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Numerical Challenges

Singular boundary force introduces discontinuities in fluid
solution.

∂u

∂t
+ u · ∇u = −∇p + µ∇2u + F,

∇ · u = 0

F(x, t) =

∫
Γ
f(s, t)δ(x− X(s, t))ds

Pressure Velocity
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Solution Approaches

• Unstructured grid: requires
mesh regeneration every
time-step.

• Immersed bounadry method
(Peskin, Acta Numerica,
2002): replaces singular δ by a
smoother discrete δh.

• Immersed interface method (Li and Lai, JCP, 2001)
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Features of Immersed Interface method

Preserves sharp jumps in
solutions and derivatives.

Computes O(h2) accurate solutions.

Can be applied to problems other than immersed boundary
problems.



Immersed
Interface
Method

Anita Layton
Department of
Mathematics,

Duke
University

Introduction

Problems of
Interests

1D Example

Immersed
Boundary
Problems

Stokes Equations

Boundary
Integral Solution

Navier-Stokes
Equations

Summary

Credits...
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Example 1: Singular Sources

Delta function singularity

Elastic material with two ends fixed and a point source

Solution is continuous, but the derivatives are not!

Standard numerical methods may have big errors.
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Example 1: Singular Sources

The equation

u′′(x) = σδ(x − α), 0 < x < 1

u(0) = 0, u(1) = 0

Equivalent problem

u′′ = 0, x ∈ (0, α) ∪ (α, 1)

[u] = 0, [u′] = σ
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Example 2: Discontinuous Coefficients

Heat propagation through heterogeneous materials
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Example 2: Discontinuous Coefficients

Model equation, IC, and BC:

ut = ∇ · (β∇u), (x , y) ∈ [−1, 1]× [−1, 1]

β =

{
1, x2 + y2 ≤ 1

4
100, otherwise

u(x , y , 0) = 0

u(−1, y , t) = u(x ,−1, t) = 0

u(x , 1, t) = sin((x + 1)π/4)

u(1, y , t) = sin((y + 1)π/4)
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Other Examples

2D singular sources

−∇ · (β∇u) = f (x) +

∫
Γ
ν(s)δ(x − X (s))ds

Multi-phase / singular sources
Moving interface / free boundary
Irregular domains
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An 1D Example

(βu′)′ = f (x) + σδ(x − α)

u(0) = ua, u(1) = ub

Equivalent problem:

(βu′)′ = f (x), x ∈ (0, α) ∪ (α, 1)

u(α+) = u(α−), β+u′(α+) = β−u′(α−) + σ

u(0) = ua, u(1) = ub
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Finite-Difference Discretization

Approximate solution at grid points xi = ih, i = 0, . . . ,N.

Regular grid points: standard centered difference scheme

βi−1Ui−1 − 2βiUi + βi+1Ui+1

h2
= f (xi )

Local trunction error O(h2) if u′′′′ exists.

Irregular grid points, xj and xj+1, what to do?
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FD Scheme at Irregular Gridpoints

Un-determined coefficient method

γj−1Uj−1 + γjUj + γj+1Uj+1 = fj + Cj

Determine coefficients and correction term

γj−1, γj , γj+1,Cj

Make use of interface relations

u+ = u−, u+
x =

β−

β+
u−x +

σ

β+
, u+

xx =
β−

β+
u−xx
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FD Scheme at Irregular Gridpoints

Use un-determined coefficient method to minimize local
trunction error at α (the solution is piecewise smooth):

Tj = γj−1u(xj−1) + γju(xj) + γj+1u(xj+1)− fj − Cj

u(xj−1) = u− + u−x (xj−1 − α) +
(xj−1 − α)

2
u−xx +O(h3)

u(xj) = u− + u−x (xj − α) +
(xj − α)

2
u−xx +O(h3)

u(xj+1) = u+ + u+
x (xj+1 − α) +

(xj+1 − α)

2
u+
xx +O(h3)

