Integrable Systems, gradient flows and dissipation

Anthony Bloch
(Recent work with Morrison and Ratiu)
eToda and gradient flows

e Normal and Kahler metrics
e PDE’s on S! and Loop groups
e Metriplectic Flows

e Double bracket dissipation (w. Jerry, Krishna, Tudor)



Toda Flow:

X =X, [IgX]
Double Bracket Flow:

X = [Xv [XvNH

— gradient but special case yields Toda. (with Brockett and
Ratiu)

P =[P,[P,A]
(Bloch, Bloch, Flashcka and Ratiu, Total Least Squares).



Heat equation
Ut = Uyy

Kahler flow:

u = (=AY
(with Morrison and Ratiu)
Dispersionless Toda flow

(Bloch, Flaschka, Ratiu)
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An important and beautiful mechanical system that describes
the interaction of particles on the line (i.e., in one dimension) is
the Toda lattice. We shall describe the nonperiodic finite Toda
lattice following the treatment of Moser.

This is a key example in integrable systems theory.

The model consists of n particles moving freely on the x-axis
and interacting under an exponential potential. Denoting the
position of the kth particle by z;, the Hamiltonian is given by

n n—1

1
H(x) y) — 5 Z yl% + e(l‘k—karl),
k=1 k=1



The associated Hamiltonian equations are

. OH
LT = — = YL, 0.1
T (0.1)
OH .
1 = —— — eTk—17%k _ Tk Tkt : 0.2
Yk o1 (0.2)
where we use the convention e’ "1 = ¢ "+l = (), which corre-
sponds to formally setting ro = —oc and z,,,1 = +0oc.

This system of equations has an extraordinarily rich structure.
Part of this is revealed by Flaschka’s (Flaschka 1974) change of
variables given by

1 1
ajp — §€(xk_xk+1)/2 and bk = _éyk . (OB)



In these new variables, the equations of motion then become
dk:ak<bk+1—bk), k’:1,...,n—1, (0.4)
b = 2(a; —a;_), k=1,...,n, (0.5)

with the boundary conditions ay = a,, = 0. This system may be
written in the following Lax pair representation:

d

2L —[BI]=BL- LB, (0.6)
dt
where
by ap 0 - 0 0 a; O 0
ayp by ag - 0 —a1 0 a9 0
[ = ... : B = ...
bp—1 ap—1 0 ap—
0 an—1 bn 0 —ap—1 0

Can show system is integrable.
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More structure in this example. For instance, if NV is the matrix
diag|1,2,...,n|, the Toda flow (0.6) may be written in the following
double bracket form:

L=[L,[L,N]. (0.7)

See Bloch [1990], Bloch, Brockett and Ratiu [1990], and Bloch,
Flaschka and Ratiu [1990]. This double bracket equation re-
stricted to a level set of the integrals is in fact the gradient flow
of the function TrL N with respect to the so-called normal metric.

From this observation it is easy to show that the flow tends
asymptotically to a diagonal matrix with the eigenvalues of L(0)
on the diagonal and ordered according to magnitude, recovering
the observation of Moser, Symes.
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e Four-Dimensional Toda. Here we simulate the Toda lattice
in four dimensions. The Hamiltonian is

H(a,b) = af + a5+ b] + b5 + bibs. (0.8)
and one has the equations of motion
dl = —CLl(bl — bg) 61 = QCL%,
CLQ = —ag(bl -+ 252) 62 = —2(&% — CL2) .
(setting b; + by + b3 = 0, for convenience, which we may do since
the trace is preserved along the flow). In particular, Trace LN is,
in this case, equal to by, and can be checked to decrease along the

How.
Figure 0.1 exhibits the asymptotic behavior of the Toda flow.

(0.9)



Example 1, initial data [1,2,3,4]

Figure 0.1: Asymptotic behavior of the solutions of the four-dimensional Toda lattice.
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It is also of interest to note that the Toda flow may be writ-
ten as a different double bracket flow on the space of rank one
projection matrices. The idea is to represent the flow in the vari-
ables A = (A, \o,..., \,) and r = (r,79,...,7,) Where the )\, are the
(conserved) eigenvalues of L and r;, > ;77 = 1 are the top com-
ponents of the normalized eigenvectors of L (see Moser). Then
one can show (Bloch (1990)) that the flow may be written as

P =[P,[P,A] (0.10)

where P = rr! and A = diag()).
This flow is a flow on a simplex The Toda flow in its original

variables can also be mapped to a flow convex polytope (see
Bloch, Brockett and Ratiu, Bloch, Flaschka and Ratiu).



