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1. Problems in image processing, a historical tour



What is an image ?

m Digital images are sampled 2-D analogue signals

m Black and white images =f: Q C R?> - R

m f(x) = intensity level at that point, which varies from zero to 255
m An image can be postulated as an L%(Q2) object

(b)

Figure: (a) Image of Lenna and (b) Image of Lenna as a graph of a function



Problems in image processing...

m Image denoising: f may have some noise 7 in it.
m f = u -+ 7, we need to get back the denoised image u.

Figure: Can we go from a noisy image (a) to a restored image in (b) ?

m f may be blurry and noisy f = Ku + 7
m Image segmentation = identifying ‘components’ in f = edge detection



Problems in image processing...

m Image segmentation = identifying ‘components’ in f = edge detection

Figure: Can we identify components in (a) and get a segmented image as in (b) ?



Multiscale image representation

m Multiscale image representation: Finding different level of ‘scales’ in f

(a) (b) (©

Figure: Multiscale images of the city of Mumbai.

m Multiscale representation: Family of images {u(t)} for a scaling
parameter t
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Multiscale image representation

m Multiscale image representation: Finding different level of ‘scales’ in f

(a) (b) (©

Figure: Multiscale images of the city of Mumbai.

m Multiscale representation: Family of images {u(t)} for a scaling
parameter t

m Forward marching: u(0) =0, u(t) — u
m Backward marching: u(0) = f, u(t) — u



There are two main approaches to solve above problems:

m Variational approaches - Tikhonov regularization, greedy algorithms,
wavelets shrinkage etc.

m PDE based approaches - diffusion, Perona-Malik etc.

The approaches are related -



Variational methods in image processing: Tikhonov regularization

m We need to solve the ill posed problem f = Ku :
Consider interpolation functional
: 2
int (lullx + Al = Kully)

X C Y, ||ul|x : regularizing term, ||f — Ku||% : fidelity term



Variational methods in image processing: Tikhonov regularization

m We need to solve the ill posed problem f = Ku :
Consider interpolation functional
: 2
int (lullx + Al = Kully)

X C Y, ||ul|x : regularizing term, ||f — Ku||% : fidelity term

m (X, Y) = (BV, L?): Rudin-Osher-Fatemi (1992), Aubert-Vese (1997).

inf </ |Vu|+)\/|f—Ku\>
{f=u+v}
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® Rudin-Osher-Fatemi (ROF) decomposition
f = ux + v, for scale parameter .
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Variational methods in image processing

® Rudin-Osher-Fatemi (ROF) decomposition
f = ux + v, for scale parameter .

[ux,va] = arglnf (/ \Vu|+)\/ |f — ul >
{f=u+v}

The BV seminorm [, [Vu| is a regularizing term

Jo If — uf?: afidelity term
A @ acts as an inverse scale of the u, part ( smaller A = larger scale )

m u, := smooth parts and edges in f
va 1= f — uy texture, finer details, noise

Many other variational methods ...



Other variational methods in image processing...

m Mumford-Shah segmentation (1985)

[u,v,C] = arginf (/ |f —ul® + /\1/ |Vul]?® + Ag%do‘) .
{f=u+v,C} Q—-C Q-C C

u: Q — R : piecewise smooth image
C € Q : the set of jump discontinuities

m Ambrosio and Tortorelli approximation (1992)
m Kass-Witkin-Terzopoulos model (1988)

b b b
int (/ [ [ g2(|w(c)|))
ceC a a a

C : closed, piecewise regular, parametric curves (snakes)
g : a decreasing function vanishing at infinity

m Caselles, Kimmel, Sapiro: Geodesic active contours (1997)
m Osher, Sethian: Level set method (1988)



Other variational methods in image processing...

m Mumford-Shah segmentation (1985)

[u,v,C] = arginf (/ |f —ul® + /\1/ |Vul]?® + Ag%do‘) .
{f=u+v,C} Q—-C Q-C C

u: Q — R : piecewise smooth image
C € Q : the set of jump discontinuities

m Ambrosio and Tortorelli approximation (1992)
m Kass-Witkin-Terzopoulos model (1988)

b b b
int (/ [ [ g2(|w(c)|))
ceC a a a

C : closed, piecewise regular, parametric curves (snakes)
g : a decreasing function vanishing at infinity

m Caselles, Kimmel, Sapiro: Geodesic active contours (1997)
m Osher, Sethian: Level set method (1988)

m Now we look at some PDE methods ...