= u− +

(
β−

β+
u−x +

σ

β+

)
(xj+1 − α) +

β−

β+

(xj+1 − α)2

2
u−xx +O(h3)
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FD Scheme at Irregular Gridpoints

Tj = γj−1u(xj−1) + γju(xj) + γj+1u(xj+1)− fj − Cj

Apply Taylor expansion, interface relations, un-determined
coefficient method

⇒ Tj = u−(γj−1 + γj + γj+1)

+ u−x

(
γj−1(xj−1 − α) + γj(xj − α) + γj+1

β−

β+
(xj+1 − α)

)
+ u−xx

(
γj−1

(xj−1 − α)2

2
+ γj

(xj − α)2

2

+ γj+1
β−

β+

(xj+1 − α)2

2

)
+ γj+1

β−

β+
σ(xj+1 − α)− fj − Cj



Immersed
Interface
Method

Anita Layton
Department of
Mathematics,

Duke
University

Introduction

Problems of
Interests

1D Example

Immersed
Boundary
Problems

Stokes Equations

Boundary
Integral Solution

Navier-Stokes
Equations

Summary

Coefficients and Correction

The linear system for the coefficients

u−(γj−1 + γj + γj+1) = 0

γj−1(xj−1 − α) + γj(xj − α) + γj+1
β−

β+
(xj+1 − α) = 0

γj−1
(xj−1 − α)2

2
+ γj

(xj − α)2

2
+ γj+1

β−

β+

(xj+1 − α)2

2
= β−

The correction term

Cj = σγj+1
β−

β+
(xj+1 − α)
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Key Steps of IIM

1 Un-determined coefficient method at grid points near/on
the interface

γj−1Uj−1 + γjUj + γj+1Uj+1 = fj + Cj

2 Expand u(xi + jh) at u(α) on the interface from each side.

3 Use jump conditions to express the quantities of one side
in terms of the other

4 Choose coefficients and correction term to minimize local
trunction errors.
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Numerical Results

Example

(βu′)′ = δ(x − α)

u(0) = 0, u(1) = 0

with β− = 1, β+ = 100, and α = 1/3.

The exact solution is

u(x) =

{
Bx(1− α), 0 ≤ x ≤ α
Bα(1− x), α < x ≤ 1

where B = −1/(β+α + β−(1− α)).
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Numerical Results

Compare accuracy of

1 IIM

2 Smoothing + discrete delta:
Smooth β(x) using

βε(x) = β− + (β+(x)− β−(x))Hε(x − α)

Hε(x) =


0, x < −ε
1
2

(
1 + x

ε + 1
π sin πx

ε

)
, |x | ≤ ε

1, x > ε

Use discrete cosine delta function

δε(x) =

{
1
4ε

(
1 + cos πx

2ε

)
, |x | < 2ε

0, |x | ≥ 2ε
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Results and Comparison

Solid line: exact solution
* IIM; ◦ smoothing + discrete delta (ε = 2h).
h = 1/40.
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IIM for Immersed Boundary Problems
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IIM for Stokes Equations

Stokes problem with a singular source on a closed curve Γ

∇p = µ∆u + F

∇ · u = 0

F =

∫
Γ
f (s)δ(x − X (s)) ds
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Jump Conditions

(LeVeque and Li, SINUM, 1994)
Assume no-slip along the immersed boundary,

∂

∂t
X (s, t) = u (X (s, t))

Balancing forces in the normal and tangential directions, we
can express the jump conditions in terms of the boundary
forces (f̂1 = f · n, f̂2 = f · τ):

[p] = f̂1, [pn] =
∂

∂τ
f̂2,

[u] = [v ] = 0, [µun] = f̂2 sin θ, [µvn] = f̂2 cos θ
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Solving the Stokes Equations Using IIM

1 Given boundary configuration Γ(tn), compute boundary
force f.

2 With f, compute jump conditions.

3 Solve three Poisson problems:

∆p = ∇ · F , ∆u =
1

µ
px , ∆v =

1

µ
py
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Solving the Stokes Equations using IIM

