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The birth of the theory of dynamics of nonholonomic systems
occurred at the time when the universal and brilliant
analytical formalism created by Euler and Lagrange was
found, to general amazement, to be inapplicable to the very
simple mechanical problems of rigid bodies rolling without
slipping on a plane. Lindelöf’s error, detected by Chaplygin,
became famous and rolling systems attracted the attention
of many eminent scientist of the time...

Neimark and Fufaev, 1972

D. Martı́n de Diego – ICMAT (CSIC-UAM-UC3M-UCM)



What is nonholonomic mechanics?

Nonholonomic constraints

(qA), 1 6 A 6 n coordinates on a configuration space Q
Constraints φi(qA, q̇A, t) = 0, 1 6 i 6 m{

time-dependent (rheonomic)
time-independent (scleronomic)
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Holonomic or Nonholonomic

1 Holonomic. A holonomic constraint is derived from a
constraint in configuration space.

- Example: particle constrained to move on a sphere has the

constraint
n∑
A=1

(qA)2 = r2, q · q̇ = 0.

2 Semi-Holonomic. The constraint is integrable. These
constraints typically imply conservation laws given by a
foliation of Q by integral manifolds.

- Example: vertical disk rolling on a straight line without
slipping. Constraint φ̇ = ẋ, implies φ = x+ constant.

3 Nonholonomic. The constraint is not integrable. Cannot
be reduced to semi-holonomic constraints and does not
impose restrictions on the configuration space.

- Example: Nonholonomic particle φ = ż− yẋ = 0.
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Geometrizing...

The constraints are globally described by a submanifoldM of
the velocity phase space TQ.

M TQ

Q

J
J
J
J
J
JĴ













�

-
iM

(τQ)|M τQ

{
Linear constraints :M is a vector subbundle of TQ −→ D

Affine constraints :M is an affine subbundle of TQ
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Lagrange-d’Alembert principle

J. L. Lagrange (1736–1813) Jean Le Rond d’Alembert (1717–1783)

φi = µiA(q)q̇
A, 1 6 i 6 m

Admissible infinitesimal virtual variation δqA −→ µiAδq
A = 0.

Definition

A nonholonomic constraint is said to be ideal if the
infinitesimal work of the constraint force vanishes for
any admissible infinitesimal virtual displacement.
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Lagrange-D’Alembert’s equations

L : TQ→ R
(Q,L,D) a nonholonomic mechanical system

Lagrange-D’Alembert’s equations

(
d

dt

∂L

∂q̇A
−
∂L

∂qA

)
δqA = 0

with δq ∈ D.

d

dt

∂L

∂q̇A
−
∂L

∂qA
= λiµ

i
A

µiA(q)q̇
A = 0
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Nonlinear constraints. Chetaev’s principle

P. Appell (1855–1930) N.G. Chetaev (1902–1959)

P. Appell: Sur les liaisions exprimées par des real-
tions non linéaires entre les vitesses, C. R. Acad. Sci.
Paris 152 (1911), 1197–1200.
P. Appell: Exemple de mouvement d’un point as-
sujetti à une liasion exprimée par une relation non
linéaire entre les composantes de la vitesse, Rend.
Circ. mat. Palermo 32 (1911), 48–50.
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φi(t,q, q̇) = 0, 1 6 i 6 m

Some physical properties of the constraints should impose
restrictions to the set of possible values of the constraint forces.

d

dt

∂L

∂q̇A
−
∂L

∂qA
= λi

∂φi

∂q̇A

φi(t,q, q̇) = 0
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Simple examples show that Chetaev’s rule cannot be used in
general.

C.-M. Marle: Various approaches to nonholonomic
systems. Rep. Math. Phys. 42 No 1/2 (1998), 211–229.
Cendra, Hernán; Ibort, Alberto; de León, Manuel;
Martı́n de Diego, David A generalization of
Chetaev’s principle for a class of higher order non-
holonomic constraints. J. Math. Phys. 45 (2004), no.
7, 2785–2801.
Cendra, H.; Grillo, S.: Generalized nonholonomic
mechanics, servomechanisms and related brackets.
J. Math. Phys. 47 (2006), no. 2, 022902, 29 pp.
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The principle of least constraint

K. F. Gauss (1777–1855)

“The motion of a system of particles
connected together in any way, and
whose motions are subject to arbitrary
external restrictions , always takes place
in the most complete agreement possible
with free motion or under the weakest
possible constraint. The measure of the
constraint applied to the system at each
elementary interval of time is the sum of
products of the mass of each particle with
the square of its departure from the free motion”

K. F. Gauss
Über ein neues Grundgesetz der Mechanik,

Journal de Crelle, Vol. IV (1829)
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free motion qf(t)

nonholonomic motion qnh(t)

admissible motion qa(t)
q0, v0 (initial conditions) t = t0

Z(q̈a(t0)) =
1
2

∂2L

∂q̇A∂q̇B
(q̈Aa − q̈Af )(q̈

B
a − q̈Bf )|t0

measure of deviations of motions

Gauss’s principle of least constraint

Among admissible motions the one that deviates least
from the free motion is the nonholonomic motion
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Hölder’s principle

O. Hölder (1859–1937)

C2(x,y) = {c : [0, 1] −→ Q | c is C2, c(0) = x, and c(1) = y}.