PDE methods in image processing: Heat equation...

m Denoising with heat equation:

()

Figure: Result of isotropic diffusion: reduction of noise at the expense of losing
information at the edges
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PDE methods in image processing: Heat equation...

m Denoising with heat equation:

()

Figure: Result of isotropic diffusion: reduction of noise at the expense of losing
information at the edges

m Problem 1: cannot distinguish between noise and boundaries of regions
m Problem 2: where to stop ?
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m Heat equation = isotropic diffusion = we lose information about edges




PDE methods in image processing: Perona-Malik model (1988)

m Heat equation = isotropic diffusion = we lose information about edges
m Perona-Malik proposed an anisotropic diffusion method

ou .
i div(g(|Vu|)Vu), u(0)=f

m The idea: preserve the edges




PDE methods in image processing: Perona-Malik model (1988)

m Heat equation = isotropic diffusion = we lose information about edges
m Perona-Malik proposed an anisotropic diffusion method

%‘t’ — div(g(IVu)Vu), u(0)="f
m The idea: preserve the edges
Smooth regions = |Vu| is weak = we need an isotropic smoothing
Near the edges = |Vu| is large = we need to control the diffusion




PDE methods in image processing: Perona-Malik model (1988)

m Heat equation = isotropic diffusion = we lose information about edges
m Perona-Malik proposed an anisotropic diffusion method

%‘t’ — div(g(IVu)Vu), u(0)="f
m The idea: preserve the edges
Smooth regions = |Vu| is weak = we need an isotropic smoothing
Near the edges = |Vu| is large = we need to control the diffusion

Examples of suitable function g(s) : €%, 117, A=




PDE methods in image processing: Perona-Malik model (1988)

m Heat equation = isotropic diffusion = we lose information about edges
m Perona-Malik proposed an anisotropic diffusion method

W~ div(g(IVu)Vu), u(0) =1
m The idea: preserve the edges
Smooth regions = |Vu| is weak = we need an isotropic smoothing
Near the edges = |Vu| is large = we need to control the diffusion
Examples of suitable function g(s) : e~%, —' !
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PDE methods in image processing: Perona-Malik model (1988)

m Heat equation = isotropic diffusion = we lose information about edges
m Perona-Malik proposed an anisotropic diffusion method

%‘t’ — div(g(IVu)Vu), u(0)="f
m The idea: preserve the edges
Smooth regions = |Vu| is weak = we need an isotropic smoothing
Near the edges = |Vu| is large = we need to control the diffusion

Examples of suitable function g(s) : €%, 117, A=

m Perona-Malik is not well posed ! Catté et al. modification® :

% — div(g(|V Gy * U])Vu),

G, is Gaussian kernel.

3F. Catté, P-L. Lions, J-M. Morel, T. Coll (1992)



PDE methods in image processing: Alvarez et al.

m L. Alvarez P-L. Lions and J-M Morel’s model (1992)

8u Vu
— = 9(|G> x Vul|)|Vu| div (|VU|> u(0)="f

Figure: Result of anisotropic diffusion: edges are preserved.
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PDE methods in image processing: Alvarez et al.

m L. Alvarez P-L. Lions and J-M Morel’s model (1992)

8u Vu
— = 9(|G> x Vul|)|Vu| div (|VU|> u(0)="f

m Idea: Diffuse u only in the direction orthogonal to its gradient Vu.
m The term |Vu|div (WU‘) does exactly this.

m g is a diffusion controlling function as before.

(a) (b)

Figure: Result of anisotropic diffusion: edges are preserved.



PDE methods in image processing: Nordstrom’s model

m Problem: As t — oo the models discussed before diffuse completely.
... so where to stop ?
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... so where to stop ?

m Solution: Nordstrom modified Perona-Malik model.

ou

ot div(g(|Vu)Vu), u(0) = 0.



PDE methods in image processing: Nordstrom’s model

m Problem: As t — oo the models discussed before diffuse completely.
... so where to stop ?

m Solution: Nordstrom modified Perona-Malik model.
ou

i f—u+ div(g(|Vu|)Vu), u(0)=0.

m This equation has non-trivial steady state.
m Forward marching: u(0) = 0 and u(t) — u.



