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Preliminaries

Throughout Fq is the finite field of cardinality q

I q is a power of the characteristic, the prime p

Fqn is the extension of Fq of degree n

Denote the Fq-trace and norm of elements γ in Fqn by
Tr(γ), Nm(γ)

The trace of γ ∈ Fqn over the ground field Fp is denoted by Tr0(γ)

Polynomials are monic:
f (x) = xn + a1xn−1 + · · · amxn−m + · · ·+ an ∈ Fq[x ]

am = mth coefficient

For K ∈ Fq[x ], |K | = qdeg(K)

W (m) = 2ω(m) = no. of square-free divisors of m
(ω(m) is the number of distinct prime factors of m)



Primitive elements and polynomials

Definitions 1
A primitive element of Fqn is a generator of the multiplicative
cyclic group F∗qn (of cardinality qn − 1)

A primitive polynomial of degree n over Fq is a (monic irreducible)
polynomial whose roots are all primitive elements of Fqn

I The number of primitive elements in Fqn is φ(qn − 1), where
φ is Euler’s function

I For k ∈ N, set θ(k) =
φ(k)

k
=

∏
prime l |k

(1− 1

l
)

I The proportion of primitive elements in F∗qn is θ(qn − 1)



Normal/free elements and polynomials

Definitions 2
A normal polynomial of degree n over Fq is an irreducible

polynomial whose roots {α, αq, . . . αqn−1} form a basis of Fqn over
Fq

A root of such a normal polynomial is a free element of Fqn

I For a polynomial K ∈ Fq[x ] the polynomial Euler’s function is

φ(K ) = |K |
∏

irred P|K

(1− 1

|P|
)

I The number of free elements is φ(xn − 1)

I For K ∈ Fq[x ], define θ(K ) =
φ(K )

|K |
I The proportion of free elements in Fqn is θ(xn − 1)



Formal products

For notational convenience (only), for some divisor k of qn − 1 and
some polynomial factor of xn − 1 ∈ Fq[x ] we consider a formal
product kK Later this may be a contracted to a single symbol k

In this spirit, for such a formal product kK , write

I φ(kK ) = φ(k)φ(K )

I θ(kK ) = φ(kK)
k|K |

I W (kK ) = W (k)W (K )

I These may be contracted simply to φ(k), θ(k) and W (k),
respectively



Existence problems to be discussed

Problem 1 (PFNT)

Primitive normal polynomials with specified trace and norm

Given n ≥ 3, does there exist an element α ∈ Fqn that is
simultaneously primitive and free over Fq with specified Fq-trace
and norm (necessarily a primitive element of Fq)?

See: Cohen (2000), n ≥ 5 ; Cohen-Huczynska (2003), n = 4, 3

Problem 2 (SPNBT)

The strong primitive normal basis problem

Does there exist a primitive element α ∈ Fqn such that both α and
1/α are free over Fq?

See: Cohen-Huczynska (2010)



Problem 3 (Pm)

Primitive polynomials with prescribed coefficient

Given 1 ≤ m < n and a ∈ Fq, does there exist a primitive
polynomial over Fq with m-th coefficient a?

See: Cohen (2006), n ≥ 9 and n ≤ 4 ; Cohen-Prešern (2006,
2008), 5 ≤ n ≤ 8

Problem 4 (PFm)

Primitive normal polynomials with prescribed coefficient

Given 1 ≤ m < n and a ∈ Fq, does there exist a primitive normal
polynomial over Fq with m-th coefficient a?

See:
Fan-Wang (2009), n ≥ 15, Wang-Fan-Wang (2010), 9 ≤ n ≤ 14



k-free elements of Fqn

Definition 3
For any divisor k of qn − 1, a k-free element γ of F∗qn is such that

γ = βd (β ∈ Fqn , d | k) implies d = 1

I A primitive element of Fqn is (qn − 1)-free

Application to irreducibility
Given any pair (q, n) 6= (2, 6), there exists a prime divisor ln of
qn − 1 that does not divide qd − 1 for any d < n Zsigmondy

Hence: if γ ∈ Fqn is ln-free then its minimal polynomial is
irreducible of degree n Zsigmondy criterion

Can be used to resolve Problem Im (= irreducible analogue of
Problem Pm) Any other applications?



Characteristic function for γ ∈ Fqn to be k-free

Λ(k) := θ(k)
∑
d |k

µ(d)

φ(d)

∑
χd

χd(γ) =

{
1, γ k-free
0, otherwise

I χd : multiplicative character of Fqn of order d

I
∑

χd
: sum over all such characters

I θ(k) := φ(k)
k

Write Λ(k) as θ(k)

∫
d |k

χd(γ)



K -free elements of Fqn

Given a polynomial H =
∑

Hix
i ∈ Fq[x ], Hσ =

∑
Hix

qi

The Order of γ ∈ Fqn is the “least” factor K of xn − 1 such that
Kσ(γ) = 0. If γ has Order K then γ = Hσ(β) for some β ∈ Fqn ,
where H = (xn − 1)/K

Definition 4
For any factor K of xn − 1, γ ∈ F∗qn is K -free if

γ = Hσ(β) (β ∈ Fqn , H|K ) =⇒ H = 1

I γ ∈ Fqn is free ⇐⇒ it is xn − 1-free



Characteristic function for γ ∈ Fqn to be K -free

Λ(K ) := θ(K )
∑
D|K

µ(D)

φ(D)

∑
δD∈∆D

ψ(δDγ) =

{
1, γ K -free
0, otherwise

I ψ = ψn = canonical additive character of Fqn , i.e.

ψ(α) = exp
(

2πTr0(α)

p

)
I ∆D ⊆ Fqn is such that

{ψ(δDγ) : δD ∈ ∆D} = set of all characters of Order D

Write Λ(K ) as θ(K )

∫
D|K

ψ(δDγ)



Basic character sum estimate

ψ = canonical additive character on Fqn

χ = a multiplicative character on Fqn of order d > 1

Lemma
Let h(x) ∈ Fqn be a polynomial (rational function) of degree D.
Then ∣∣∣∣∣∣

∑
α∈Fqn

ψ(h(α))χ(α)

∣∣∣∣∣∣ ≤ Dqn/2

I Referred to as the Weil bound Definitive reference?



Character sum expression in Problem 1 (PFTN)

Given k|qn − 1,K |xn − 1, a, b ∈ Fq

Nk,K (a, b) := no. of kK -free γ ∈ Fqn with norm a, trace b.

Then q(q − 1)Nk,K (a, b) = θ(kK )(qn + S) where S =∫
d |k

∫
D|K

∑
ν∈F∗q

∑
c∈Fq

ν̄(b)λ̄(ac)
∑
α∈Fqn

(χdν)(α)ψ((δD + c)α)

Here

I ν = multiplicative character on Fq

I λ = canonical additive character on Fq



Thus
q(q − 1)Nk,K (a, b) = θ(kK )(qn + S) where

S =

∫
d |k

∫
D|K

∑
ν∈F∗q

∑
c∈Fq

C (c , ν)(ν)Gn(χν) + · · ·

Here

I Gn(χ) =
∑
α∈Fqn

ψ(α)χ(α) = Gauss Sum over Fqn

I |C (c , ν)| ≤ 1

I |Gn(χd) ≤ qn/2 (d > 1)



I Easily S ≤W (kK )q
n
2

+2

I Recall S =

∫
d|k

∫
D|K

∑
ν∈F∗q

∑
c∈Fq

ν̄(b)λ̄(ac)
∑

α∈Fqn

(χdν)(α)ψ((δD + c)α)

Typically, replace δD by cδD and α by α/(c(δD + 1)) to yield
C (ν, c) = C1(ν)G1(ν), |C1(ν)| ≤ 1:

so |S | ≤W (kK )q
n+3

2

I Use

∣∣∣∣∣∣∣∣∣
∑
α∈Fqn

Tr(α)=Nm(α)=1

χ(α)

∣∣∣∣∣∣∣∣∣ ≤ nq(n−2)/2 Katz, 1993

to yield

|S | ≤ nW (k)q
n
2

+1; K = 1, a = b = 1

Katz result (+ special considerations) vital for n = 3, 4.
Improvement by Moisio and Wan (2010) ...



Character sum expression in Problem 2 (SPNBT)

Let Qn = qn−1
(q−1) gcd(n,q−1) . It suffices to show that the existence of

α ∈ Fqn which is Qn-free such that both α and 1/α are free

Given k |Qn,K1|xn − 1,K2|yn − 1, let N(k,K1,K2) be the number
of α ∈ Fqn with α k-free and K1-free and 1/α K2-free.

N(k,K1,K2) = θ(kK1K2)

∫
d |k

∫
D1|K1

∫
D2|K2

K (δD1 , δD2 ;χd)

where

K (α, β;χ) =
∑
γ∈F∗

qn

ψ(αγ+βγ−1)χ(γ) generalized Kloosterman sum



Since

N(k ,K1,K2) = θ(kK1K2)

∫
d |k

∫
D1|K1

∫
D2|K2

K (δD1 , δD2 ;χd)

then ∣∣∣∣N(k,K1,K2)

θ(kK1K2)
− qn

∣∣∣∣ ≤ 2W (kK1K2)qn/2

I In this problem, the further ingredient required is not an
improvement in the character sum estimate but skill in
handling the “sieving techniques” available (see later)



Prescribing the mth coefficient (m < p)

f (x) = xn + a1xn−1 + · · ·+ amxn−m + · · ·+ an ∈ Fq[x ]
am = (−1)mσm is the mth coefficient (1 ≤ m ≤ n)

Write sm =
∑

γ a root of f

γm; σm = mth symmetric fn of roots

Lemma (Newton’s identities)

rar + ar−1s1 + ar−2s2 + · · ·+ sr = 0, r ≤ n

I Specifying the first m coefficients (m < p)
{a1, . . . , am} can be specified by specifying {s1, . . . sm}

I zero criterion for specifying am = a (m < p)
Set st = 0 (t ≤ m∗ := bm/2c), sm = −ma. Then am = a.

I z criterion for specifying am = a, m(< p) even
Set st = 0, t < m∗, sm∗ = z(∈ Fq), sm = z2 −ma.
Then am = a.



Character sum expression in Problem 3 (Pm), m < p

Nm(k) := No. of k-free γ ∈ Fqn with am = a

By the zero criterion

qm∗+1Nm(k) = θ(k)

∫
d |k

∑
ct∈Fq

t≤m∗ or t=m

ψ(−cma)Sn(ctγ
t , χd),

where, for h(x) ∈ Fqn [x ], Sn(h, χ) =
∑
α∈Fqn

ψ(h(α))χ(α)

I Generally |Sn(ctγ
t , χ)| ≤ tqn/2

I So

∣∣∣∣ Nm(k)

qn/2θ(k)
− q

n
2
−m∗−1

∣∣∣∣ ≤ mW (k)



I When a 6= 0, squeezing S1(−caxm, χ̂d) into the expression for
Nm(k) yields∣∣∣∣ Nm(k)

q(n+1)/2θ(k)
− q

n
2
−m∗− 1

2

∣∣∣∣ ≤ m′mW (k), m′ = (m, q − 1) (a 6= 0)

Useful when n = 5,m = 3; n/2−m∗ − 1/2 = 1

I Alternatively, when m is even, using z-criterion and averaging
over z ∈ Fq ∣∣∣∣ Nm(k)

q(n+1)/2θ(k)
− q

n−m−1
2

∣∣∣∣ ≤ mW (k)

Useful when n = 8,m = 4; (n −m − 1)/2 = 3/2



All these estimates for Nm(k) are less useful (even useless!) as m
approaches n (even assuming n < p)

I In practice, use them for m ≤ (n + 1)/2

I If m > (n + 1)/2 fix constant term as primitive b ∈ Fq and
look for a (monic) primitive polynomial of the reciprocal form
b−1xnf (1/x) with prescribed (n−m)th coefficient a/b. If now
Nm(k) := No. of k-free γ ∈ Fqn with am = a and a0 = b then∣∣∣∣ Nm(k)

qn/2θ(k)
− q

n
2
−m∗−2

∣∣∣∣ ≤ mW (k)

. . . . . .



Sieving

In any problem let N(k) denote the number of relevant k-free
α ∈ Fqn . Here k is a formal divisor of the relevant formal product
qn − 1 or (qn − 1)(xn − 1), etc.

I N(k) is unaffected if k is replaced by its “square-free” radical

Take a set of complementary divisors, i.e. a set {k1, . . . , kr} of
formal divisors of k such that, for i 6= j , gcd(ki , kj) = k0 (the core)
and (the radical of) the lcm of {k1, . . . , kr} is (the radical of) k

Lemma (Sieving Lemma)

N(k) ≥
r∑

i=1

N(ki )− (r − 1)N(k0)

I In practice, usually ki = k0pi where pi is a prime dividing k ;
thus a prime number or irreducible polynomial
{p1, . . . , pr} can be a mixture of both types of prime

I k0 is the core; p1, . . . , pr are the sieving primes



The Sieving Lemma can be written

Lemma (Sieving Lemma)

N(k) ≥
r∑

i=1

N(k0pi )− (r − 1)N(k0)

N(k) ≥ δN(k0) +
r∑

i=1

(
N(k0pi )−

(
1− 1

|pi |

)
N(k0)

)
,

where δ = 1−
r∑

i=1

1

|pi |
(|pi | = pi for pi a prime number)

I In applications, k may be qn − 1 or Qn(xn − 1), etc.

I Because estimates for N(k) have factor θ(k) and
θ(k0pi ) = (1− 1/|pi |)θ(k0), differences in Sieving Lemma can
be efficiently estimated

I Essential to choose complementary divisors so that δ > 0



Focusing on the additive sieve: SPBNT problem

For theoretical arguments, the more regular pattern of the
irreducible factors of xn − 1 over the prime factorisation of qn − 1
favours additive sieving wherever possible

SPBNT
∣∣∣∣N(k,K1,K2)

θ(kK1K2)
− qn

∣∣∣∣ ≤ 2W (kK1K2)qn/2

Key strategy (p - n)

I Define s minimal such that n|qs − 1
s = maximal degree of irreducible factors of xn − 1

I xn − 1 = g(x)G (x) G prod. of irred. factors li (x) of deg s

I Core: k0 = Qng(x)g(y)

I Sieving primes pi : all li (x) and li (y)

I δ = 1− 2(n−d)
sqs d = deg g

Then
N(k)

qn/2θ(Qng 2)
> qn/2 − 2W (Qng 2)

(
qs2((n − d)− s)

sqs − 2(n − d)
+ 2

)



The multiplicative sieve for the Pm problem∣∣∣∣ Nm(k)

q(n+1)/2θ(k)
− q

n−m−1
2

∣∣∣∣ ≤ mW (k) (e.g. a 6= 0, m even)

I Worst case: q, n ≡ 3 mod 4,m = (n + 1)/2
For set of r compl. divisors of qn − 1 with core k0,
N(qn − 1) positive whenever

q(n−3)/4 >

(
n + 1

2

)
W (k0)

(
r − 1

δ
+ 2

)
Outline strategy ω := ω(qn − 1)

(1) Assume ω ≥ 1547. Then W (qn − 1) < qn/12 and
q

n
6
−1 > n/2 suffices without sieving

(2) Assume ω ≤ 1546 with n ≥ 16, q ≥ 5. Take k0 = product of
10 least primes in qn − 1: then r ≤ 1536, δ > 0.00267 and
OK unless q ≤ 821 and ω ≤ 79

(3) Assume ω ≤ 79, q ≤ 821: k0 = prod. of least 4 primes
(4) . . . . . .



Further tool
Fan and Wang (inherited from Lenstra-Schoof PNBT)

Lemma
Let Sh be the set of primes < h such that each prime divisor of

qn − 1 ∈ Sh. Set H =
∏
h∈Sh

h. Then

ω(qn − 1) ≤ log(qn − 1)− log H

log h
+ |Sh|



p-adic method

For r = 1, n:

I Rr : ring of integers in splitting field of xqr − x over the p-adic
field Qp, i.e. the completion of Q w.r.t. p-adic metric

I Rr has characteristic zero
I R1 ⊆ Rn

I Γr : roots of xqr − x Teichmüller points
I Γr may be identified with Fqr r = 1, n
I Γ∗r is cyclic of order qr − 1

I Rr =
∞∑
i=0

γip
i , γi ∈ Γn

I Lift primitive f [x ] ∈ Fq[x ] to unique primitive f̂ (x) ∈ R1[x ]
If f is normal over Fq, then f̂ is normal over R1

I f ≡ f̂ (mod p); σi ≡ σ̂i (mod p); roots γ̂ of f̂ ∈ Γn



The Galois ring Rn,e

Define Γn,e = Γn (mod pe) (e positive integer)

I Γr ,e (like Γr ) can be identified with Fqr

Define Rn,e =
e−1∑
i=0

γip
i , γi ∈ Γn,e

I Rn,e has cardinality qne and characteristic pe

I R(n, 1) is effectively Fqn

I Lift primitive or normal f (x) ∈ Fq(x) to primitive or normal
f̂ (x) ∈ R1,e

I Roots γ̂ ∈ Rn,e



Traces

Consider roots of lifted irreducible pol. f̂ (x) ∈ R1(x) or R1,e [x ]

Definitions 5
sl= R1-trace of the lth powers of roots (strictly ