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Dedekind n-function

Let = {x+iy € C; y > 0} be the complex upper half-plane.

Definition (Dedekind n-function)

Dedekind n-function is the holomorphic function on $) defined as

n(r) := qi H(l —-q"), q:=e’™",
n>0

n(7)?* is a modular form for SLy(Z) of weight 12 vanishing at +ioco, ie.,

o n(ZEL)2 = (cr + d)2n(7)?* for all (25) € SLo(2).

@ limg,— oo n(7) =0.

These properties characterize the Dedekind n-function up to a constant.
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Determinant of Laplacian: an analytic counter part

For 7 € §, let E; be the elliptic curve
E. . =C/Z+ 7Z,

which is equipped with the flat Kahler metric of normalized volume 1
g =dz® dz/3T.

The Laplacian of (E;, g-) is the differential operator defined as

P Sr 7
. Cx I R T
Hri= =97 0z0z 4 <8X2 + 8y2) '

ST

Gle)= Y A= Y (—Wz‘m§+"|2)_s

Aea(O,)\{0} (m,n)#(0,0)
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Fact (classical)

(r(s) converges absolutely when Rs > 1 and extends to a meromorphic
function on C. Moreover, ((s) is holomorphic at s = 0.

By the identity for finite dimensional non-degenerate, Hermitian matrices

logdet H = — i

ds Tr H_S = _CI/-I(O)v

s=0

the value exp(—(.(0)) is called the (regularized) determinant of [J,.

Theorem (Kronecker's limit formula)

The Petersson norm of the Dedekind n-function is the determinant of [,

1/6
exp(—(;(o)) — 47 | 27T H(l _ e27rin7')24

n>0

= 4f|n(7)II*.
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Discriminant of elliptic curve: an algebraic counter part

Recall that every elliptic curve is expressed as the complete intersection

2 2 2 2

f(x) = aiixi + awxs +azx3 +awux; =0
2 2 2 2

f(x) = ap1xj + axxs + axxs + anx; =0

where A = (aU) = (al, a2,a3,a4) (S M274((C). We define
AU(A) = det(a,-,aj), <.

E=Ep:= {[x] € P

Theorem (classical result due essentially to Jacobi?)

PlnEN* = [ 185(AP (2“_

1<i<j<4

6
WA 5‘A>

Here ap € HO(Ea, Q) is defined as the residue of fi, f5, i.e., aa = Z|g,,

4
dh Ndh NS = (1) Txidx A dxi1 A dxipa A dxa
i=1
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Remark: another elliptic curve associated to A € M, 4(C)

For A = (ajj) € M4(C), one can associate another elliptic curve:
Ca = {(x,y) € C% y? = 4(a11x+an1)(a12x+a2) (213X +a23)(arax+a24) }

Then C4 = E,4 and

—W 6
=1 dx dx

28|In(Ca) 1% = A,--A2~< /\>.
I7(Ca)l H |1A;(A)] 7 e 5

1<i<j<4

Goal of talk

We generalize the trinity of Dedekind n-function to Borcherds @-function
by making the following replacements:

@ elliptic curve — Enriques surface
@ determinant of Laplacain — analytic torsion

@ discriminant — resultant of a certain system of polynomials

N
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The Borcherds @-function

As a by-product of his construction of the fake monster Lie (super)algebra,

Borcherds introduced a nice automorphic form on the moduli space of
Enriques surfaces.

To explain Borcherds @-function, we fix some notation.

o Let

be an even unimodular Lorentzian lattice of rank 10 with signature
(1,9), where Eg(—1) is the negative-definite Eg-lattice.
o Let

CL=C11-C :=={xeLaR; x* >0}
be the positive cone of L.

@ We consider the tube domain of L @ C

L®R+iCf = symmetric bounded domain of type IV of dim 10
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Definition (Borcherds '96, '98: Borcherds @-function of rank 10)

The Borcherds @-function is the formal Fourier series on L @ R + iC]Ijr

Ti(\,z <(3/2)
I (1_62<A>> _ > (A, 2))°
1 27i(\,z) 20\, 8
AL, (R e )\E]Lﬂ%, A2=0, primitive 77( < Z>)

where W is a Weyl chamber of L and {c(n)} is defined by the series

> _cln)g" = n(r)n(2r)~°.