(1,2,3)

Schur Horn Polytope

Figure 0.2: Image of Toda Flow
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Metrics on finite-dimensional orbits

Let g, be the compact real form of a complex semisimple Lie
algebra g and consider the flow on an adjoint orbit of g, given
by |

L(t) = [L(t), [L(t), N]]. (0.11)

Consider the gradient flow with respect to the “normal” metric
(see Atiyah ). Explicitly this metric is given as follows.

Decompose orthogonally, relative to —x( , )= ( , ), g, = g-®gur
where g,; is the centralizer of L and g = Im ad L. For X € g,
denote by X! € gl the orthogonal projection of X on g'. Then
set the inner product of the tangent vectors [L, X| and [L,Y] to
be equal to (X% Y!). Denote this metric by ( , )y. Then we
have
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Proposition 0.1. The flow (0.11) is the gradient vector field of H(L) =
k(L,N), k the Killing form, on the adjoint orbit O of g, containing the

initial condition L(0) = Ly, with respect to the normal metric { , Yy on
O.
Proof. We have, by the definition of the gradient,

dH - |L,0L| = (grad H, |[L,dL]) n (0.12)

where - denotes the natural pairing between 1-forms and tangent vectors and
|L,d0L)] is a tangent vector at L. Set grad H = [L, X|. Then (0.12) becomes

_<[L75L]7 N> — <[L7X]7 [La 5L]>N
N ([L,N],0L) = (X* 5L*) .
Thus
Xt = <[L7 NDL — [L,N]
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and
grad H = |L, |L, N]||

as required. |

For L. and N as above obtain the Toda lattice flow. Full Toda
may be also obtained with a modified metric.
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Now in addition to the normal metric on an orbit there exist
two other natural metrics, the induced and Kahler metrics.

e There is the natural metric b on G/T induced from the invari-
ant metric on the Lie algebra —this is the induced metric.

e There is the normal metric described above which, following
Atiyah we call b;, which comes from viewing G /T as an adjoint
orbit.

e Finally identifying the adjoint orbit with a coadjoint orbit we
obtain the Kostant Kirilov symplectic structure which, together
the fact that G/T is a complex manifold defines a Kahler metric
bo.

If we define b; and b, in terms of positive self-adjoint operators
A; and As, A = A3. In fact b is just Tr(AB), b, is Tr(A"BY) and
b, is essentially the square root of b;.
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Gradient flows on the loop group of the circle

Recall that the loop group i(Sl) of the circle S' consists of
smooth maps of S' to S!. With pointwise multiplication, E(Sl)
is a commutative group. Often, elements of E(Sl) are written as
¢/, where f € LR) :={g: [-m 7] > R | g is C®, g(x) = g(—7) + 2n,
for some n € Z}; n is the winding number of the closed curve
[—7, 7] 2t €9 ¢ S! about the origin.
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The based loop group of S'. The inner product on the Hilbert
space L*(S') of L? real valued functions on S' is defined by

1.9) =5 [ 109008, f.ge LS

We introduce the closed Hilbert Lie subgroup L(S') = {¢ €
L(SY) | ¢(1) = 1} of L(S!) whose closed commutative Hilbert Lie
algebra is L(R) := {u € H*(S',R) | u(1) = 0}. The exponential map
exp : L(R) 3 u — e € L(S') is a Lie group isomorphism (with L(R)
thought of as a commutative group relative to addition).
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There is a natural 2-cocycle w on L(R), namely

W, v) = — / " 40 (0)0(0) = (o v) 0.13)

o)

where u' := du/dfl. Therefore, there is a central extension of Lie
algebras

—_—

0 — R — L(R) — L(R) — 0

which, integrates to a central extension of Lie groups

|~ S L(ST) — L(SY) — 1.

—_—

The “geometric duals” of L(R) and L(R) = R&L(R) are themselves,
relative to the weak L*-pairing.
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e — e~

The coadjoint action of L(S') on L(R) preserves {1} & L(R) so

A

that, as usual, the coadjoint action of L(5') on L(R) is an affine
action which, in this case, because the group is commutative,

equals
/

Adiyn=2 = (oglfl) &/ €L(S), nel®)

Thus, the orbit of the constant function O is I@ /St (where the
denominator is thought of as constant loops), i.e., it equals L(S%).
Therefore, every element u € L(R) of its Lie algebra has vanishing
zero order Fourier coefficient , i.e., u(0) = 0.

