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Plan of the Talk

@ Introduction: Hamiltonian & Symmetries
@ Reduction using Invariants

@ The reduced Poisson structure

@ Poisson Integrator

@ Figure 8 in 18 steps: An example
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n-body problem

@ Celestial Mechanics (Solar system, n=9 or 10?)
@ Classical Atoms (e.g. He, n=3)

@ in particular n=3 bodies in d=3 dimensions
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n-body Hamilton

q cRYp;, cR%i=1,...,n canonically conjugate
H_i‘lpi"z | Z U(H & HQ)
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i=1 : 1<i<j<n
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n-body Poisson bracket
X = (Q1,- % s D1y i R
(f.g} = (Vf, JVg), J= (_?nd 18d>

[ =Bl = N 1

OR
Y o= (ql,...,qn,vl,...,vn) ERQnd

(f,9) = (VI TN Qi Sy = (_ A(}nd Mod>

Mnd diagonal such that {(qi)k, (Vj)l} — 5ij6kl/m]’
f={fH)
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general Poisson

{f,9} = (Vf,BVg) X = BVH

@ B=B(X) is the Poisson structure matrix such that:
o {f.gt = -19.ft  (antisymmetric)

o {f.gh} = gif.h} + if.gth  (Leibniz identity)

o {f{g.h}i+ig.{h.fi+{h,if.g}}=0  (Jacobi identity)

@ rank B may not be full: Casimirs {., C} = 0
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Symmerftries

2
P:
A Wl e of B e T

p=1] 1<i1<y<n

@ translations of g
@ rotations of p and q
@ boosts (symmetry of the ODE, not of above H)

@ time translation (irrelevant for us)
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n-body Galilean G(d) symmetries

@ translations 73 q; f, f o Rd
momentum: | P Z P;
@ rotations R : (qi,p:) — (Rq;, Rp;), R € SO(d)

angular momentum: L = Z q; \ D;

@ boosts B:(q:;,p:) — (q; + vt,p; +muv), Vv E R

COM: C:Zmiqi/M, M:Zmi, C:P/M

B generated by MC-Pt
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counting to 8 (n=3,d=3)

@ nd=9 degrees of freedom (dof)
@ 10 integrals (P, L, C, H), 2%9 - 10 = 8 (strange...)
@ 9 dof - 3 dof (P) - 2 dof (L) = 4 dof, 4*2 = 8

@ in general: nd - d - (d-1) = (n-2)d+1 dof
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Symplectic reduction

of the n-body problem

@ Marsden Weinstein 1972, for free actions;
n-body problem see e.qg. Littlejohn & Reinsch 1997

@ Jacobi coordinates reduce translations

@ rotations are more difficult to reduce, action of
SO(d) is not free (collinear configurations!),
hence singular reduction

@ in general destroys simple form H = K(p) + V(q)
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Invariants

(of the symmetry group, not of the dynamics)

@ Hilbert-Weyl (1946) Theorem: A compact group
acting linearly on a vector space has a ring of
invariant functions with a finite Hilbert basis

@ G. Schwarz (1975): A smooth invariant function is a
smooth function of basic invariants

o . use this basis of invariants as new coordinates
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Poisson reduction

@ Poisson manifold M, bracket {,}
@ group action 9 of G on M
@ let fk: M = R be invariant: f o @9 =1f, Kk o 9 = k

@ if 9 is a Poisson map, then

{f.k} = {f o @9, k o @} = {f,k} o P9
so that the Poisson bracket of invariants is invariant

@ hence a complete set of invariants induces a
reduced Poisson bracket
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Reduction using Invariants

@ no need to use canonical variables, so can use e.g.
the Hilbert-Weyl invariants as new variables

@ may preserve ability fo use splitting method

@ gives global description even for singular reduction,
see e.g. Lerman, Montgomery & Sjamaar 1991.

@ fixing Casimirs gives (singular) symplectic leaves

@ n-body: Lagrange 1772, ..., Albouy & Chenciner 1998
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Constructing the
G(d) invariants
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Invariants
of translations T and boosts B

Fs: p;—D;, Degood
T, B=& Ny, — qz g ij better
@ 2(n-1) independent difference vectors

@ take any fixed index j, e.g. j=l:
gives basis for T & B invariant difference vectors

@ now the SO(d) (compact!) action remains
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Invariants
of T, B and rotations R

Take scalar products of difference vectors!