Theorem (Borcherds '96)

The Borcherds ®-function converges absolutely when &z > 0 and extends
to an automorphic form on L@ R + | Cf for an arithmetic subgroup of
I''c Aut(L@R+iCH)o = SO(2,10; R)g of weight 4.
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K3 and Enriques surfaces

Definition (K3 surface)

A compact connected complex surface X is a K3 surface <=

L] Hl(X,Ox):O [ KX:Q§<§OX.

Definition (Enriques surface)

A compact connected complex surface Y is an Enriques surface <=
e HY(Y,0y) =0, e Ky 2 Oy, e K$? = Oy.

An Enriques surface is the quotient of a K3 surface by a free involution.

N.B. A K3 surface can cover many distinct Enriques surfaces.
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The moduli space of Enriques surfaces

Theorem (Horikawa '78)

Recall that I' C Aut(L ® R+ i C; )o = SO(2,10; R)g is the arithmetic
subgroup, for which @ is an automorphic form. Then there is a divisor
DCL®R—+i Cf such that the period mapping induces an isomorphism

LeR+iC)—D

Moduli space of Enriques surfaces = T

Theorem (Borcherds '96)

The Borcherds ®-function vanishes exactly on D of order 1.

Definition (Petersson norm)

The Petersson norm of @ is the C* function on the moduli of Enriques
surfaces
1B(2)|? == (Sz,32)*|8(2)°.
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Analytic torsion: an analytic counter part of @

Definition (Ray-Singer '73)

Let (M, hy) be a compact connected Kahler manifold.

Let O, = (0 + 0*)? be the Laplacian acting on (0, g)-forms on M.
Let (q(s) be the zeta function of Og:

G(s):= D A dimE(\Oy),

Aea(Lg)\{0}

where E(X,0y) is the eigenspace of [0, with respect to the eigenvalue .
The analytic torsion of (M, hyy) is the real number

7(M) = exp[~ Y _(~1)7q ¢4(0)].

q=0

When dim M = 1, 7(M) is essentially the determinant of Laplacian that
appeared in the formula for ||n(7)]|.
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@-function as the analytic torsion of Enriques surface

Recall that the Petersson norm of the Dedekind n-function at z € $
coincides with the analytic torsion of the flat elliptic curve E, with
normalized volume 1, up to a constant (Kronecker's limit formula)

T(Ez) = [n(2)7*/4.

Theorem (Y. '04)

e For an Enriques surface Y, its analytic torsion T(Y') with respect to a
Ricci-flat Kahler metric of normalized volume 1, is independent of the
choice of such a Kahler metric. Namely, T(Y') is an invariant of Y.

@ There is a constant C = 0 such that for every Enriques surface Y
equipped with a Ricci-flat Kahler metric of normalized volume 1,

7(Y) = Clle(Y)|~/*.

N.B. In fact, C = 237 with some a € Q.
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Generic Enriques surfaces

Let f1(x), g1(x), m(x) € C[x1, x2, x3] and £>(x), g2(x), h2(x) € Clxa, x5, x6]
be homogeneous polynomials of degree 2. We define f, g, h € C[xq, ..., xg]

fi="H+h, g =81+ &, h=hy + ho.
For generic quadrics fi, g1, h1, f, g, hy, we get a K3 surface in P°
Xty = {[x] € B% F(x) = g(x) = h(x) = 0},
which is preserved by the involution
x1:ixoix3:xa:x5:%) = (X1:X:X3: —Xa:—X5: —Xp).

Then ¢ has no fixed points on X(¢ g 5 for generic f, g, h.

A generic Enriques surface is expressed as the quotient

Yirg.h) = Xr.gm/t
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An algebraic expression of |||

Theorem (Kawaguchi-Mukai-Y. '11)

For all generic Enriques surface Y(f o ) defined by the quadric polynomials
f=fh+h g=g1+g, h=h+h €C|x,...,x], one has

4
2 _
||@(Y(f,g,h))||2 = ’R(fhglvhl)R(fQ)g?th)‘ —a aNa o
T I Xis.g.m

Here R(f1, g1, ) and R(f, g2, h2) are the resultants of the three quadric
polynomials of three variables,
and o € HY(X(f 4.1, ?) is defined as the residue of f, g, h:

o = E|X(f,g,h)’

6
> (1) xida A Adxiig Adxin Ao Adxe =df Adg AdhAE.
i=1
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A Thomae type formula for the Borcherds @-function

Corollary

Letv,v' € H2(X(f7g7h),Z) be anti-t-invariant, primitive, isotropic vectors
with (v,v') =1 and let v € Hx(X(f g,1),Z) be the Poincaré dual of v.
Under the identification of lattices (Zv + Zv')* = (32) @& Eg(—2) =: L,

a— (a,v')v — (a, v)Vv'