PDE approach « variational approach

Rudin-Osher-Fatemi decomposition (1992)

[ux, va] = arginf (/ |Vu| + A/ |f — u|2>
{f=u+v} Q Q

The (time dependent) Euler-Lagrange equation:

ou Vu
E_f u+—d|v<‘vU|)
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PDE approach « variational approach

Rudin-Osher-Fatemi decomposition (1992)

[ux, va] = arginf (/ |Vu| + A/ |f — u|2>
{f=u+v} Q Q

The (time dependent) Euler-Lagrange equation:

ou Vu
E_f_ dlv(\Vu|)

Nordstrom’s modification of Perona-Malik (1990)
ou

i f—u+div(g(|Vu])Vu).

a(s) = ZAS = steady-state of Nordstrom = Euler-Lagrange of ROF !




2. IDE based on (BV, [?) image decomposition



A novel integro-differential model

m We propose a novel model.
|

. B 1 . Vu(x,t)
/0 u(x, s)ds = f(x) + 2)(1) dv (IVU(X, t)l) '
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A novel integro-differential model

m We propose a novel model.

. B 1 . Vu(x,t)
/0 u(x, s)ds = f(x) + 2)(1) dv (IVU(X, t)l) '

m An Integro-differential equation (IDE).

m The scaling function A(t) : increasing function at our disposal.

m This model gives an inverse scale representation.

m x We do not need to associate with a variational problem anymore.x

% % % | QUESTIONS | % % %

What is the motivation ?
Where to start ?
Where to stop ?

What does the scaling function A(t) mean ?
*



Idea: Tadmor-Nezzar-Vese scheme with “intensity quanta”

m Let 7 be the small intensity of quanta, with this the ROF decomposition
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Idea: Tadmor-Nezzar-Vese scheme with “intensity quanta”

m Let 7 be the small intensity of quanta, with this the ROF decomposition
becomes:

. A
f=1TUs + Vag, [Urg, Vao] = arginf (/ [Vul + —0/ |f — TU|2) .
{f=rut+v} \JQ T Ja
m v,, can be decomposed with a scaling parameter A1 > Ao.
. A
Vag = TUx, + Vi, [Ung, V2] = arginf (/ |Vu| + 71/ [Vag — 7'U|2) .
Q Q

{V’\o =Tu+v}

m TNV multiscale decomposition

) Ak
Vaey =TUxn + Vo [Uns Vay) = arginf (/Q |Vu| + - /Q Vo, | — TU|2) )

{v)\k71 =TUu+Vv}
m With this scheme after N + 1 steps we get:
f

TUxy + Vxg
TUxy + TUxy + Vy
TUy + TUy + TU2 + Vo

= TUxy +7TUx + ... +TUxy + Vay-

i.e. a nonlinear multiscale decomposition: f = " | Tux, + Vay.



TNV scheme with 7
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m k" step in TNV scheme: Tuy, + va, = Va,_,

[ure, va )= arginf (/ |Vu|+—/ [Vae_, — TU]| >
{Vag_y=Tu+v}

1 \ VU,\k N
TUx, o div (\VUM) =V,

V)‘k

m TNV iteration:
TUx, + Ve = Va4
Telescopic sum of the above gives us:



TNV scheme with 7

m k" step in TNV scheme: Tuy, + va, = Va,_,

[ure, va )= arginf (/ |Vu|+—/ [Vae_, — TU]| >
{Vag_y=Tu+v}

1 . V U,\k
TUx, — 7 =V
Uxy 20 div (\V Ak|) Ak—1

V)‘k

m TNV iteration:
TUx, + Ve = Va4

ZU/\kT—F Vay =f



TNV scheme with 7

m k" step in TNV scheme: 7uy, + va, = Va,_,

[ure, va )= arginf (/ |Vu|+—/ [Vae_, — TU]| >
{Vag_y=7u+v}

1 . V U/\k
T — =V
Uxy 20 div (\V Ak|) Ak—1

V)‘k

m TNV iteration:
TUx, + Ve = Va4

ZU/\kT—F Vay =f
|

VU)\N
z“” =+ 2 (o)




Going from TNV to a novel integro-differential equation

New TNV formulation:
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Going from TNV to a novel integro-differential equation

New TNV formulation:
N
1 . Yuy
UAT:f—I——dIV( N).
kz:; k 2/\/\/ ‘VU)\N|

This ‘motivates’ us to write the following model.