Thus, the based loop group is a coadjoint orbit of its natu-
ral central extension has three distinguished weak Riemannian
metrics.
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Now we introduce the Hilbert transform on the circle

I 0—s L[ S
6 = t d = — — —
Hu(6) T u(s) co 5—ds o _Wu(e s) cot 2ds
.1 s
= lim —/ u(f — s)cot =ds
e—0+ T €<| ‘<7T 2
for any u € L*(S'), where f denotes the Cauchy principal value.
o If u(f) =57 _ u(n)e™ e L*(S'), where u(n) =5 ["_u(f)e "d0,
so u(n) = u(—n) since u is real valued, then
Hu(f) = =i Y 1(n)(signn)e™ € L*(S") (0.14)

P

which follows from the identity @(n) = —if(n)(signn)



21

Can show

Hu'(0) = (Hu) (0) = (1 > a<n>(signn>em9> = > |nft(n)e™.
T (0.15)

n=——oo

On the other hand, if v € HQ(Sl) then

_ _U Z n25(n)e™ (0.16)

d6? Rl
and hence if u € H'(S"),
(_j;)%m@ i [nf@(n)e™ = Hu'(0) = ((Ho%) u) (0) (0.17)

n=——oo

by (0.15).
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H(L(R)) € L(R), H is unitary on L(R) (relative to the H°-inner
product), HoH = —I on L(R). Concretely, the Hilbert transform
on L(R) has the form:

uf) = Y dn)e™ e LR) = Hu(f)=-i > @(n)(signn)e"

nez\{0} neZ\{0}

Thus, H defines the structure of a complex Hilbert space on
L(R), relative to the H® inner product, s > 1. Hence, translating
H to any tangent space of L(S!), we obtain an invariant almost
complex structure on the Hilbert Lie group L(S!) which is, in
fact, a complex structure.
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Finally, L(S') is a Kdhler manifold. This is immediately seen
by noting that

g(1)(u,v) = w(Hu,v) Z In|u(n (0.18)
is symmetric and positive definite and so, by translations, defines
a weak Riemannian metric on L(S'). Note that this metric is not
the H® metric for any s > 1. In fact, the metric g is incomplete,
whereas the H° metric is complete.
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Weak Riemannian metrics on L(S!). The three metrics for L(S!)
viewed as a coadjoint orbit of its central extension are as follows.

The induced metric is defined by the natural inner product on
L(R), which is the usual L*-inner product. Hence, the induced
metric is obtained by left (equivalently, right) translation of the
inner product

b(1)(w, v) = (u, v) = — / " u(bo()dt (0.19)

2 J_ -
for any two functions u,v € L(R).
Define the following inner products on L(R):
bo(1)(w,v) = b(1)(u, HV') = (u, HV'), if w,v € H*SY), s>1 (0.20)
bi(1)(w,v) == b(1)(u,v) = (W, v, if w,ve H(SY, s>1. (0.21)
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Bilinearity and symmetry of (1) and by(1) are obvious. Also

bi(1)(u,u) = > n’fiu(n)]* > 0.

In addition, b:(1)(u,u) = 0 if and only if u(n) = 0 for all n # 0, i.e.,
u(f) = u(0) = 0. This shows that b;(1) is indeed an inner product
on L(R) which coincides with the H! inner product. Hence, if L(R)
is endowed with the H® topology for s > 1, this inner product is
strong if s = 1 and weak if s > 1. Left translating this inner
product to any tangent space of L(S') (endowed with the H*®
topology for s > 1), yields a Riemannian metric on L(S') which
is strong for s = 1 and weak for s > 1.
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This Riemannian metric is the the normal metric on L(S?!).

The inner product by(1) is identical to ¢(1) by (0.20). Thus,
translating this inner product to the tangent space at every point
of the Hilbert Lie group L(S'), yields the standard Kdahler metric
by = g on L(S'), endowed with the H*® topology for s > 1. Note
that if u € L(S'), then

©.9)

bo(1)(u,u) = ) [nf[@(n)[?

n=—oo

which shows that the K&hler metric b, coincides with the H'/2
metric and is, therefore, a weak metric on L(S').
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The gradient vector fields in the three metrics of L(S!). We com-
pute now the gradients of a specific function the three metrics.