Vc = {X ∈ TcC2(x,y) / X(t) ∈ Dc(t), ∀t ∈ [0, 1]}
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Action functional

J : C2(x,y) −→ R

c 7→
∫ 1

0
L(ċ(t))dt

Hölder’s principle

An admissible path c (ċ(t) ∈ Dc(t)), is a solution of
the nonholonomic problem if

dJ(c)(X) = 0, for all X ∈ Vc
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Using the Differential Geometry on the tangent bundle

A. M. Vershik and L.D. Faddeev: Differential Geometry and
Lagrangian mechanics with constraints. Soviet Physics -

Doklady 17 (1) (1972), 34-36.
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Unconstrained Lagrangian systems

TQ

TQ

Q

τQ

z ∈ TxQ

x

(qA, q̇A)

(qA)

? ? ?
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Vertical lift z ∈ TxQ

TxQ −→ TzTQ

X 7−→ (Xv)z (t→ z+ tX)

(in coordinates) X = XA ∂
∂qA

7−→ X = XA ∂
∂q̇A

Liouville vector field ∆

∆(z) = (zV)z ∆ = q̇A
∂

∂q̇A

Vertical endomorphism S

TzTQ −→ TzTQ

Y 7−→
(
TτQ(z)(Y)

)v
z

S(XA
∂

∂qA
+ X̃A

∂

∂q̇A
) = XA

∂

∂q̇A
S =

∂

∂q̇A
⊗ dqA
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L : TQ −→ R

Poincaré-Cartan 1-form αL = S∗(dL)
Poincaré-Cartan 2-form ωL = −dαL
Energy function EL = ∆L− L

L is regular ⇐⇒
(

∂2L

∂q̇A∂q̇B

)
is regular

iΓLωL = dEL ΓL Euler-Lagrange vector field
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1 SΓL = ∆ (ΓL is a SODE)

ΓL = q̇A
∂

∂qA
+ ΓA

∂

∂q̇A
dqA

dt
= q̇A

dq̇A

dt
= ΓA(qA, q̇A)

↔ d2qA

dt2 = ΓA(qA,
dqA

dt
)

2 The solutions of ΓL are the solutions of Euler-Lagrange
equations

d

dt

(
∂L

∂q̇A

)
−
∂L

∂q̇A
= 0

Euler-Lagrange equations
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Nonholonomic constraints

M TQ

Q

J
J
J
J
J
JĴ













�

-
iM

(τQ)|M τQ

M submanifold of TQ.

φ1 = 0, . . . ,φm = 0
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Admissibility condition

rank
∂(φ1, . . . ,φm)

∂(q̇1, . . . , q̇n)
= m⇐⇒ ∀x ∈M, dim TxM

o = dimS∗(TxM
o)

q̇i = Ψi(qA, q̇a), 1 6 i 6 m,m+ 1 6 a 6 n and 1 6 A 6 n
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Linear constraints on the velocities

φi(qA, q̇A) = µiA(q)q̇
A −→ vectorsubbundle

M≡ D→ Q

D distribution on Q, r = dimQ−m.

Do = 〈µiAdqA, 1 6 i 6 m〉

D. Martı́n de Diego – ICMAT (CSIC-UAM-UC3M-UCM)



Nonholonomic mechanics

L : TQ −→ R regular, regular distribution D on Q


d

dt

(
∂L

∂q̇A

)
−
∂L

∂qA
= λiµ

i
A

Φi(q, q̇) = µiAq̇
A = 0

⇐⇒
{

(iXωL − dEL)|M ∈ S∗(TMo)
X|M ∈ TM
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Compatibility condition

Compatibility condition: F⊥ωL ∩ TM = 0

F distribution alongMwhich annihilator is S∗(TMo) and F⊥ωL
its symplectic orthogonal

TxTQ = F
⊥ωL
x ⊕ TxM, x ∈M

Px : TxTQ −→ TxM ,

Qx : TxTQ −→ F
⊥ωL
x .

ΓL,M = P(ΓL|M)

where
iΓLωL = dEL
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Bates and Sniatycki’s formalism
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TxTQ = (Fx ∩ TxM)⊕ (Fx ∩ TxM)⊥ωL x ∈M

P̃x : TxTQ −→ (Fx ∩ TxM) ,

Q̃x : TxTQ −→ (Fx ∩ TxM)⊥ωL .

(
q̇A

∂φi

∂q̇A

)
|M

= 0⇒ ΓL,M = P̃(ΓL|M)

H = F ∩ TM, symplectic vector bundle onM
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iX(ωL)H = dHEL

L. Bates, J. Śniatycki: Nonholonomic reduction, Reports on
Mathematical Physics, 32 (1) (1992), 99-115.
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Reduction of the dynamics of nonholonomic systems
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Ψ : G×Q −→ Q free and proper

Ψ̂ : G× TQ −→ TQ

{
L is G-invariant
M is G-invariant

αL,ωL,EL, ΓL, F, ΓL,M are G-invariant.