The novel integro-differential model

; B 1 . Vu(x,t)
/O u(x, s)ds = f(x) + N0 div (IV“(X’ t)I) '

where \(t) > 0 is an increasing scaling function at our disposal.
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How to solve it numerically ?

m Let At be the time interval step. Thus, after N steps:

Uu(t) ::/0 X, 8)ds = Z/k+1 ds

VACu(x, s)ds and " := u((k + 1)At), with this we have

m U=
uN = uN-T VAt =uN 4N,
m Thus, we have the following fixed point iteration.

2NV (i) —U) + cewl ) + eww] + oswlL + onw]) 11
2\Nh? 4 ce +cw + Cs + on

n pr—
wij =

m This fixed point implementation gives us u" and thus &V = UN~" + uNAt



Proposed model \(t) = (0.002)2!, on Lenna.

Numerical result for fo' u(x, s)ds = f(x) + ﬁ(t) div (|§5§§13|)-

Figure: (a)—(d) As A\(t) — oo, the images fot u(x, s)ds are shown above for
t=1,4,6,10. Here, A(t) = 0.002 x 21,



3. A few theoretical results about (BV, L?)-based IDE



What does the scaling function, \(¢), mean ?

Star-norm is the dual of the BV norm w.r.t. the L scalar product

|(w, ©),2]
[lw||. := sup ==
©#0 fQ|V<P|



What does the scaling function, \(¢), mean ?

Theorem (1)
For the IDE model

. - Vu(x,t)
/O u(x,s)ds = f(x) + 2>\(t) div (IV“(X’ t)I) '

letU(- fo u(x,s)ds and V(-,t) be the residual,
V(- t):=Ff=U(,1).
Then size of the residual is dictated by the scaling function A(t),

1

IVC Dl = g3



Energy decomposition

Theorem (Il)
For the IDE model
t 1 . VU(X7 t)
/0 u(x,s)ds = f(x) + 2X(1) el (|VU(X, t)|> 7

associated with an L2- image f, and let V(-, t) be the residual,
V(t) = f —U(t). Then the following energy decomposition holds

t

1

/ 3 Sllevas + IVC, B)lI2 = I
s=




[?-convergence of [_, u(x,s)ds

Theorem (lll)

Given an image f € BV, we consider the IDE model

. - 1 . Vu(x,t)
/O u(x, s) ds = f(x) + 0] div (IV“(X’ t)|> ’

with rapidly increasing scaling function \(t) so that

A(Y2) t-oo
0 — 0.

Then, f admits the multiscale representation (where equality is interpreted in
L2- sense)

f(x) = /OO u(x, s) ds,

=0
with energy decomposition

© 4
2 _ — °
Il = /s:o )\(S)IU( +8)|sv ds.
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Given an image f € BV, we consider the IDE model
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with rapidly increasing scaling function \(t) so that
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=0
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oo 1
2 —_— —_— .
Hf”L2 - A:O )\(S) |U( 7S)|BV as.

We show that lim;—. || V(:, t)||2 — O.



[?-convergence of [_, u(x,s)ds

Theorem (lll)
Given an image f € BV, we consider the IDE model

. - 1 . Vu(x,t)
/O u(x, s) ds = f(x) + 0] div (IV“(X’ t)|> ’

with rapidly increasing scaling function \(t) so that

A(Y2) t-oo
0 — 0.

Then, f admits the multiscale representation (where equality is interpreted in
L2- sense)

f(x) = /OO u(x, s) ds,

=0
with energy decomposition

© 4
2 _ — °
Il = /s:o )\(S)IU( +8)|sv ds.

We show that lim;—,..||V(-, 1)||,2 — 0. What happens for f € L? ?



4. Modifications to the (BV, [?)-based IDE
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m Recall heat equation :
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Filtered IDE model

m Recall heat equation :

m Perona Malik model:

% — div(g(|Gy * Vu|) V).