Theorem 0.2. The gradients of the smooth function H : L(S') — R given

by
| 1 [7
H(el)=— [ f'(6)d0
@) =4 | 10
are
i) ViH (eif) = fe' for the normal metric by;
(i) VH (V) = —f"e with respect to the induced metric b for f €

H3(SY) with s > 2;
(i)  V2H () = (Hf")e' with respect to the weak Kdhler metric bs.
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Since

w () (HV2H () ue) "2 by () (V2H () ,ue) = dH (€ (ue)

it follows that the Hamiltonian vector field on (L(S'),w) for the

function H is Xy = HV?H. Since H commutes with the tangent
lift to group translations, Theorem 0.2(iii) implies that

Xy (eV) = (HV?H) (/) =1 (V?H (¢7)) = H (Hf) V) = —f'e".
This proves the first part of the following statement.
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Corollary 0.3. The Hamiltonian vector field of H relative to the trans-

lation invariant symplectic form w on L(S') whose value at the identity

element is given by (0.13) has the expression Xy (') = —f'eV. Its flow
15 the rotation
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Theorem 0.4. Let H : L(S') — R be a smooth function (with L(S)
endowed, as usual, with the H® topology for s > 1) and assume that the
functional derivative §H /du € L(S') exists. Then the gradient vector fields
are

(i) VH(u) = % with respect the weak inner product b(1) defining the
induced metric;

(i) (V'H(u)) (0 fo ([ L (y)dy) d with respect to the (weak) in-

ner product bl( ) defining the normal metric, provided both foe U (o)

and foe (f7 4L (y)dy) de are pem'()dz'c;

(i) (V*H(u)) () = ’Hfo = (p)dp wrt the weak inner product by(1)
defining the Kahler metric, provided fo == (p)dep is periodic.
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Vector fields on L(S') and L(R):

Note the exponential map exp : L(R) > u — €% € L(S!) is a Lie
group isomorphism

Here, we identified the Lie algebra of S!' with R, even though,
naturally, it is the imaginary axis, the tangent space at 1 € S' to
St
Proposition 0.5. Let X € X(L(R)) be an arbitrary vector field . Then its
push-forward to L(SY)) has the expression

(exp, X) (") = X (u)e"
for any u € L(R).
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Applying Proposition 0.5 to Theorem 0.2, we get the following
result:

Corollary 0.6. The three gradient vector fields for the smooth function
H; : L(R) — R given by

i) = - [ 0w

A |
are

(i) VIHi(u) = u for the weak inner product bi(1) defining the normal
metric,

(i) VHi(u) = —u" for the weak inner product b(1) defining the induced
metric, where for u € H*(R) with s > 2;

(i)  V2H(u) = (Hu') for the weak inner product by(1) defining the Kdhler

metric.
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Since the exponential map is a Lie group isomorphism and the
three metrics coincide with the respective inner products at the
identity, their left invariance guarantees that the three inner
products on L(R) correspond to the three invariant metrics on

L(SY).
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Applying Proposition 0.5 to Corollary 0.3, we conclude:

Corollary 0.7. The Hamiltonian vector field of Hy relative to the sym-

plectic form w given by (0.13) has the expression Xy(u) = —u'. Its flow
is (Fy(u)) () = u(0 —1).

The verification of the statement about the flow is immediate:

d d /
- (Fy(w)) (6) = —u(0 — t) = —u'(0 — 1) = (Xg (Fy(u))) (6).
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More stringent hypotheses on the functional give a more gen-
eral result:

Theorem 0.8. Let H : L(S') — R be a smooth function (with L(S")
endowed, as usual, with the H® topology for s > 1) and assume that the
functional derivative H /du € L(S') exists. Then the gradient vector fields
are

(i) VH(u) = % with respect the weak inner product b(1) defining the
induced metric;

(i) (VH(u) (@)= - foedgp ([ dyp 2L (4p)) with respect to the (Hweak) in-
ner product by(1) defining the normal metric, provided both [;dy %—]j(gp)
and foedgo ([ dy S () are periodic;

(i) (V?H(u)) (0) = —H foedgp ML) wrt weak inner product by(1) defining
the Kdahler metric, provided foedgo ML(0) is periodic.
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Corollary 0.9. Under the same hypothesis as in Theorem 0.8(iii), the
Hamiltonian vector field of the smooth function H : L(S') — R relative to
the symplectic form w on L(R) given by (0.13) has the expression Xy(u) =