(@, v)

A(fgh)vv = ELRR+iC

is regarded as the period of Y(¢ g ). Then, by a suitable choice of cocycles
{v,Vv'}, one has

8
2 2
D (2 g myww) = R(f1, 81, h)R(F2, &2, h2) (7r2 /vv a) :

where « is the residue of f, g, h € C[xy,..., x| as before.
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An expression of ||®|| — special case

For a 3 x 6-complex matrix A € M3 6(C), we define

311X12 + 312X22 + 813X§ + 314X£ + 315X§ + 316xg =0
Xp = [X] € [P5; 321X12 + 822X22 + 323X§ + 324Xf + 325X52 + 326X62 =0

331X12 + 332X22 + «’:133X32 + 334XE + ‘335X52 -+ 336X62 =0
on which acts the involution

LZIP)59(X12X2:X32X42X52X6)—>(X1:X22X3Z—X4S—X5S—X6)EIP)5.
For A= (a1,...,as) € M(3,6;C) and i < j < k, set
Ayk(A) = det(a,-, aj, ak).

A€ M(3,6;C) is said to be generic if [];_;, Ajk(A) # 0.

Ken-Ichi Yoshikawa (Kyoto University) On the value of Borcherds &-function August 19, 2011 17 / 28



For a generic A € M36(C), Xa is a K3 surface and v is a free involution.
Hence

YA = XA/L

is an Enriques surface.

Corollary

For every generic A € M36(C),
9 4
1B(Ya)ll? = |A123(A)[*| Asss(A)[* <4/ QA AO‘A> '
i Xa
As before, ap € HO(Xa, Q?) is defined as ay := Z|x,, where

6 3

6
Z(—l)i_lx;dxl Ao ANdxi—g Adxjpr A Adxg = (H Z ajxjdxj) N =
i=1 i=1 j=1
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Corollary

Let A€ M36(C) be generic. For a partition

{i,j,k} U{l,mn} ={1,2,3,4,5,6},

define an involution (i) on P> by

Imn

L(Uk)(xiaxjvxk’xlvxmvxn) = (XI'7Xj7Xk7 — X, —Xm, _Xn)'

Imn

Then L( i ) is a free involution on X, called a switch. Moreover,

Imn

10X/ )17 = 18 B A (55 [ aanaa)

ijk
Imn

In particular, if A € Mz g(K) with K C C, then

» 2
12O/ I” (AP IBmal A
||¢(XA/L(I,-//J-//(//))||2 |Af’j’k’(A)’4|A/’m’n’(A)’4

T — T — S — T
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Another K3 surface associated to A € M;4(C)

To a generic A € M3 6(C), one can associate another K3 surface

6

Zn ={((x1: x2: x3),y) € Op2(3); y? = H(alm + aixo + a3ix3) }
i=1

which is identified with its minimal resolution.
We define a holomorphic 2-form 14 on Z, by

x1dxo A dxz — xodx1 A dxz + x3dxi A dxo
na ‘= .
y

Fact (Matsumoto-Sasaki-Yoshida)

There are 6 independent transcendental 2-cycles {jj}1<i<j<4 on Za and
16 independent algebraic 2-cycles on Za, which form a basis of Hy(Za,Z).
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Fact (Matsumoto-Sasaki-Yoshida)
Define the period of Z4 as the matrix

1 n14(A) _ m3(A) v "Tna(4)
O = a(A) | 1)V T Ve L ni(A) = [ na
7734(/\) _% s (A) 5

By a suitable choice of the basis {vjj}1<i<j<4 of H2(Za,Z), one has

Qa4 €D :={T € Mao(C); (T —'T)/2i > 0} = SBD of type IV of dim 4.

Definition (Freitag theta function)
Write e(x) := exp(2ix). For 2 € D and a = (a1, a2), b = (b1, bp) € Z[i]?,

@ﬁ,%(\g) =

S e|t(n+ )0t (ne 2 )+ w0t ) o2
/ 2 1+ 1+ 1+ 1+

n€Z[i)?

v
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Borcherds @-function and theta function

Theorem (Kawaguchi-Mukai-Y. '11)
For a generic A = (A1, A2) € M3 6(C) with Ay, Ay € M3 3(C), define

AV = (FATEEAY).
Then

HqS(XA/L )