Filtered IDE model

=0,

o0

l . 9(|Gs *Vu(x,t)]) .. ( Vu(x,t)\ du
/O u(x,s) ds = f(x) + 27 (0) div (|Vu(x, t)|) n

To compute this IDE we use a fixed point iteration as before with
9(1Go + Vu(x, 1)]).




Numerical results of the filtered IDE model

Numerical results of [j u(x, s)ds = f(x) + 2% Tl diy ( vulx.f)

\Vu(x,m)'

Figure: (a)—(d) The above images depict fo' u(x, s)dsfort=1,4,6,10. Here,

A(t) = 0.002 x 2!. Here the function g(s) = H(;W



The ORIGINAL IDE model applied to Lenna

Numerical result for fo' u(x, s)ds = f(x) + ﬁ(t) div (|§5§§13|)-

Figure: (a)—(d) As A\(t) — oo, the images fot u(x, s)ds are shown above for
t=1,4,6,10. Here, A(t) = 0.002 x 21,



The ORIGINAL IDE model applied to MRI image

Numerical results of [y u(x, s)ds = f(x) + 5 div (@ﬂ?&)-

Figure: (a)—(d) The above images depict fot u(x, s)ds fort =1,4,6,10 for the
ORIGINAL IDE. Here, A\(t) = 0.002 x 2!,



The filtered IDE model applied to MRI image

2X(1)

Numerical results of [, u(x, s)ds = f(x) + 218z Tux0D giy (‘g‘u‘ £ 3‘)

Figure: (a)—(d) The above images depict fO’ u(x, s)dsfort=1,4,6,10. Here,

A(t) = 0.002 x 2!. Here the function g(s) = H(;i/s)g
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m The Heat equation

m Note: Au = urr + uny and urr := |Vu|div (Wu‘)
Alvarez et al. modification model:

@ — 9(|G, * Vu|)|Vu| div (I§UI>
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IDE with tangential smoothing modification

m The Heat equation

m Note: Au = urr + uny and urr := |Vu|div (Wu‘)
Alvarez et al. modification model:

@ — 9(|G, * Vu|)|Vu| div (I§UI>

Filtered IDE with tangential smoothing

8 _ 9(|Gs * Vu(x, 1)) . Vu(x, 1)
/0 u(x.5) a5 = 1020 + S22 00 19w, ) i (m) .



Numerical results for

Vu(x,t) ) .

t 1 :
| utyas = 100 + s av (Thoc )

Figure: A given noisy image f and the IDE images, fot u(-,s)ds,att=1,4,7. Here,
the scaling function is A(t) = 0.002 x 2!. Most of the noise is present at scale t = 7.



Numerical results for filtered IDE with tangential smoothing

Numerical results for

t B 1 . Vu(x,t)
/0 u(x, s)ds = f(x) + mw“("’ fldiv (m) .

Figure: The same noisy image f and the corresponding fot u(-, s) ds, of the IDE with
tangential smoothing at t = 1,4,7. The same scaling function as before,

A(t) = 0.002 x 2. Large portion of the noise is suppressed at t = 7 but there is
normal diffusion of edges.



Numerical results for filtered IDE with tangential smoothing

Numerical results for

t
[t s+ S0 D o (TR

Figure: The same noisy image and the images, fot u(-, s) ds, of IDE with tangential
smoothing and filtering at t = 1,4,7. Here, A(t) = 0.002 x 2! and
g(s) = 1/(1 + (s/5)?). Noise is suppressed with minimal normal edge diffusion.



Deblurring with IDE



TNV scheme with “intensity quanta” = and blurring

m Let 7 be the small intensity of quanta, with this the ROF decomposition
becomes:

f=7TKuxy + Vag, [Ung, Vo) = arginf (/ [Vu|+ — / |f — TKu| )

{f=rKu+v}
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TNV scheme with “intensity quanta” = and blurring

m Let 7 be the small intensity of quanta, with this the ROF decomposition
becomes:

. A
f=TKuy, + Vo, [Ung, Vo] = arginf (/ |Vul + —0/ |f — TKu\2> .
{f=rKutv} \JQ T Ja
m v,, can be decomposed with a scaling parameter A1 > Ao.
. A
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m TNV multiscale decomposition
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TNV scheme with “intensity quanta” = and blurring

m Let 7 be the small intensity of quanta, with this the ROF decomposition
becomes:

. A
f=TKuy, + Vo, [Ung, Vo] = arginf (/ |Vul + —0/ |f — TKu\2> .
{f=rKutv} \JQ T Ja
m v,, can be decomposed with a scaling parameter A1 > Ao.
. A
Vag = TKUN, + Va,,  [Un, VA ] =  arginf (/ |Vul + —1/ [V — TKU|2> .
{vap=rkutv} \Ja T Ja

m TNV multiscale decomposition

Vae_y = TKUx, + Vo, [uAk, V>\k:| = {kajrgnf(uw} (/Q [Vu| + % /Q Ve s — TKU|2/
m With this scheme after N + 1 steps we get:
f = TKU)\O + Vi,
TKUAO + 7‘KU>\1 + Vx,
TKUy + Tuy + TKU2 + Vo

= TKUAO + 7'KU/\1 4+ ...+ TKU)W —+ Vay-

i.e. a nonlinear multiscale decomposition: f = "1 | TKux, + Vay.
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m TNV scheme with deblurring reads:

N
TZKUAK =f- Vay-
k=0

N
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k=0

m The Euler-Lagrange for the N** step:
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TNV scheme with 7 and deblurring

m TNV scheme with deblurring reads:
N
TZ KU)\k =f- Vi
k=0

N
TZK*KU/\k:K*ffK*VAM (1)

k=0

m The Euler-Lagrange for the N** step:

x N 1 . (Vu
K V>‘N—1 =7K KU)\N _ﬁ div (lvuiN| )7
N

K*VAN

N Vu
K*Kux,m = K*f+—— AN
> K KunT +2/\N div <VUAN|>

) . 1o Vu(x,t)
/KKuxS)dS—K F(x) + ()dv<\Vu(x t)\)



Figure: Image (a) shows a blurred image of Lenna blurred using a Gaussian kernel
with o = 1. Image (b) shows the result of the deblurring IDE model, as t — oo.



Figure: Image (a) shows a blurred image of Lenna blurred using a Gaussian kernel
with o = 1. Image (b) shows the result of the deblurring IDE model, as t — oo.

E. Tadmor, P. Athavale, Multiscale image representation using novel integro-differential
equations, Inverse Problems in Imaging, 3 (2009), 693—710.



5. IDE based on (BV, L") image decomposition



(BV, L") image decomposition

m (BV, L") model (Alliney, Nikolova, Chan-Esedoglu, Allard, Aujol)

f=ux+vr, [ur,va]:=arginf (/ |[Vu| + A/ |f — u|> .
f=u+v Q Q
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(BV, L") image decomposition

m (BV, L") model (Alliney, Nikolova, Chan-Esedoglu, Allard, Aujol)

f=ux+vr, [ur,va]:=arginf (/ |[Vu| + A/ |f — u|> .
f=u+v Q Q

m This decomposition is contrast invariant and

m The scale-space generated is geometric in nature. (Chan-Esedoglu,
2005)



(BV, L") hierarchical scheme with 7

m N" stepin (BV, L") scheme: Tuy, + v, = Va,_,

[ury, Vayl = arginf (/ |Vu|+—/|vAN ; 7'U|)
V>\N 1—7—u+v}
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(BV, L") hierarchical scheme with 7

m N" stepin (BV, L") scheme: Tuy, + v, = Va,_,

[Uay, Vay] = arginf (/ |Vu|+—/|vAN ; 7'U|)
V>\N 1—7—u+v}

1 . YVuy
SN (TUxy — Vay_y) = w div <|VU>\N|)
N

N—1
we have: vy, , =f—Y 1uy, = .
k=0



(BV, L") hierarchical scheme with 7

m N" stepin (BV, L") scheme: Tuy, + v, = Va,_,

[Uny, Van] = arginf (/ |Vu|+—/|vAN ; 7'U|)

V>\N 4 =Tu+v}

1 . YVuy
SN (TUxy — Vay_y) = w div <|VU>\N|)
N




(BV, L") hierarchical scheme with 7

m N" stepin (BV, L") scheme: Tuy, + v, = Va,_,

[Uay, Vay] = arginf (/ |Vu|+—/|vAN ; 7'U|)

v>\N 4 =TU+V}

1 . YVuy
SgN (TUxy — Vay_y) = /\delv <|VUAN|)
N

N 1 Yuy
sgn ur7—f|] =—div N >
on (S 1) = ov (S
This motivates the following IDE:

sn < / LO u(x, §) dx f(x)) % div <%)



Multiscale image representation using (BV, L") IDE

t

sgn u(x s) dx — (x) = X )d ( Vu(x, t) )

B

Figure: The above image show fo u(-, s) ds for the (BV, L") IDE for t = 1,6,9, 15.