0
[y de ()



37

The theorem can be applied to the functional H; in Corollary
0.6, but one needs additional smoothness. Indeed, the first thing
to check is if this functional has a functional derivative. In fact,
it does not, unless we assume that v € H*(S') for s > 2, in which
case we have

DH,(u :—/ dsu'(s = (—u",v),

i.e., 6H/ou = —u". With this additional hypothesis, the gradient
flow with respect to the weak inner product 6(1) defining the

induced metric is given by u; = —u”.
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Similarly V'H (u) = u.
The same situation occurs in the computation of the third gra-
dient. In the hypotheses of the theorem, we have

(VPH(u)) (0) = —H O dp==(p) = H(u' —u'(0)) = Hu'

because the Hilbert transform of a constant is zero. Thus, the
gradient flow is given in this case by

1
. d2 2
wup = Hu' (0.17) (——) U.
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Symplectic structures on loop groups:
The periodic Korteweg-de Vries (KdV) equation

U — Ouug + ugge = 0, (0.22)

where u(t,f) is a real valued function of ¢t € R and 0 € |[—m, 7|,
periodic in 0, and uy := 0u/00. The KAV equation is, of course, a
most famous integrable Hamiltonian system. It is Hamiltonian
on the Poisson manifold of all periodic functions relative to the
Gardner bracket

(FGy=5- [ d0% (0.23)

1/” oF d oG

where
F(u) = /1d9 f(u, ug, ugg, - - -)
S

and similarly for G.



40

The functional derivative dF'/ju is the usual one relative to the
L*(S') inner product, i.e.,

oF of d (0f +d2 of o
Su  Ou dO \ Ouy dO? \ Ouyy

The Hamiltonian vector field of H(u) = 5~ [* df h(u, ug, ugp, . . .) has

the expression
d (0H
X =—(—.
n{u) do (5u)

For the KAV equation one takes

H(u) = 2i / a6 (2u3 + %z@) . (0.24)

Q0 —T
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The Casimir functions of the Gardner bracket are all smooth
functionals C for which 6C/éu = ¢ is a constant function, i.e.,

Clu) = (e u) = — / "6 cu(t) = (o).

2m ).

Thus C~1(0) is a candidate weak symplectic leaf in the phase space
of all periodic functions. The situation in infinite dimensions
is not as clear as in finite dimensions, where this would be a
conclusion, because there is no general stratification theorem
and one cannot expect, in general, more than a weak symplectic
form. However, in our case, this actually holds.
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This immediately shows that there is a tight relationship with
the symplectic form w of the complex Hilbert space L(R') namely

d2
o (Wu,v) = w(u,v)

for all u,v € L(S') of class H®, s > 2. Defining

(%) _L = /Oedso u(p),

the KAV symplectic form o has the suggestive expression

o= (1) )

which is well defined on H2(S!,R).
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On the other hand, the Poisson bracket given by the Kahler
symplectic form on L(S!) is

1 (™ 6F (d\ G
F =— | d0— | — — 2
G 27?/_7T ou (d9> ou (0.25)
which is similarly well defined on H _%, and the Hamiltonian vec-
tor field defined by this bracket is given by Corollary 0.9, i.e.,
d\ ' oH
=X = | — —.
= Xan(u) <d9) Su

Now, the gradient vector field for the corresponding Kahler met-
ric, as computed in Theorem 0.8(iii), is written as

d\ ' oH

(0.26)
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Metriplectic Systems.

A metriplectic system consists of a smooth manifold P, two
smooth vector bundle maps 7,k : TP — T'P covering the identity,
and two functions H, S € C*°(P), the Hamiltonian or total energy
and the entropy of the system, such that

(i) {F, G} :=(dF,7n(dG)) is a Poisson bracket; in particular 7* =
_7-(-;

(ii) (F,G) = (dF,k(dG)) is a positive semidefinite symmetric
bracket, i.e., (,) is R-bilinear and symmetric, so x* = k, and
(F,F) >0 for every F' € C*®(P);

(iii) {S,F} =0 and (H,F) = 0 for all F € C®(P) < n(dS) =
k(dH) = 0.
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The metriplectic dynamics of the system is given in terms of
the two brackets by

d
—F={F H+S}+(F,H+S)={F, H}+(F,S), forall FeC>P)

dt
(0.28)
or, equivalently, as an ordinary differential equation, by

%c(t) = 7(c(t))dH (c(t)) + r(c(t))dS(c(t)). (0.29)
The Hamiltonian vector field Xy := n(dH) € X(P) represents the

conservative or Hamiltonian part, whereas Yy = k(dS) € X(P)

the dissipative part of the full metriplectic dynamics (0.28) or
(0.29).
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The definition of metriplectic systems has three immediate im-

portant consequences. Let c¢(t) be an integral curve of the system
(0.29).