Objective Taking into account the symmetries, reduce the
number of degrees of freedom
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TQ T̃Q = TQ/G

M M̃ =M/G

-

6 6

-

ρ

ρM

iM
i
M̃

V = ker Tρ, Vx = Tx(Gx), x ∈ TQ

Vx ⊂ TxM, ∀x ∈M
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For unconstrained systems, Noether’s theorem states that
invariance of the Lagrangian implies a momentum
conservation law, but, in nonholonomic mechanics is necessary
to account the effect of constraint forces.

Let J : TQ −→ g∗ the canonical momentum map associated
with the G-action

ΓL,M(Jξ) = −iΓL,MωL(ξM) = −ξM(EL) + β(ξM) = β(ξM)

with β ∈ F0 = S∗(TM0).

Horizontal symmetry: ξM ∈ Γ(V ∩ F)⇒ ΓL,M(Jξ) = 0.
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Classification of nonholonomic systems with
symmetry



Principal or purely kinetical case : {0} = V|M ∩ F

Case of Horizontal symmetries : V|M ∩ F = V|M

General case : {0} ( Vx ∩ Fx ( Vx
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Bates and S̀niatycki approach

U = (F ∩ TM) ∩ (V ∩ F)⊥ωL , vector subbundle of TTQ|M

ΓL,M ∈ U

U −→ Ũ

ω
Ũ

, d̃E = (d(ẼL)M̃)
|Ũ
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Proposition

[Bates-S̀niatycki 1992]
The projection Γ̃L,M of ΓL,M onto M̃ is a section of Ũ
satisfying the equation

i
Γ̃L,M

ω
Ũ
= d̃E

D. Martı́n de Diego – ICMAT (CSIC-UAM-UC3M-UCM)



The momentum equation

gq = {ξ ∈ g / ξTQ(vq) ∈ Fvq , for all vq ∈ TqQ ∩M}

gM = ∪q∈Qgq −→ Q

Nonholonomic momentum map

The nonholonomic momentum map is the mapping
Jnh : TQ −→ (gM)∗ defined by

〈Jnh(vq), ξ〉 = αL(ξTQ)(vq)
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A global section ξ̃ of the vector bundle gM → Q induces a
vector field Ξ on Q as follows

Ξ(q) = (ξ̃(q))Q(q) ∈ TqQ

Momentum equation

ΓL,M(Jnh
ξ̃

) = Ξc(L)
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Principal case

{0} = V|M ∩ F, TxM = Vx +Hx

TM = V|M ⊕H

U = H, Ũ = TM̃

i
Γ̃L,M

ω̃L = dẼL

ω̃L is an almost symplectic 2-form on M̃.
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M̃ T̃Q-

Ũ = TM̃
HHH

HHHHj

U

S
S
S
S
SSw

M TQ

TTQ

--

? ?

TM -

J
J
J
J
J
JĴ

@
@
@
@
@
@@R

?













�

ΓL,M

Γ̃L,M
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Theorem

The reduced equation of motion can be written in the
form

i
Γ̃L,M

ω̃ = dẼL − α̃

where ω̃ = −dα̃L is a symplectic form, α̃L is the pro-
jection on M̃ of h∗(i∗MαL) and α̃ is the projection of
α = iΓL,M(h∗d(i∗MαL) − dh∗(i∗MαL)). Moreover, we
have

i
Γ̃L,M

α̃ = 0.
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Čaplygin systems

S.A. Čaplygin (1869–1942)

By a Čaplygin system
we mean a mechanical system given
by a lagrangian function L : TQ −→ R
with a configuration manifold Qwhich is
a principal G-bundle, say π : Q −→ Q/G.

TQ = H⊕W

where W denotes the vertical bundle.

L∗ : T(Q/G) −→ R L∗(Yq̃) = L((Yq)
H)

i
Γ̃L,M

ωL∗ = dEL∗ − α̃.
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V|M ∩ F = V|M

Jnh = J : TQ −→ g∗ ΓL,M(Jξ) = 0 for all ξ ∈ g
πµ : J−1(µ) −→ (TQ)µ = J−1(µ)/Gµ
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The projection (ΓL,M)µ of the restriction of ΓL,M to
M ′ =M∩J−1(µ) is a solution of the reduced equations
of motion

i(ΓL,M)µ(ωL)µ − d(EL)µ ∈ Foµ

(ΓL,M)µ ∈ TMµ

where (EL)µ is the reduced energy.
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M̃

Mµ
HHH

HHHHj

((TQ)µ, (ωL)µ) T̃Q- -

���
���

���
���

�:

M ′ =M ∩ J−1(µ) J−1(µ) (TQ,ωL)- -

???