[Vu(x, t)|




Scale space generated by (BV, L") IDE

’ 1 VU X, t
sgn u(x s) dx f(x) /\—dlv |VUEX t)

Figure: The above image show fo u(-, s) ds for the (BV, L") IDE for t = 1,3, 5,7.




Compare this with the scale space generated by (BV, L?) IDE

! B 1 . [ Vu(x,1)
/s:O u(x,s)dx = f(x) + 270 div (\Vu(x, f)\)

Figure: The above image show fo -, 8) ds for the (BV, L?) IDE for t = 1,6,7,10.

Athavale, Tadmor, Integro-Differential Equations Based on (BV, L') Image
Decomposition, SIAM J. Imaging Sci. 4, pp. 300-312.



Denoising application for Proton therapy imaging

Proton therapy applications



Denoising using (BV, L") IDE

Figure: The above images show the original noisy image*, fot u(-, s) ds for the
(BV, L") IDE for t = 7 and the corresponding residual.

* Noisy image provided by Dr. Reinhard, Loma Linda University.



6. A few theoretical results for (BV, L')-IDE



Some properties of this IDE

Theorem (1)
For the IDE model

sgn (/Ot u(x, s)ds — f(x)) Azl‘) div (%) g

let V(- t) be the residual, and U(-, t) := fot u(x, s) ds
V(- t):=Ff=U(,1).
Then size of the signum of residual is dictated by the scaling function \(t),

lIsgn (V(-, )|l = %
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Theorem (1)
For the IDE model

sgn (/Ot u(x, s)ds — f(x)) Azl‘) div (%) g

let V(- t) be the residual, and U(-, t) := fot u(x, s) ds
V(- t):=Ff=U(,1).
Then size of the signum of residual is dictated by the scaling function \(t),

lIsgn (V(-, )|l = %

Recall, for (BV, L?)-based IDE we had

Ve Dl = (0
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Theorem (ll)

Moreover, we have the following L' -energy decomposition,

t
1
/0 @IU(-,S)IBV s+ [|V(, Ol = [l

Recall, for (BV, L?)-based IDE we had the following L?-energy
decomposition:

t
]
/0 mlu(-,s)lsv ds+ | V(- t)lIz = |IfllZ2-



7. Modifications to the (BV, L')-IDE



The (BV, L") IDE with filtered diffusion.

Results for the (BV, L") IDE with filtered diffusion:

t ~ 9(1Ge *xVu(x,1)]) ;. ( Vu(x,1)
sgn (/S:O u(x, s) dx — f(x)) - 0 div (qu(x, t)l>

Figure: The above image show fot u(-, s) ds for the (BV, L") IDE for t = 1, 6,7, 10.



Compare these results for the original (BV, L") IDE:

sgn (/;O u(x, s) dx — f(x)) = % div (%)

EIE

Figure: The above image show fot u(-, s) ds for the (BV, L") IDE for t = 1,6,7, 10.




Results for filtered (BV, L") IDE with tangential smoothing

Numerical results for

sgn (/0 u(x, s) ds — f(x)> _ 9(Go * Vu(x, 1)]) *A(Vt;’("’ O \vu(x, 1) div (%Z& g|> ‘

L1000

Figure: The same noisy image f and the corresponding fo u(-, s) ds, of the IDE with
tangential smoothing at t = 1,4,18.




Compare these results with the numerical results for

sgn (/Ot u(x,s)ds — f(x)) = ﬁ div (%) .

Figure: A given noisy image f and the IDE images, fot u(-,s)ds,att=1,4,18.




Let’s connect the dots!
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Connecting the dots ...

Heat equation

I

Perona-Malik

I

Nordstrom
4
Rudin Osher Fatemi

(!
Tadmor-Nezzar-Vese

Y
The novel integro-differential equations
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www.math.ucla.edu/~prashant
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