(1) FEnergy conservation:

%H (c(t)) = {H, H}(c(t) + (H, 5)(c(t)) = 0. (0.30)
(2) Entropy production:
%S<C<t)> =15, H}(c(t) + (5, 5)(e(t)) = 0. (0.31)

(3) Mazximum entropy principle yields equilibria: Suppose that
there are n functions Cy,...,C, € C®(P) such that {F C;} =
(F,C;) =0 for all F € C*(P), i.e., these functions are simulta-
neously conserved by the conservative and dissipative part of
the metriplectic dynamics.
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Let pp € P be a maximum of the entropy S subject to the
constraints H'(h)NC; (c))N...C Y(c,), for given regular values
h,ci,...,c, € Rof H C;,...,C,, respectively. By the Lagrange
Multiplier Theorem, there exist o, 31,..., 5, € R such that

dS(p()) — Ode(po) + 51(101(]90) + -0+ an(p())
But then, assuming that o # 0, for every ' € C*°(P), we have

{F, H}(po) + (£, 5)(po)
= (dF(py), 7(po) (AH (po))) + (dF (py), (po) (dS(py))) = 0

which means that pj is an equilibrium of the metriplectic dy-
namics (0.28) or (0.29). This is akin to the free energy extrem-
ization of thermodynamics, as noted by Morrison and Mielke.
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Suppose that K € C*°(P) is a conserved quantity for the Hamil-
tonian part of the metriplectic dynamics, i.e., {K, H} = 0. Then,
if ¢(¢) is an integral curve of the metriplectic dynamics, we have

I (elt)) = AR (e(t)) (6(0)
= (dF(c(t)), w(c(t) (dH(e(t))) + (AdF (elt)), w(c(t) (dS(c(0)
= (K, H}(cl(t) + (K, S)(e(t) = (K, $)(clt))

As pointed out by Morrison, this immediately implies that a
function that is simultaneously conserved for the full metriplec-
tic dynamics and its Hamiltonian part, is necessarily conserved
for the dissipative part. Physically, it is advantageous for gen-
eral metriplectic systems to conserve dynamical constraints, i.e.,
conserved quantitates of its Hamiltonian part.
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Metriplectic systems based on Lie algebra triple brackets:

Let g be an arbitrary finite dimensional Lie algebra. Recall
that the Killing form is defined by x({,n) := Trace(ad¢oad,). If
{e;}, i = 1,...dimg, is an arbitrary basis of g and cpl-j are the
structure constants of g, i.e., [e;, ¢j] = ¢’;;e,, then

K’<£7 T]) — gicpiqnjcqu
and hence the components of s in the basis {¢;}, i = 1,...dimg,
are given by
kij = klei, e5) = ,c'y.
The Killing form is bilinear symmetric and invariant; it is non-
degenerate if and only if g is semisimple. Moreover, —x is a
positive definite inner product if and only if the Lie algebra g is

compact (i.e., it is the Lie algebra of a compact Lie group).
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In general, let x be a bilinear symmetric non-degenerate in-
variant form and define the completely antiymmetric covariant
3-tensor

C(Sa n, C) = /46(57 [777 CD — _C(fa Ca 77) — —C<77, 57 C) — _C(Ca , 6)

In the coordinates given by the basis {¢;}, i = 1,...dimg, the
components of ¢ are

. — mo__ — —
Cijk = RimC ji, = —Cikj = —Cjik = —Chji-
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This construction immediately leads to the triple bracket intro-
duced by Bialnycki-Birula and Morrison, 1991 {-,- -} : C*(g) X
C>®(g) x C*®(g) — C*(g) defined by

1/,9,h}(&) = c(V (), Vy(§), VR(E)) := K (Vf(£), [Vg(ﬁ),wb(ﬁ)]g, )
0.32

where the gradient is taken relative to the non-degenerate bilin-
ear form k, i.e., for any £ € g we have