For pressure

1

h2
(Pi+1,j + Pi−1,j − 4Pi ,j + Pi ,j+1 + Pi ,j−1) = Ci ,j

At regular grid points Ci ,j = 0, at irregular grid points, Ci ,j is
determined using the un-determined coefficient method as
before.
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Solving the Stokes Equations using IIM

For velocity

1

h2
(Ui+1,j + Ui−1,j − 4Ui ,j + Ui ,j+1 + Ui ,j−1) =

1

µ
(Px)i ,j + Ĉi ,j

Update Γ:
X n+1 = X n + ∆tU(X n)
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Stokes Example

Pressure:
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Stokes Example

Velocity (u):
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Alternative: Boundary Integral Solution

Stokes solutions are given by the boundary integrals

p(x) =

∫
Γ
∇G (x− y)f(y)ds(y)

u(x) =

∫
Γ
V (x− y)f(y)ds(y).

∇G and V are determined by the spatial dimensions and
boundary conditions. For 2D free space,

∇G (x) =
x

2π|x|2

V (x) =
1

4π

 − log |x|+ x2
1
|x|2

x1x2
|x|2

x1x2
|x|2 − log |x|+ x2

2
|x|2


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Two Problems with Integral Solutions

Using boundary integrals eliminate the need for corrections,
but...

Accuracy. The kernels V and ∇G are singular!

∇G(x) =
x

2π|x|2 , V (x) =
1

4π

24 − log |x|+ x2
1
|x|2

x1x2
|x|2

x1x2
|x|2 − log |x|+ x2

2
|x|2

35
Near the immersed interface, nearly singular integrals give

rise to large quadrature errors.

Efficiency. Using boundary integrals to compute solution
values at N2 grid-points takes O(N3) time.
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Accuracy: Modified Stokeslets

Replace point source by a “blob” (Cortez, SISC, 2001)

φε(r) =
3ε3

2π(r2 + ε2)5/2

Then the Green’s function of ∆G = δ becomes regularized:

G (r) =
1

2π
log(r)⇒ Gε(r) =

1

2π

(
log(

√
r2 + ε2 + ε)− ε√

r2 + ε2

)
where r = |x|. Stokes solutions are given by the boundary
integrals, e.g.,

p(x) =

∫
Γ
∇Gε(x− y)f(y)ds(y)
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Accuracy: Modified Stokeslets

But Stokes solutions computed using the regularized Green’s
function are smooth near the boundary, i.e., the jump
discontinuities in p and in the derivatives of u are not preserved.

This leads to O(h) errors in u and O(1) errors in p.

To achieve better accuracy, corrections can be added:

p(x) =
∑
k

∇Gε(x− sk)f (sk)∆s +T1(x) +T2(x) +O(∆s2 + ε2)

where T1 and T2 correct for the quadrature and regularization
errors (Beale and Lai, SINUM, 2001).
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Efficiency: Hybrid Approach

Combine boundary integrals with mesh-based solver.

Compute integral solutions only near boundary (cost:
O(N2)), enough values to form discrete five-point
Laplacian at irregular grid points.
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Hybrid Approach

Solve three Poisson problems:

∆hp =

{ pi+1,j +pi,j+1−4pi,j +pi−1,j +pi,j−1

h2 , irreg points
0, reg points

p values in RHS Laplacian computed using modified Stokeslets.

∆hu =

{ ui+1,j +ui,j+1−4ui,j +ui−1,j +ui,j−1

h2 , irreg points
∇p, reg points

u values in RHS Laplacian computed using modified Stokeslets.
∇p computed using finite difference.

• Solve Poisson problems using FFT, O(N2 log N).
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Resolving Boundary Layers

Stiff boundary forces may generate a steep gradient in the
solutions near the boundary.

Even though the solutions are “smooth” away from the
boundary, finite-difference approximation of the Laplacian
may have large discretization errors.

Remedy: Expanding the “band” where we use boundary
integrals to compute the discrete Laplacian.
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Resolving Boundary Layers

∆hp =

{ pi+1,j +pi,j+1−4pi,j +pi−1,j +pi,j−1

h2 , inside band
0, outside band

∆hu =

{ ui+1,j +ui,j+1−4ui,j +ui−1,j +ui,j−1

h2 , inside band
∇p, outside band
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Stokes Example

Interface is a unit circle.

f(θ) = 14 sin(7θ)x(θ), p(r , θ) =


r−7 sin(7θ), r ≥ 1
−r 7 sin(7θ), r < 1
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Immersed Boundary Problem with NS Flows

(Li and Lai, JCP, 2001)

Navier-Stokes Equations with Singular sources

∂u

∂t
+ u · ∇u = −∇p + µ∇2u + F,

∇ · u = 0

u|∂Ω = ub

u(x, 0) = u0

F(x, t) =

∫
Γ
f(s, t)δ(x− X(s, t))ds
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IIM for Navier-Stokes

IIM from tn to tn+1 can be written as

u∗ − un

∆t
+ (u · ∇hu)n+ 1

2 = −∇np
n− 1

2 +
µ

2

(
∇2

hu
∗ +∇2

hu
n
)

+ Cn
1,

where

(u · ∇hu)n+ 1
2 =

2

3
(u · ∇hu)n − 1

3
(u · ∇hu)n−1 + Cn

2

The projection step is as follows

∇hφ
n+1 =

∇h · u∗

∆t
+ Cn

3

∂φn+1

∂n
= 0

un+1 = u∗ −∆t∇hφ
n+1 + Cn

4

∇hp
n+ 1

2 = ∇hp
n− 1

2 +∇hφ
n+1 + Cn

5
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Determining the Correction Terms

Let u(x) be a piecewise twice differentiable function. Assume
that u(x) and its derivatives have jumps [u], [ux ], and [uxx ] at
x∗ = x + αh, then

u(x + h)− u(x − h)

2h
=

{
u′(x) + C(x ,α)

2h +O(h2), 0 ≤ α ≤ 1

u′(x)− C(x ,α)
2h +O(h2), −1 ≤ α < 0

u(x + h)− 2u(x) + u(x − h)

h2
= u′′(x) +

C (x , α)

h2
+O(h)

where

C (x , α) = [u] + [ux ](1− |α|)h + [uxx ]
(1− |α|)2h2

2
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Determining the Correction Terms for Cn
1

1 From (u · ∇hu)n

− 3

4h

(
[un

x ](xi+1 − x∗) + [un
xx ]

(xi+1 − x∗)2

2

)
un(x∗, yj)

2 From (u · ∇hu)n−1

1

4h

(
[un

x ](xi+1 − x∗) + [un
xx ]

(xi+1 − x∗)2

2

)
un(x∗, yj)

3 From ∇hp
n− 1

2

− 1

2h

(
[pn− 1

2 ] + [p
n− 1

2
x ](xi+1 − x∗)

)
4 From µ∆h(un/2)

− µ

2h2

(
[un

x ](xi+1 − x∗) + [un
xx ]

(xi+1 − x∗)2

2

)
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The Velocity Decomposition Approach

(Beale and Layton, JCP 2009)

u = us + ur

The Stokes solution satisfies

∇ps = µ∇2us + f, ∇ · us = 0

Substituting into the Navier-Stokes equations:

∂(us + ur )

∂t
+ u · ∇ (us + ur ) = −∇(ps + pr )

+µ∇2 (us + ur ) + f,

⇒ ∂ur

∂t
+ u · ∇ur = −∇pr + µ∇2ur + fb,

∇ · ur = 0,

fb = −∂us

∂t
− u · ∇us
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Summary

Some recent applications of the IIM:

Free boundary problem with moving contact lines;

Immersed interface finite element methods;

Navier-Stokes equations in irregular domains;

Surfactant-laden drop-drop interactions;

Stokes equations with discontinuous viscosity;

Navier-Stokes equations with discontinuous viscosity;

Tracking interface using the level-set method;

Higher than second-order accuracy;

More: today’s talks!
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