M

H
HHH

HHHHj ��
��

��
��

��
��1

?

ΓL,M

(ΓL,M)µ
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The General case

{0} ( Vx ∩ Fx ( Vx

A. M. Bloch, P. S. Krishnaprasad, J. E. Marsden, R. M. Murray
Nonholonomic Mechanical Systems with Symmetry, Arch.
Rational Mech. Anal. 136 (1996) 21-99.
J. Cortés, M. de León: Reduction and reconstruction of the
dynamics of nonholonomic systems, J. Physics A: Math. and
Gen. 32 (1999), 8615-8645.
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Hamiltonian description of nonholonomic mechanics

Admissibility condition

dim TMo = dimS∗(TMo) .

TQ T∗Q

Q

-

@
@
@@R

�
�
��	

Leg

τQ πQ

(qA, q̇A) (qA,pA =
∂L

∂q̇A
)

(qA)

-

@
@
@@R

�
�

��	

Leg

τQ πQ
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A.J. Van der Schaft, B.M. Maschke: On the Hamiltonian formu-
lation of nonholonomic mechanical systems, Reports on Math-
ematical Physics, 34 (2) (1994), 225-233.
Ch.M. Marle: Various approaches to conservative and noncon-
servative nonholonomic systems, Reports on Math Phys., 42,
(1998) 211-229.
W.S. Koon, J.E. Marsden: Poisson reduction of nonholonomic
mechanical systems with symmetry, Reports on Math Phys., 42,
(1998) 101-134.
A. Ibort, M. de León, J.C. Marrero, D. Martı́n de Diego: Dirac
brackets in constrained dynamics. Forschritte der Physik. 47
(1999) 5, 459-492.
F. Cantrijn, M. de León, D. Martı́n de Diego: On almost Poisson
structures in nonholonomic mechanics, Nonlinearity 12 (1999),
721-737.
F. Cantrijn, M. de León, J.C. Marrero, D. Martı́n de Diego:
Almost-Poisson brackets in time-dependent nonholonomic me-
chanical systems. Nonlinearity (2001).
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Leg

EL H-

ωL ωQ-

(iXωQ − dH)
|M̃

∈ Fo

X
|M̃

∈ TM̃ .

M M̄-

φi ψi(qA,pA) = φi(qA, ∂H∂pA )
-

S∗(TMo) F̄o-
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Compatibility condition (HAB) = (∂2H/∂pA∂pB)

F̄⊥∩TM̄ = {0}⇐⇒ (Cij) =

(
∂ψi

∂pA
HAB

∂ψj

∂pB

)
is regular

TM̄⊕ F̄⊥|M̄ = TM̄(T∗Q) −→ P : TM̄(T∗Q) −→ TM̄

Q : TM̄(T∗Q) −→ F̄⊥ .

µi =
∂Ψi

∂pA
HABdq

B, 1 6 i 6 m

F̄⊥ is generated by Zi, 1 6 i 6 m, iZiωQ = µi

Zi = −
∂ψi

∂pA
HAB

∂

∂pB
.

P = id + CijZ
i ⊗ dψj −→ P(XH) = XH,M̄
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(F̄∩TM̄)⊕(F̄∩TM̄)⊥ = TM̄(T∗Q) −→ P : TM̄(T∗Q) −→ (F̄ ∩ TM̄)
Q : TM̄(T∗Q) −→ (F̄ ∩ TM̄)⊥ .

P = id − CijCi ′j ′{ψ
j,ψj

′
}Zi ⊗ µi ′ − CijXψi ⊗ µj + CijZi ⊗ dψj,

If ∆|M ∈ TM −→ P(XH) = XH,M̄ .
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The nonholonomic bracket
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Alternative constructions of nonholonomic brackets

Let Λ be the bivector induced byωQ and η,ν two arbitrary
sections of TM̄T∗Q

Bivector bracket
Λ1(η,ν) = Λ(P∗(η),P∗(ν)) , {f,g}1 = Λ1(df,dg) .

Λ2(η,ν) = Λ(P∗(η),P∗(ν)) = ωQ(P(Xη),P(Xν)) {f,g}2 = Λ2(df,dg) .

Proposition

Along the constraint submanifold M̄we have that

Λ1 = Λ2 (Λnh and { , }nh) .
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Homogeneous case−→ ḟ = XH,M̄(f) = {f,H}nh .

Almost Poisson bracket on the constraint submanifold

ΛM̄(x)(ηM̄(x),νM̄(x)) = Λnh(x)(η(x),ν(x))

{f,g}M̄ = ΛM̄(df,dg) = Λnh(dF,dG) = {F,G}nh
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Van der Shaft and Maschke construction

L = T − V , Φα := µαA(q)q̇
A = 0, (A = 1, . . . ,m),

H =
1
2
gABpApB + V(q) ψi = µiA

∂H

∂pA
, 1 6 i 6 m .

p̃a = XAa pA, m+ 1 6 a 6 n
p̃i = Y

A
i pA, 1 6 i 6 m

-�
��3

6

X2

X3

Y1

�
�
�
�
��

�
�
�
�

ψi = Cij
∂H̃

∂p̃j
= p̃i = 0 .