R(VF(E),-) = df(§)

| LOf

VZ = KJZ —_—

f6) =55
where [k = [k] 7!, i.e., K”k;, = 0. This triple bracket is trilinear
over R, completely antisymmetric, and satisfies the Leibniz rule

in any of its variables.

or, in coordinates

1
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This construction extends the bracket due to Nambu to a Lie

algebra setting. Nambu considered ordinary vectors in R® and
defined

1, 9, Py Nabu (IL) = V f(IT) - (Vg(IT) x VA(II)), (0.33)

where ¢’ and ‘X’ are the ordinary dot and cross products. Thus,
the Nambu bracket is a special case of the triple bracket (0.32) in
the case of g = s0(3), whose the structure constants are the com-
pletely antisymmetric Levi-Civita symbol ¢;;.. Such ‘modified
rigid body brackets’ were also described in Bloch and Marsden
[1990], Holm and Marsden [1991], and and Marsden and Ratiu
[1999].



53

If g is an arbitrary quadratic Lie algebra with bilinear symmet-
ric non-degenerate invariant form k, the quadratic function

Co(§) = 31(€,€) (0.34)

is a Casimir function for the Lie-Poisson bracket on g, identified
with g* via k, i.e.,

{f,91(6) = £6(&,[V(£), Vy(E)]) (0.35)

as an easy verification shows since V(5(¢) = £. In view of (0.35),
the following identity is obvious

{f,9}+ =1Cs, f, 9}



For example, if g =s0(3), the (-)Lie-Poisson bracket

(£, 9} P A0) = —{Cy, £, g} xamp(TT) = =TT - (V f(IT) x Vg(TT)) (0.36)

is the rigid body bracket, i.e., if A(II) = %H -, where II, = I,Q2;,
I, >0,1=1,23, and [; are the principal moments of inertia of
the body, then Hamilton’s equations < F(IT) = {/, h}s_o(g)(l_[) are
equivalent to Euler’s equations II =11 x (2.
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Note that given any two functions, f,g € C*(g), because the
triple bracket satisfies the Leibniz identity in every factor, the
map C*(g) > h — {h,f,g} € C>®(g) is a derivation and hence
defines a vector field on g, denoted by X,,: g — g, i.e.,

(dh(§), X14(£)) = K (VRE), X14(&)) = {h, f,g}(§) forall he C(”(Q))-
0.37

Note that X, = 0. Thus, for triple brackets, two functions define
a vector field, analogous to the Hamiltonian vector field defined
by a single function associated to a standard Poisson bracket.



56

We have the following result.

Proposition 0.10. The vector field X, on g corresponding to the pair of
functions f, g is given by

X&) =V f(£): Vyg(&)]. (0.38)
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Triple brackets of the form (0.32) can be used to construct
metriplectic systems on a quadratic Lie algebra g in the following
manner. Let x be the bilinear symmetric non-degenerate form
on g defining the quadratic structure and fix some h € C*>(g).
Define the symmetric bracket

(f; 9)i(&) = =k (Xn (&), Xng(E)) - (0.39)

Assume that —« is a positive definite inner product. Then (f, ) >
0. Thus we have the manifold g endowed with the Lie-Poisson
bracket (0.35), the symmetric bracket (0.39), the Hamiltonian
h, and for the entropy S we take any Casimir function of the
Lie-Poisson bracket.
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Then the conditions (i)—(iii) of metriplectic are all satisfied,
because (h,g); = —k(Xpn, Xny) = —r(0, Xp,) =0 for any g € C™(g).
The equations of motion (0.28) are in this case given by

1) » (v 7(©) %g) = {fR}a€) + (£, S)(€) = r (€, [VF(€), Th(E)]) — ¢
= R (VS©), 6, VR(E)) — 5 ([Th(E), V)], VA(E), TS(E))
for any f € C™(g).

This gives the equations of motion

§ = £[&, VAE)] + [VA(E), [VA(E), VS(E)]. (0.40)
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Note that the flow corresponding to S is a generalized double
bracket flow. Observe also that this flow reduces to a double
bracket flow and is tangent to an orbit of the group if VAi(§) = &.

Indeed if h = $k(¢, ) the symmetric bracket (0.39) reduces to the
symmetric bracket induced from the normal metric.
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Special Case of so(3): If the quadratic Lie algebra is so(3), we
identify it with R? with the cross product as Lie bracket via the
Lie algebra isomorphism " : R® — s0(3) given by uv := u x v for
all u,v € R’. Since Adyu = .Zl\l, for any A € SO(3) and u € R?, we
conclude that the usual inner product on R? is an invariant inner
product. In terms of elements of 50(3) we have u-v = —1 Trace (av).
We shall show below that the metriplectic structure on R’ is
precisely the one given in Morrison [1986].

Recall that the Nambu bracket is given for so(3) by (0.33) and
hence the symmetric bracket (0.39) has the form
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W({IL b, fYA{IL R g}) = €™ o b
imn _st oh Of Oh Og
© o OIm oIl 0115 O11!
= [[Vh|*Vg - Vf—(Vf-Vh)(Vg-Vh)(0.41)
where in the third equality we have used the identity "¢’ =
5m55m‘ . 5mt5ns
With the choice S(II) = ||II||*/2 and the usual rigid body Hamil-

tonian, the equations of motion (0.40) are those for the relaxing
rigid body of Morrison [1986].

= €
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Comments.

e In three dimensions any Poisson bracket can be written as
Of Og y Of dg

o quZd I Wy I

gy =T g — < W

where 7,7,k = 1,2,3, and V € R’. Using the well known fact

that brackets of the form of (0.42) satisfy the Jacobi identity
if

(0.42)

V-VxV=0, (0.43)
we conclude that
{Fa G}f — {f7 Fa G}Nambu <O44>

satisfies the Jacobi identity for any smooth function f; i.e.,
unlike the general case.
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e Thinking in terms of s0(3)*, the setting arising from reduction,
this construction leads to a natural geometric interpretation
of a metriplectic system on the manifold P = R’. With the
Poisson bracket on R? of (0.44), the bundle map 7 : T*R® — TR?

has the expression

mp(x, 1) = (2, VF(I1) x ()7)
since dH(II)" = VH(II) (dH(II) is a row vector and VH(II) is its
transpose, a column vector). Now the triple bracket associ-

ated to the equation (0.40) can be used to generate a sym-
metric bracket :

(F, G)BKMR(H) — <F7 G)(KiY — ({H7 C, F}v {Hv C, G}>
_ (11 x VF(II) - (I x VG(IT) . (0.45)

where now C = ||II||?/2. Hence the bundle map « : T*R’ — TR’
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has the expression
ki, 1) = =TT x (ITx (-)").

Thus, with the freedom to choose any quantity S = f as an en-
tropy, with the assurance that (0.43) will be satisfied because
VxV =VxVf=0, we can take H = C and have {F,S}; =0
and (F,H) =0 for all F € C*(R%). The equations of motion for

this metriplectic system are
[1=—I1x Vf(II) = 1II x (I x Vf(II)). (0.46)

The symmetric bracket is the inner product of the two Hamil-
tonian vector fields on each concentric sphere. As discussed
in BKMR, this symmetric bracket can be defined on any com-
pact Lie algebra by taking the normal metric on each coadjoint
orbit.
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e The following set of equations were given in Fish (2005):

[1=VSxVH—-VH x (VH x V5S). (0.47)

This metriplectic system is equivalent to.

I1={II,S H} +x{II,HI},{II,H S} , (0.48)

(F,G)y(II) = s ({11, 9, F'},{lL, 9, G}) = (Vg(II)x VF(IT))-(Vg(I) x VG(II)).
(0.49)
Thus, the bundle map x : T*R®> — TR? has the expression

gl T1) = —Vg () x (V(ID) x (7).
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Examples: Two special cases of the equation (0.47) are of
interest.

(i) If we take H = 3||II||* and S = ¢-II, ¢ a constant vector, we
obtain

[T=cxII =TI x (IT x ¢). (0.50)
(ii) If we take S = 3||/II||* and H = c¢-1I, ¢ a constant, we obtain
M=Ixc—cx(cxII). (0.51)

The equations of motion (0.50) is an instance of double bracket
damping, where the damping is due to the normal metric,
whereas (0.51) gives linear damping of the sort arising in quan-
tum systems. See also Gay-Balmaz/Holm fluids.
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Metriplectic extends to full Toda with dissipation:

Triple bracket and associate symmetric brackets extends to
fields and PDE’s (see paper.)

Related work: dispersionless Toda with Hermann Flaschka and
Tudor.