7787R - Yk c Vi Zak #]
T,B,R b Vk:j'Vij ZS]C,Z,]{#]

@ total of (2n-1)(n-1) invariants, n=3: 3+4+3=10
@ quadratic invariants form a vector space

@ find “nice” basis; write H,L in invariants:
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Hamiltonian in Invariants

2

pij = |lis]|7, <)== m
Vii = ||Vij 2, tg < BT
U = U(p127-°-7/0n—1n o Z UZ] ,023
€< 350
b ;g el L S
Ko = Y mila— 2 =2 Y mdladi? - 1M
— pe= |

1
= m Z mimju,;j

1 o=t

(kinetic energy relative to centre of mass)
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Angular momentum in invariants

L. Zmz((h —C)A(gq; — C)

1
) E MM ;imgQi; /\ Vi
1,7,k
(angular momentum relative to centre of mass)

& Now compute scalar invariant ||L.||*
@ expand (aAb).(cAd) = a.c b.d - a.d b.c

@ thus quadratic in invariants
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“nice” invariants:

2 : .
Diia 19| 0l =g T

2 : :
Vij = |[Vijl|7y 1<J=M

Oij = Qij " Vij, 1<JSN

@ not quife enough: n=3: 3+3+3 < 10

@ additional invariant © = q23Vi3-Qi3V23
(“why” and general case later)

@ ready for reduction: use these invariants as
coordinates, compute Poisson brackets!
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Exercise: 2 bodies

Pi%a HQ12H2, Vo= HV12H2, 012 — (12 * V12

new variables: Z = (pi2,/12,012)

Poisson bracket of Z is closed: (p = reduced mass)

4 2 2
{,0127 V12} — 9 {,0127012} e )| {V12,012} e Lo
I3 I3 I3

hence define Poisson structure matrix for Z variables:

0 2012 P12
—20’12 O AT

—p12 V12 0

2
B=Z
I
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computing a Poisson bracketf, e.q.

{pa,vi2} = A{llar — azl|%, HV1 —v2||*}
= > A((a1). Ji)i(d1)i — (@2)i, (V)i — (V2)ir((v1)i — (V2)i)
s 24 ai) <7i1 | rrrl) ((v1); — (v2)s)
!
= (d1 —q2) - (v1 — v2) ;012

independent of dimension d!

general computation done using quadratic forms
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Poisson equations n=2

| M
el V12 — [
2 \/ P12
| 0 LG P17 M/p
/ =BVsH,. = | —20719 0 — U192 i
= P12 & M3 0 0

|Le||? = u?(p1av1a — 07s)

lILc]% is Casimir of B: § . lIL:I?} = O
so VIILc|? spans kernel of B (rank B = 2)
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Geometry of Solutions (n=2)

@ { Casimir = |? } one sheet of two-sheeted
hyperboloid (for 1¢> 0)

@ { Hc = h } hyperbolic cylinder
@ Intersection gives reduced trajectory

@ Tangency corresponds to circular orbit
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Poisson Structure for the
reduced n-body problem

Theorem (Albouy & Chenciner 1998, HRD 2012):
The vector space of quadratic invariants has a

basis Z ={p, ¥, 0,0, )58 e 1 W x< 7 <snifor §.
Z is closed under the original Poisson bracket.
The induced structure matrix B is linear in Z.
The induced bracket is isomorphic to the Lie-
Poisson bracket of sp(2n-2).

2012



Steps of the proof:

® Z; are quadratic forms — symmetric matrices

@ Algebra of symmetric matrices, independent of d,
AB = (AJmB - BImA) = 2[ATmBlsym

@ Shift invariance of quadratic forms gives Laplacian
block matrices (zero row sum of blocks)

@ Composition * preserves Laplacian block structure
® Sub-algebra gives reduced Poisson Bracket

@ It is Lie-Poisson (sp(2n-2)), so Jacobi identity holds
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Poisson structure matrix

n=2

9 0 2012 P12 l/jp = 1/mi+1/mg
By = — | —20719 0 — 19 Casimir: Angular momentum

H =T, 19 0 | Lc| | = 12 (p1av12 — 01,)

n=3

0 2L(o) +2A00) L(p) G(p)

i —2L(0) + 2A(6) 0 —L(v) G(v)

T —L(p) L(v) A(0)  G(o)

—G(p)’ — G S 0

where L, A are 3x3, L'=L, A" = -A, G is 3x1
L, G, A are linear in their argument
degree -1 in masses; 2 Casimirs
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2 Casimirs (n=3):

1) angular momentum |Lc|> (a quadric in Z)

(AN XAL
1 22 =Y ma((ps — 2pi5) (Vs — 2v055) — (05 — 2045)%) +
1<]
e M, o+ > mEmd (pigvi; — o))
1<J
po =) bus UGS D iy o= )0y

1< 126 1<J

2) Gram determinant of difference vectors (a determinantal variety)

/2p12 P23 — P12 — P13 2012 512-—<7n2—-013'+'023\
b : 2013 —012 — 012 — 013 + 023 2013
: 2019 N 3 Uog

\ . : 2113 /
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d-Independence (n=3)

@ The Poisson structure is independent of d

@ the only way the reduced system “knows” about
d is through the value (!) of the Gram Casimir

@ rank of Gram matrix remembers d=1,2,3

@ for d > 3 Gram defterminant may be non-zero
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the detalils...