D. Martı́n de Diego – ICMAT (CSIC-UAM-UC3M-UCM)



{qA,qB} = 0 {qA, p̃a} = XAa {qA, p̃i} = YAi

{p̃a, p̃b} = XAb pB
∂XBa
∂qA

− XAa pB
∂XBb
∂qA

{p̃i, p̃b} = XAb pB
∂YBi
∂qA

− YAi pB
∂XBb
∂qA

{p̃i, p̃j} = YAj pB
∂YBi
∂qA

− YAi pB
∂YBj

∂qA

−→

 {qA,qB} {qA, p̃b} {qA, p̃j}
{p̃a,qB} {p̃a, p̃b} {p̃a, p̃β}
{p̃i,qB} {p̃i, p̃b} {p̃i, p̃j}


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J
M̃
(qi, p̃a) =

(
{qA,qB} {qA, p̃b}
{p̃a,qB} {p̃a, p̃b}

)

{qA,qB}nh = 0 {qA, p̃a}nh = XAa {qA, p̃i}nh = 0

{p̃a, p̃b}nh = XAb pB
∂XBa
∂qA

− XAa pB
∂XBb
∂qA

, {p̃i, p̃b}nh = 0 {p̃i, p̃j}nh = 0 .

{f,g}
M̃

=

((
∂f
∂qA

)T
,
(
∂f
∂p̃a

)T)
J
M̃

(
∂g
∂qB
∂g
∂p̃b

)
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General case (no homogeneous)

ḟ = XH,M̄(f) = RH(f) + {f,H}nh

donde RH = P(XH) − P(XH).

ḟ = RH(f) + {f,H}nh

=
(
−CijZ

i(H)P(Xψj)(f)
)
+
(
{f,H}+ CijZi(H){f,ψj}

−CijZ
i(f){H,ψj}+ CijCi ′j ′{ψj,ψj

′
}Zi(f)Zi

′
(H)
)

ḟ = RH(f) + {f,HM̄}M̄
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Standard Mechanical Lagrangian System

1 an n-dimensional configuration manifold Q,
2 a Riemannian metric GTQ on Q describing the kinetic

energy,
3 a function V on Q describing the potential energy,

GTQ be a Riemannian metric on Q

⇓
Levita-Civita connection∇GTQ : X(Q)× X(Q)→ X(Q)

2GTQ(∇GTQ

X Y,Z) = X(GTQ(Y,Z)) + Y(GTQ(X,Z)) − Z(GTQ(X, Y))
+GTQ(X, [Z, Y]) + GTQ(Y, [Z,X])
−GTQ(Z, [Y,X])

for X, Y,Z ∈ X(Q).
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Alternatively,∇GTQ is determined by

[X, Y] = ∇GTQ

X Y −∇GTQ

Y X (symmetry)
X(GTQ(Y,Z)) = GTQ(∇GTQ

X Y,Z) + GTQ(Y,∇GTQ

X Z) (metricity) ,
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The solutions of the mechanical problem with Lagrangian
L : TQ −→ R:

L(v) =
1
2
GTQ(v, v) − V(τTQ(v))

are the curves σ : I ⊂ R→ Q such that

∇GTQ

σ̇(t)σ̇(t) + gradGTQV(σ(t)) = 0.

m

Euler-Lagrange equations
d

dt

(
∂L

∂q̇A

)
−
∂L

∂qA
= 0
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Local description

Local coordinates (qA) on Q, then

GTQ = (GTQ)ABdq
A ⊗ dqB

The Christoffel symbols of the connection∇GTQ are obtained
from the following expression

∇GTQ

∂B
∂C = ΓABC∂A.

The equations of motion are locally written as

q̈C = −ΓCABq̇
Aq̇B − (GTQ)CA

∂V

∂qA
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The nonholonomic connection
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J. L. Synge: Geodesics in nonholonomic geometry.
Math. Annalen 99 (1928), 738–751.
E. Cartan: Sur la representation geometrique des
sysémes materiels non holonomes, Proc. Int. Congr.
Math., vol. 4, Bologna, 253–261 (1928).
A.D. Lewis: Affine connections and distributions
with applications to nonholonomic mechanics. Rep.
Math. Phys. 42 (1/2) (1998), 135–164.
A.M. Bloch, P.E. Crouch: Newton’s law and integra-
bility of nonholonomic systems. SIAM J. Control
Optim. 36 (1998), 2020–2039.
F. Cantrijn, J. Cortés M. de León, D. Martı́n de Diego:
On the geometry of generalized Chaplygin systems,
Mathematical Proceedings of the Cambridge Philo-
sophical Society. 132(2):323–351, 2002.
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The nonholonomic connection

1 an n-dimensional configuration manifold Q,
2 a Riemannian metric GTQ on Q describing the kinetic

energy,
3 a function V on Q describing the potential energy,
4 a distribution D of feasible velocities describing the linear

velocity constraints

∇GTQ

σ̇(t)σ̇(t)+gradGTQV(σ(t)) ∈ D⊥ċ(t)(t)∈ Dc(t), where
D⊥ is the GTQ-orthogonal complement of D

P : TQ→ D

Q : TQ→ D⊥
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Nonholonomic equations ∇̃GTQ

X Y = ∇GTQ

X Y + (∇GTQ

X Q)(Y)

∇̃GTQ

ċ(t)ċ(t)+P
(

gradGTQV(τD(ċ(t)))
)
= 0

Proposition:

For all Z ∈ X(Q) and X, Y ∈ D we have that

Z
(
GTQ(X, Y)

)
= GTQ(∇̃GTQ

Z X, Y) + GTQ(X, ∇̃GTQ

Z Y)

but with TORSION!!!!!
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Is it possible to derive a Levi-Civita connection for
nonholonomic dynamics?

IDEA: Modify the Lie bracket!!
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We induce, by restriction,

1 a bundle metric GD : D×Q D→ R
2 an induced bracket

[[X, Y]]D = P[iD(X), iD(Y)]

where X, Y ∈ Γ(τD) (vector fields onQ taking values on D).
3 anchor map ρD � iD : D ↪→ TQ
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Skew-symmetric algebroids

An skew-symmetric algebroid structure on the vector bundle
τD : D→ Q is a R-linear bracket
[[·, ·]]D : Γ(τD)× Γ(τD)→ Γ(τD) on the space Γ(τD) and a vector
bundle morphism ρD : D→ Q, the anchor map, such that:

1 [[·, ·]]D is skew-symmetric, that is,

[[X, Y]]D = −[[Y,X]]D, for X, Y ∈ Γ(τD).

2 If we also denote by ρD : Γ(τD)→ X(Q) the morphism of
C∞(Q)-modules induced by the anchor map then

[[X, fY]]D = f[[X, Y]]D+ρD(X)(f)Y, for X, Y ∈ Γ(D) and f ∈ C∞(Q).

If the bracket [[·, ·]]D satisfies the Jacobi identity, we have that
the pair ([[·, ·]]D, ρD) is a Lie algebroid structure on the vector
bundle τD : D→ Q.
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The “differential”

If ([[·, ·]]D, ρD) is an skew-symmetric algebroid structure on the
vector bundle τD : D→ Q then we may define an almost
differential dD by

(dDα)(X0,X1, . . . ,XK) =
K∑
I=0

(−1)IρD(XI)(α(X0, . . . , X̂I, . . . ,XK))

+
∑
I<J

(−1)I+Jα([[XI,XJ]]D,X0,X1, . . . , X̂I, . . . , X̂J, . . . ,XK)

for α ∈ Γ(ΛKτD∗) and X0,X1, . . . ,XK ∈ Γ(τD).
In general (dD)2 , 0. Indeed, ([[·, ·]]D, ρD) is a Lie algebroid
structure on the vector bundle τD : D→ Q if and only if
(dD)2 = 0

Linear almost Poisson structures and
Hamilton-Jacobi equation. Applications to
nonholonomic Mechanics. M. de León, J.C. Marrero,
DMdD. Journal of Geometric Mechanics 2011.
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Some coordinate expressions

Suppose that (qA) are local coordinates on Q and that {ea} is a
local basis of the space of sections Γ(τD) then

[[ea, eb]]D = Ccabec, ρD(ea) = (ρD)Aa
∂

∂qA
. (1)

The local functions Ccab, (ρD)Aa ∈ C∞(Q) are called the local
structure functions of the skew-symmetric algebroid
τD : D→ Q.
If {ea} (ea ∈ Γ(τD∗), where τD∗ : D∗ −→ R) is the dual basis of
{ea} then

dDF = (ρD)Aa
∂F

∂qA
ea,

dDκ =

{
(ρD)Aa

∂κa

∂qA
−

1
2
Ccabκc

}
ea ∧ eb,

where F ∈ C∞(Q) and κ ∈ Γ(τD∗) where κ = κbe
b.
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Given a section X ∈ Γ(τD) the curves σ : I ⊆ R→ Qwhich
verify the equations:

σ̇ = ρD(X) ◦ σ

are called integral curves of the section X, that is, they are the
integral curves of the associated vector field ρD(X) ∈ X(Q).
Locally are written as

σ̇A = (ρD)AaX
a ◦ σ or in other words q̇A = (ρD)AaX

a(x)

where X = Xaea.
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A Typical example: The Chaplygin sleigh.

As an example of nonholonomic system on a Lie algebra, we
study the Chaplygin sleigh which describes a rigid body
sliding on a plane. The body is supported in three points, two
of which slides freely without friction while the third point is a
knife edge.

(x, y)

(xs, ys)

a
skate

center
of mass

θ
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A Typical example: The Chaplygin sleigh.

