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Z s(m) ]:[ (1 o 22”) (|Z‘ < 1)

Tn(z)= Y (=1)*™e(ma)= [] (1-e@"2))

0<m<2N 0<n<N
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Conjecture Ms(N) = 2M5(N — 1) + 16 Mo (N — 2)

Theorem M () satisfies a linear recurrence of order k.
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antecedent: Fouvry & Mauduit (1996)
11 —e(f)| = |2sin7d
For f € L?(T), put
(Qr f)(z) = [2sinmz|* f(2x)

Qi 1= |Tn(z)[**

Mkuv):/o QY 1dr = (QV 1,1)
f,g € L*(T): 1 L
(Qu f.g) = / (@i ) (2)9(@) da

0

1
— / |2 sin x| f(22)g(z) da
0

— %/0 12 sin mu/22F f(u)g(u/2) du

_ %/0 fu)(|2sinmu/2**g(u/2) + 2 cos mu/2[*g((u + 1)/2)) du

= (f, Pr g9)

where

(Peg)(w) = = (12sinma /2 g(2/2)+|2 cos /2 g((x+1)/2))

1
2
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My(N) =(Qy 1,1) = (1, B 1)

Ey, := { even trig polys of period 1 and degree < k}
fek, = P.fek

1, sin? T, sin? T, ..., sin?*=1 1y
is a basis for Fj. P, = restriction of P, to E}
k—1
D 2] _ .24
P sin® mox = g @;; SIN” TX

1=0

where

or o0 (] +E—1\ j+Ek .
= -1 122k: 21 1(] )— 0 < ]{7
Ay, = [ag]
pr(z) =det (21 — Ag) = 2k — ck_l,kzk_l — - —cox € Z|7]

Mk(N) = Ck—l,kMk(N_ 1) + - —I—CO,]CM]{(N—]C) (N > k)

det A, = €k2k2 (6]<; = :|:1)



pi(z) =2—2
pa(2) = 2% — 22 — 16
p3(2) = 2% — 102% — 962 + 512
pa(z) = 2% — 262° — 88022 + 87042 + 65536
ps(2) = 2° — 822 — T1042° + 23244822 + 43253762 — 33554432
pe(2) = 2% — 2422° — 624162* + 54630402>

+ 34026291227 — 7851737088z — 68719476736
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II. Eulerian

1 (—1/2 <x < 1/2),

file) =4 1/2 (z==*1/2),
0 (lz| >1/2)

X:X1‘|‘X2+‘|‘Xn

fa(z) = fi* frx-x fi

o D DR D) (i TEVC T RS L R

(=D s oo /

Simpson (1757), Lagrange (1770)
Transition points: —n/2,—n/2+1,... ,n/2—1,n/2
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Euler (1750): Eulerian numbers

<n> = # perms on {1,2,... ,n} with exactly k rises

(0)= ()=t

|

26 66 26 1

(= ey (" -y

7=0
n—1
(k1)

fo(—n/2+ k) = (=1

n+1—k

frne1(—(n+1)/2+k) = fn(—n/2+k—1)+§fn(—n/2+k)



6. X 10-13_

4.x 10713 -

7 X 10-13_

O 1‘1 I ""l" ‘

-2.x 107834

4 x 10-13_




Fasr(—(n41)/24k) = 2ELZE

fn(—n/2+k:—1)+§fn(—n/2—|—k)



n —k
Fra(—(n1)/2 k) = "L

f”(_n/2+k_1)+§fn(—n/2+k)

Frialz) = %(n ; 1 —x)fn($—1/2)+%(" ; !

+:v) fro(z+1/2)



n+1—%k

Fosr (— (n1)/24+k) = (/2 0k 1) Fo(n/2 )

1(n+1

1 1
fusale) = ("5 (“5

—x)fn(x—1/2)+ﬁ

+:c) Folz+1/2)



Fr (~On41)/20k) = " k) R g2y
frnn@) =~ ("2 ) fulo-1/2)4 (" ) fue 12

142 1—-x
9 2 3 2 9 2
Tt3r+art §5—-22° ;-3r+ux

8+ 12z + 622+ 4—6x—3x3 4—6x2+3x3 8— 122 + 622 — 23
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nn" c

frri(x) = %/OO (sinmf)"((n + 1) cos 7t + 2ix sinwt)e(xt) dt

oo VT

_ l(”;l +a) /OO (Si“:t)ne((azﬂ/z)t) dat

n oo VT

n l(”‘gl _x) /OO (Si“”)"e((x— 1/2)t) dt

n oo VT
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- +1/ t="((n+1)(sinmt)™ (cos mt)m+(sinwt) " 2miz) e(wt) dt
T e

1 [ /sinwt\n .
frn1(z) = E/(}@( — ) ((n+ 1) cosmt + 2ix sinwt)e(xt) dt

_ l(”‘gl ) /O:O (Sm:t)"e((xﬂ/z)t) dt

A ) [ R ey
— 1(”"2” +x)fn(x+1/2)+ %(""2” —:c)fn(:c— 1/2)
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interlacing
E, 1(x,)=0 0>y >o9> > Tp_9

E.(x1) <0 E,(x2) >0 E,.(x3) <0

E,(x) has a zero in (z1,0), in (z2,21), ..., in (Tp_2,Tpn_3),

and in (—oo, T,_2)

Ens(x)=n!)  fori(=(n+1)/2+k+0)z"
k=0

E,i(x) = E,(z) E,o(x) =2E,(z)
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0= 5 (1)
k=0
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Ey(z) =14 (n—1)z)E,_1(z) +z(1 — 2)E;,_;(x)

Frobenius (1910): Zeros of E,, (z) are simple, negative real, and

interlacing
E, 1(x,)=0 O>ax1 >a9> > Tp_o
B _1(r1) >0 B, _1(72) <0 B _1(r3) >0
E.(x1) <0 E,(x2) >0 E,.(x3) <0
E,(x) has a zero in (z1,0), in (z2,21), ..., in (Tp_2,Tpn_3),
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Ens(x)=n!)  fori(=(n+1)/2+k+0)z"
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B (@) = ((n = )2+ 6) Bne5(x) + (1 — ) Bl _, 5(x)



-0.8 -0.6

Eyg pmya(x) for m =0, ...

4, -11<x<0