2a./ 112 (a+b—c)/m1 (a—b+c)/mo
L(a,b,c) = [(a+b—e¢)/m 2b/ 1113 (—a+b+c)/ms
(a—b+c)/ms (—a-+b+c)/ms 2¢/ o3
Gla by B (__b——c__ nyl——npga’a-—(zi 7n1——7n3£%__a——l)__Tng——7n36>
12 mims H13 mims H23 maims
0 —1/7711 1/m2
A{0) == o f L] 0 —1/mg
—1/m2 1/m3 0
pi; = 1/m;+1/m;

(aaba C) 5 (/012,/013,,023), (V12,V13,V23), or (012,0137023)
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So what Is 9?

ol row sum O
invariants Q=(Y,AY), A is block Laplacian

. ey T D
N )

Dis Cln'l'isymme'l'ric LGPIGCiGn, R, P, S symmetric Laplacian

i is a basis for this set of matrices!

For n=3 there is only one ( 0~ 1)

such matrix (up to scale): —11 01 (1)

Corresponding invariant Zio = -Qz3 . Vi3 + Qi3 . V23
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Splitting Integrator
o H=K(v) +Ul), Z-=(p, v, o 0)
@ take K as Hamiltonian: Z' = B VK, . Pk

@ take V as Hamiltonian: Z°' = B VU, . by

@ construct approximation to (unknown) flow of H
by composing the known flows ¢k and ¢y,
which are Poisson maps

@ composition of Poisson maps is a Poisson map:
structure preserving integrator for the
reduced n-body problem
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ODE generated by K(v)

SN
—
e
CHl




flow of K

@ K depends on Vv only, linearly, VK = const
@ linear equations p = 20,v = 0,0 = u,5 =—0

@ Vv, 0 constant, 0 linear, @ quadratic in time

o flow &% (p,v,0,6) = (p+2tc +tv,v,0+tv,d)

@ Newtons first law in strange coordinates
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ODE generated by U(p)

SN
—
e
CHl




flow of U

@ U depends on @ only, but not linear

@ non-linear equations (in @), but @ is constant,
So again easy to integrate

@ Q constant, 0, 0 linear, v quadratic in time t

o (p,v,0.8) = (pw +tc+t3do +ta,d + tb)
a = —L(p)U'(p)
b = —G(p)U(p)
c = —2(L(o)+AE6))U'(p)
d = —(L(a) +A0)U'(p)

2012



Poisson integrator

@ composition ¢k Py is first order integrator
@ composition ¢y Pk is first order integrator

@ composition of two 1/2 steps gives 2nd order reversible
integrator, step size h:

fek2 h/2
D" = g3/” 0 pfs 0 Pyl

@ higher order methods can be constructed (Yoshida ‘90)
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Figure 8 choreography

02

04

- N

Chenciner & Montgomery 2000, existence proof

animation from Chenciners Scholarpedia article
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figure 8 choreography, h=0.02

n=3, d=3, equal masses




ﬁgure 8, h=0.02, one period

angular momentum Gram determinant

S




gure 8, h=0.02, 100 periods

angular momentum Gram determinant
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figure 8 in 18 steps, h=0.18

(huge!)
@ period 18 orbit of " with figure 8 symmetry

@ multipliers are on unit circle (elliptic)

@ 3 iterates, rest by symmetry (Ds/Z>):

P12 P13 P23 Vi2 V13 V23 €19 Shily 023 012
4.10022 1.02505 1.02505 0 3.54541 3.54541 0 1.04418 —1.04418 2.08837
3.94247 1.48533 0.71439 0.191188 3.09007 4.03274 —0.867775 1.4924 —0.659803 2.31442
3.48824 2.10346 0.533511 0.779696 2.50767 4.54029 —1.62926 1.91548 —0.322236 2.8289
2.8214 2.8214 0.473492 1.66922 1.66922 4.78925 —2.03534 2.03534 0 3.12529

start: collinear
finish: equilateral
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Conclusion

@ Invariants are useful for reduction of the n-body
problem

@ They give a reduced Lie-Poisson structure that is
independent of the spatial dimension d

@ There is a Poisson structure preserving splitting
integrator for the reduced n-body problem

@ Efficiency gain for n=3, d>2?

@ Project: Study singular reduction using invariants
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