The configuration space before reduction is the Lie group
G = SE(2) of the Euclidean motions of the 2-dimensional plane
R2.
We will need in the sequel to fix some notation about the Lie
algebra se(2). First of all its elements are matrices of the form

ξ̂ =

 0 ξ3 ξ1
−ξ3 0 ξ2

0 0 0


and a basis of the Lie algebra se(2) � R3 is given by

E1 =

 0 0 1
0 0 0
0 0 0

 , E2 =

 0 0 0
0 0 1
0 0 0

 , E3 =

 0 −1 0
1 0 0
0 0 0

 .

We have that

[E3,E1] = E2, [E2,E3] = E1, [E1,E2] = 0.

An element ξ ∈ se(2) is of the form

ξ = v1 E1 + v2 E2 +ωE3.
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The Chaplygin system is described by the kinetic Lagrangian
function

L : se(2) −→ R

(v1, v2,ω) 7−→ 1
2

[
(J+m(a2 + b2))ω2 +mv2

1 +mv
2
2 − 2bmωv1 − 2amωv2

]
wherem and J denotes the mass and moment of inertia of the
sleigh relative to the contact point and (a,b) represents the
position of the center of mass with respect to the body frame
determined placing the origin at the contact point and the first
coordinate axis in the direction of the knife axis.
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A Typical example: The Chaplygin sleigh.

Additionally, the system is subjected to the nonholonomic
constraint determined by the linear subspace of se(2):

D = {(v1, v2,ω) ∈ se(2) | v2 = 0} .

Instead of {E1,E2,E3} we take the basis of se(2):

{e1 = E3, e2 = E1, e3 = −maE3 −mabE1 + (J+ma2)E2}

which is a basis adapted to the decomposition D⊕D⊥;
D = span {e1, e2} and D⊥ = span {e3}.
In the induced coordinates (y1,y2) on D the restricted
lagrangian is

l(y1,y2) =
1
2

[
(J+m(a2 + b2))(y1)2 +m(y2)2 − 2bmy1y2

]
,

and moreover,

[e1, e2]D =
ma

J+ma2 e1 +
mab

J+ma2 e2 ,

Therefore, C1
12 = ma

J+ma2 and C2
12 = mab

J+ma2 .
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The snakeboard

As a mechanical system the snakeboard has as configuration
space Q = SE(2)× T 2 with coordinates (x,y, θ,ψ,φ)

φ− θ

r

ψ − θ

θ

φ− θ
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The nonholonomic dynamics is described by
The Lagrangian

L(q, q̇) =
1
2
m(ẋ2 + ẏ2) +

1
2
(J+ 2J1)θ̇2 +

1
2
J0(θ̇+ ψ̇)

2 + J1φ̇
2,

wherem is the total mass of the board, J > 0 is the moment
of inertia of the board, J0 > 0 is the moment of inertia of
the rotor of the snakeboard mounted on the body’s center
of mass and J1 > 0 is the moment of inertia of each wheel
axles. The distance between the center of the board and the
wheels is denoted by r. For simplicity, we assume that
J+ J0 + 2J1 = mr2.
The nonholonomic constraints induced by the non sliding
condition in the sideways direction of the wheels:

−ẋ sin(θ+ φ) + ẏ cos(θ+ φ) − rθ̇ cosφ = 0
−ẋ sin(θ− φ) + ẏ cos(θ− φ) + rθ̇ cosφ = 0.
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Observe that the Lagrangian is induced by the riemannian
metric G on Q,

G = mdx2+mdy2+mr2dθ2+J0dθ⊗ψ+J0dψ⊗dθ+J0dψ2+2J1dφ2.

The constraint subbundle τD : D 7−→ Q is

D = span
{
e1 =

∂

∂ψ
, e2 =

∂

∂φ
, e3 = a

∂

∂x
+ b

∂

∂y
+ c

∂

∂θ

}
.

where

a = −r(cosφ cos(θ− φ) + cosφ cos(θ+ φ)) = −2r cos2φ cos θ
b = −r(cosφ sin(θ− φ) + cosφ sin(θ+ φ)) = −2r cos2φ sin θ
c = sin(2φ).
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In the induced coordinates (x,y, θ,ψ,φ,y1,y2,y3) on D the
restricted lagrangian is

l(x,y, θ,ψ,φ,y1,y2,y3) = 2mr2 cos2φ(y3)2 + J0cy
1y3

+
1
2
J0(y

1)2 + J1(y
2)2.

where now the nonholonomic constraints are rewritten as:
y4 = 0 and y5 = 0. After some straightforward computations
we deduce that

[e1, e2]D = 0,
[e1, e3]D = 0,

[e2, e3]D =
2mr2 cos2φ

mr2 − J0 sin2φ
e1 −

(mr2 + cos 2φ) tanφ
mr2 − J0 sin2φ

e3.
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Levi-Civita connection on a skew-symmetric algebroid
with a bundle metric

Let GD : D×Q D→ R be a bundle metric on a skew-symmetric
algebroid (D, [[·, ·]]D, ρD). Given this bundle metric we can
construct a unique connection∇GD

on D which is torsion-less
and metric with respect to GD.