Imn

’—det(ggr ) ‘eﬁkn )| = He(,,k zo)|l

under the identification @(pqr)(ﬁ) =0. »(2), () =22« (")

stu T+ 147 by by stu)’
(6;) (SI%) (élé) (?Iﬁ:) (o) (o G () Go) (o)

(358) (s6) (ag) (3a5) (358) (aae) (oas) (330) (338) (230)
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The case of Jacobian Kummer surfaces

For A\ = (A1,..., ) with \; # A (i # j), define a genus 2 curve
6

Cri={(x,y) € C? y? = H(x — A}
i=1

Define holomorphic differentials wy := dx/y, ws := xdx/y on Cj.
Let {A1, Az, B1, Bo} be a certain symplectic basis of Hi(Cy,Z) and set

Ty = (fBl wi g, Wl) o (fA1 w1 fa, ""1) € 6,

fBl w2 fBz w2 fAl w2 fA2 w2

Fact (classical)

The Kummer surface K(Cy) of Jac(Cy,) is expressed as follows:

1 1 1 1 1 1
K(C)\) = XA, A= X\ )\3 A4 )\5 )\6 € M376((C).
JYASVENCEBVESVERY
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Fact (classical)

A € M3 6(C) is associated to a Jacobian Kummer surface, i.e.,
K(Cy) = Xa if and only if A is self-dual in the sense that

Xa = Xpv.

By this fact and the previous theorem, we get the following.

Theorem (Kawaguchi-Mukai-Y. '11)

If the partition (P{") corresponds to the even characteristic (a, b), then

H@(K(CA)/L(;’;VJ))H = (det %TA)2 ‘99‘3(1%,-),9?( )(TA) Hg(ﬁ),g(%)(TA)r{

_b_
1+i

Here 0, 5(T), (o, B) = (i1, a2, B1, B2), is the Riemann theta constant

Oa,5(T) := Z e B(n+a)Tf(n+a)+(n+a)fﬂ], T €6,
neZz?

v
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Recall that Igusa’s Siegel modular form Asg is defined as the product of all
even theta constants

As(T):= [ bas(T), Te6..

(e, 3) even

For a genus 2 curve C with period T € Gy, its Petersson norm
185(C)||? := (det ST)°|As(T)[?

is independent of the choice of a symplectic basis of Hi(C,Z).
Hence ||As(C)]| is an invariant of C.

As is the average of @ by the 10 switches:

[T ||k e /ey
(%)

| = Ias(C)IE.
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Some problems

Fact (Gritsenko-Nikulin '97)
The lgusa cusp form As(T) admits an infinite product expansion near the

cusp of G».

After our corollaries, the following statements are very likely to be the case.

Infinite product expansion of theta function in higher dimension ?

@ For all partitions (’Jk) the Freitag theta function e(ijk)(.Q) admits
Imn

Imn
an infinite product expansion near the cusp of D.

@ For even characteristic (a, b) € Z[i]?, the product of the Riemann
theta constants of degree 2

()92 (T)

1+i

admits an infinite product expansion near the cusp of G».

26 / 28
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Problem (The inverse of the period mapping for Enriques surfaces)
Forl1<i<j<3and4<k<|<6, find a system of automorphic forms

oi(2), i) (2), (@), BP(2). 1§ (2). %(2)
on L®@R + iC; for (a finite index subgroup of) I" such that
Y, =X /¢, t(x) = (x1,x2, X3, —Xa, —X5, —Xp )
with

D 1<i<j<3 0‘ (Z)X’XJ + D a<k<i<6 akl (Z)kal =0
5.
Xe = €P% 31 sy )(Z)XlXJ + 2 azk<i<o 5{/)( z)xkx; =0
1 2
Di<icj<a Vi (2)Xixj + Dackcr<e Ta (Z)xx =0

is the Enriques surface whose period is the given z € L ® R + iCﬂ' .

For elliptic curves, this was solved by Jacobi using theta constants.
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Problem

On a generic Jacobian Kummer surface, there exists 31 conjugacy classes
of free involutions (Mukai-Ohashi '09). They split into three families:

@ 10 switches,
@ 15 Hutchinson-Gopel involutions,
@ 6 Hutchinson-Weber involutions.

Recall that, as the average of the Borcherds ®-function by 10 switches, we
get Igusa’s Siegel modular form As:

IT |[2tccnsogg)
(&)

Determine the Siegel modular form constructed as the average of the
Borcherds ®-function by the 15 Hutchinson-Gopel involutions (resp. 6
Hutchinson-Weber involutions).

| = 1as(CIP.
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