket on D∗/G
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Classical Hamilton-Jacobi equation for time-dependent Mechanics

Ingredients

π : Q → R fibration (configuration space) π(qi , t)→ t

η = π∗(dt) ∈ Ω1(Q) η = dt

phase space of momenta

extended T∗Q

restricted V ∗π Vπ = {v ∈ TQ/η(v) = 1}
⇓

Principal R-bundle µ : T∗Q → V ∗π µ(qi , t, pi , pt )→ (qi , pi , t)

h : V ∗π → T∗Q Hamiltonian section of µ h(qi pi , t)→ (qi , pi , t,−H(qi , pi , t))

Fh : T∗Q → R Fh(qi , t, pi , pt )→ H(qi , pi , t) + pt

µ(α− hµ(α)) = 0 =⇒ α− hµ(α) = Fh(α)η

Rh ∈ X(V ∗π) Rh(F ) ◦ µ = {F ◦ µ,Fh} Rh = ∂
∂t

+ ∂H
∂pi

∂
∂qi
− ∂H
∂qi

∂
∂pi

W : Q → R the characteristic function W (qi , t)
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Classical Hamilton-Jacobi equation for time-dependent Mechanics

Q = M × R

h : V ∗pi = T∗M × R→ T∗Q = T∗(M × R), h(qi , pi , t)→ (qi , t, pi ,−H(qi , pi , t))

H : V ∗π : T∗M × R→ R

Hamilton-Jacobi Theorem for time-dependent Mechanics

The following sentences are equivalent

1 For every curve c : I → Q such that

c ′(t) = Tτ∗Q ◦ XHt (dWt(c(t)))

⇓

dW ◦ c : I → T∗Q is an integral curve of XH .

2 W satisfies Hamilton-Jacobi equation

Ht ◦ dWt +
∂W

∂t
= constant
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Classical Hamilton-Jacobi equation for time-dependent Mechanics

Tools

τQ : TQ // Q , τD : D → Q a vector bundle with a almost linear Poisson

bracket {·, ·}D∗

η ∈ Γ(T∗Q) such that dη = 0 and η(q) 6= 0 ∀q ∈ Q  a section φ : Q → D∗ not
null in everywhere such that dDφ = 0

⇓

η̂ : TQ → R linear function  φ̂ : D → R linear function

η̂−1(0) = Vπ µ : T∗Q → (η̂−1(0))∗ φ̂−1(0) = V µ : D∗ → V ∗

{·, ·}∗V linear almost Poisson braket such that µ an almost Poisson morphim

A hamiltonian section h : (φ̂−1(0))∗ −→ T∗Q  A section h : V ∗ → D∗ of µ

Fh : D∗ → R

A section λ : Q −→ T∗Q such that dλ = 0  A section λ : Q → D∗ of D∗
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Hamilton-Jacobi equation for a linear Poisson bracket with cocycle

Υλ : Ω1(D∗)→ Γ(D), δλH = Υλ(dFh) ∈ Γ(D)

Hamilton-Jacobi Theorem

c : I → Q integral curve of Rλh = TτV∗ ◦ Rh ◦ µ ◦ λ ∈ X(Q)

⇒ µ ◦ λ ◦ c integral curve of Rh ∈ X(V ∗)

m

µ ◦ iλδhd
Dλ+ dV (Fh ◦ λ) = 0
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Hamilton-Jacobi equation for Mechanical systems with linear

external forces

The vector bundle: TQ × R→ Q

The linear almost Poisson bracket:

F : TQ → TQ vector bundle morphism≡ β ∈ Ω1(TQ) semibasic homogeneous of degree 1

ΠT∗Q×R = ΠT∗Q +
∂

∂t
∧ YF

YF ∈ X(T∗Q) YF (α) = F∗(α)vα ∈ Tα(T∗Q)

Rh = XH − YF ∈ X(T∗Q)

The 1-cocyple φ = (0, 1) ∈ Γ(T∗Q × R) ∼= C∞(Q)× X(Q)⇒ V = TQ

µ = p1 : T∗Q × R→ T∗Q

The Hamiltonian section:
H : T∗Q → R⇒ h : T∗Q → T∗Q × R, h(β) = (β,−H(β))
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Hamilton-Jacobi equation for Mechanical systems with linear

external forces

Υλ : Ω1(T∗Q)→ X(Q), δλH = Υ(dH)