The Levita-Civita connection∇GD
: Γ(τD)× Γ(τD)→ Γ(τD)

associated to the bundle metric GD is defined by the formula:

[[X, Y]]D = ∇GD

X Y −∇GD

Y X (symmetry)
ρD(X)(GD(Y,Z)) = GD(∇GD

X Y,Z) + GD(Y,∇GD

X Z) (metricity) ,
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A ρD-admissible curve is a curve γ : I −→ D such that

d(τD ◦ γ)
dt

(t) = ρD(γ(t)) .

Given a potential function V : Q→ R, the solutions of the
mechanical problem with Lagrangian L : D −→ R:

L(v) =
1
2
GD(v, v) − V(τD(v))

are the ρD-admissible curves γ : I −→ D such that

∇GD

γ(t)γ(t) + gradGDV(τD(γ(t))) = 0.
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Given local coordinates (qA,ya) associated with the basis {ea}
of sections of D the Equations can be written as

q̇A = (ρD)Aa y
a

ẏc = −Γcaby
ayb − (GD)cb(ρD)Ab

∂V

∂qA
.

where (GD)ab are the entries of the inverse matrix of ((GD)ab)
(GD = GD

abe
a ⊗ eb).

The geodesics are just the integral curves of a vector field on D,
called the geodesic spray ξGD , whose local expression is

ξGD
= (ρD)Ac y

c ∂

∂qA
− Γcaby

ayb
∂

∂yc
.
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Reduction of Nonholonomic systems with Symmetries
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The symmetric product

The associated symmetric product is defined as follows:

〈X : Y〉GD = ∇GD

X Y +∇GD

Y X , X, Y ∈ Γ(τD) .
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Euler-Poincaré-Suslov equations

(l, d) is a nonholonomic Lagrangian system on g, where
l : g→ R is a Lagrangian function defined by l(ξ) = 1

2〈IIξ, ξ〉,
II : g→ g∗ is a symmetric positive definite inertia operator and d
is a vector subspace of g. We have the orthogonal
decomposition

g = d⊕ d⊥,

where d⊥ = {ξ ′ ∈ g | 〈IIξ ′, ξ〉 = 0 ∀ξ ∈ d}. Take now an adapted
basis to this decomposition {ea, eα} where d = span {ea} and
d⊥ = span {eα}. Then, the Euler-Poincaré-Suslov equations for
(l, d) are

ẏc = −Γcaby
ayb,

where {ya,yα} are the global coordinates on g induced by the
basis {ea, eα}.
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Chaplygin sleigh

ẏ1 =
ma

J+ma2y
1
(
by1 − y2

)
ẏ2 =

ma

J+ma2y
1
(
(J+m(a2 + b2))y1 − by2

)
.
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Lagrange-D’Alembert-Poincaré equations

Nonholonomic systems on Atiyah algebroids associated with
principal G-bundles.

τA : A = g× TM −→M,

where g is the Lie algebra of the Lie group G andM is a smooth
manifold. The Lie bracket of the space Γ(τA) is characterized
by the following condition

[[(ξ,X), (ξ ′,X ′)]]A = ([[ξ, ξ ′]]g, [X,X ′]) ,

for ξ, ξ ′ ∈ g and X,X ′ ∈ X(M). The anchor map ρA is the
canonical projection onto the second factor.
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Suppose now that D is a vector subbundle of A overM of
constant rank (the constraint bundle) such that

M ∈ x −→ DV(x) : = D(x) ∩ (g× {0TxM}) ⊆ g× TxM

is a vector subbundle of A. Then we can choose a local basis
{ξa}16a6r of Γ(τDV ), with ξa : U ⊆M −→ g smooth maps, and
a local basis {XA} = {ξa, (ηα, Yα)} of Γ(τD), with
ηα : U ⊆M −→ g and Yα ∈ X(U).
Moreover, if (qA) are local coordinates on U ⊆M and
Yα = Yiα

∂
∂xi

, the Lagrange-D’Alembert-Poincaré equations are:

q̇A = YAα y
α,

ẏc = −Γcaby
ayb −

∂V

∂qA
YAα (G

D)cα,

ẏα = −Γαaby
ayb −

∂V

∂qA
YAβ (G

D)αβ,

where (qA,yc,yα) are the corresponding local coordinates on
D.
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Construction of nonholonomic integrators

Ld : Q×Q→ R a regular discrete Lagrangian
The constraint distribution D

The discrete constraint embedded submanifold Mc

iMc
: Mc → Q×Q is an embedded submanifold of Q×Q

Assumption
dimMc = dimD

(Ld,Mc,D) ≡ a discrete nonholonomic Lagrangian system on Q×Q
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(q0,q1) ∈Mc

((q0,q1), (q1,q2)) is a solution

m

(q1,q2) ∈Mc

D2Ld(q0,q1) +D1Ld(q1,q2) = λαµ
α(q1)
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