Hamilton-Jacobi Theorem

λ ∈ Ω1(Q)

c : I → Q integral curve of Rλh = TτT∗Q ◦ XH ◦ λ ∈ X(Q)

⇒ λ ◦ c integral curve of XH − YF ∈ X(T∗Q)

m

iδλ
H
dλ+ d(H ◦ λ) + YF (λ) = 0
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The Hamilton-Jacobi equation of a mechanical system subjected

to affine nonholonomic constraints

Ingredients

a vector subbundle τ : U → Q of (τD : D → Q, {·, ·}D∗ )

a bundle metric G : D ×Q D → R⇒ P : D = U ⊕ U⊥ → U

a function V : Q → R
X0 ∈ Γ(D) such that P(X0) = 0

⇓

affine nonholonomic constraints ≡ τU : U → Q

q ∈ Q −→ Uq = {uq + X0(q)/uq ∈ Uq}
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The Hamilton-Jacobi equation of a mechanical system subjected

to affine nonholonomic constraints

The vector bundle τŨ : Ũ = (U+)∗ → Q (it is a subbundle of D × R→ Q)

Γ(Ũ) ≡< {(σ + fX0, f )/σ ∈ Γ(U), f ∈ C∞(Q)} >

The linear almost Poisson manifold on Ũ∗ ∼= U+

m

([[·, ·]]D , ρD) skewsymmetric algebroid

P̃ : D × R→ Ũ , P̃(eq , s) = (P(eq) + sX0(q), s)

P : D = U ⊕ U⊥ → U

[[(σ1 + f1X0, f1), (σ2 + f2X0, f2)]]Ũ = P̃([[σ1 + f1X0, σ2 + f2X0]]D ,
ρD(σ1 + f1X0)(f2)− ρD(σ2 + f2X0)(f1))

ρŨ (σ + fX0, f ) = ρD(σ + fX0)

The 1-cocycle φ ∈ Γ(Ũ∗)

φ : Γ(Ũ)→ C∞(Q) φ(σ + fX0, f ) = f
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The Hamilton-Jacobi equation of a mechanical system subjected

to affine nonholonomic constraints

V = U, ([[·, ·]]U = P ◦ [[·, ·]]D , ρU = ρ)

the Hamiltonian section h : U∗ → Ũ∗

H : U∗ → R H(α) =
1

2
GU∗ (α, α) + V (q)

h(γ) = (uq + sX0(q), s) = γq(uq)− sH(γ)

Υλ : Ω1(U∗)→ Γ(U) δλH = Υλ(dH) ∈ Γ(U)

Hamilton-Jacobi Theorem

Assume that λ ∈ Γ(U∗)

c : I → Q integral curve of Rλh = TτU∗ ◦ Rh ◦ λ ∈ X(Q)

⇒ λ ◦ c is a solution of Hamilton equations

m

iδλ
H
dUλ+ µ ◦ i(X0,1)d

Ũ (h ◦ α) = 0
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An example: An homogeneous rolling ball without sliding on a

rotating table with time-dependent angular velocity

We consider a homogeneous ball with radius r > 0, mass m and inertia
mk2 about any axis. Suppose that the ball rolls without sliding on a
horizontal table which rotes with a time-dependent angular velocity Ω(t)
about vertical axis thought of one of its point. Apart from the
gravitational force, no other external forces are assumed.

Configuration space: Choose a cartesian reference frame with origin at
the center of rotation of the table and z−axis along the rotation axis.
(q1, q2)=the position of the point of contact of the sphere with the table.

(t, q1, q2) ∈ Q := R3
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An example: An homogeneous rolling ball without sliding on a

rotating table with time-dependent angular velocity

(t, q1q2, q̇1, q̇2, ω1, ω2, ω3) ∈ R× TR2 × R3

ω1, ω2 and ω3 are the components of the angular velocity of the sphere

The extended phase space of momenta: T∗R3 × R3

The restricted phase space of momenta: R× T∗R2 × R3

µ : T∗R3 × R3 → R× T∗R2 × R3

The hamiltonian section h : R× T∗R2 × R3 → T∗R3 × R3

h(t, qi , pi , πi ) = (t, qi ,−H(t, qi , pi , πi ), pi , πi )

H =
1

2

(
1

m
(p2

1 + p2
2) +

1

mk2
(π2

1 + π2
2 + p2

2)

)
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An example: An homogeneous rolling ball without sliding on a

rotating table with time-dependent angular velocity

Ball without sliding

⇓

The affine constraints

q̇1 − rω2 = −Ω(t)q2

q̇2 + rω1 = Ω(t)q1

Ω(t)q2 + 1
m
p1 − r

mk2 π2 = 0

−Ω(t)q1 + 1
m
p2 − r

mk2 π1 = 0
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An example: An homogeneous rolling ball without sliding on a

rotating table with time-dependent angular velocity

Hamilton equations

q̇1 =
1

m
p1

q̇2 =
1

m
p2

ṗ1 = −
mk2

k2 + r2
(
dΩ(t)

dt
q2 + Ω(t)

p2

m
)

ṗ2 =
mk2

k2 + r2
(
dΩ(t)

dt
q1 + Ω(t)

p1

m
)

π̇1 =
rmk2

k2 + r2
(
dΩ(t)

dt
q1 + Ω(t)

p1

m
)

π̇2 =
rmk2

k2 + r2
(
dΩ(t)

dt
q2 + Ω(t)

p2

m
)

ṗ3 = 0
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An example: An homogeneous rolling ball without sliding on a

rotating table with time-dependent angular velocity

The vector bundle: τ : D = TR3 × R3 → R3

Global basis of Γ(TR3 × R3)

e0 = (
∂

∂t
− Ω(t)q2 ∂

∂q1
+ Ω(t)q1 ∂

∂q2
, 0), e1 = (

∂

∂q1
, 0), e2 = (

∂

∂q2
, 0),

e3 = (0, (1, 0, 0)), e4 = (0, (0, 1, 0)), e5 = (0, (0, 0, 1)),

The linear almost Poisson structure on D∗ = T∗R3 × R3

[[e0, e1]]D = −Ω(t)e2, [[e0, e2]]D = Ω(t)e1, [[e3, e4]]D = e5,

[[e4, e5]]D = e3, [[e5, e3]]D = e4,

ρD(e0) =
∂

∂t
− Ω(t)q2 ∂

∂q1
+ Ω(t)q1 ∂

∂q2
, ρD(e1) =

∂

∂q1
, ρD(e2) =

∂

∂q2
.
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An example: An homogeneous rolling ball without sliding on a

rotating table with time-dependent angular velocity

Subbundle of D

U := span{e3 − re2 , e4 + re1 , e5}

Fiber metric on D

G = e0
2 + (m((e1)2 + (e2)2) + mk2((e3)2 + (e4)2 + (e5)2)

The section X0 of D
X0 = e0

The section λ of U∗

λ = dU(ϕ1(t)q1 + ϕ2(t)q2)

dUλ 6= 0
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An example: An homogeneous rolling ball without sliding on a

rotating table with time-dependent angular velocity

If Ω(t) = Ω0t

Solution of Hamilton equations

λ ◦ c(t) = (t, q1(t), q2(t);λ3(c(t)), λ4(c(t)), 0)

λ3(c(t)) =
−r√

m(k2 + r2)

(
C1 sin

(
r2Ω0t2

2(k2 + r2)

)
+ C2 cos

(
r2Ω0t2

2(k2 + r2)

))
,

λ4(c(t)) =
r√

m(k2 + r2)

(
C1 cos

(
r2Ω0t2

2(k2 + r2)

)
− C2 sin(

r2Ω0t2

2(k2 + r2)
)

)
,

where C1,C2 are real constants.
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Conclusions

Using the linear almost Poisson theory (or skew-symmetric
algebroid theory) we have given a simple method to describe the
Hamilton-Jacobi equations for several situations. Usually, these
equations make it easy to find solutions for the equations of
Hamilton equations.

Edith Padrón H-J equation and algebroid theory



Thanks for your attention!
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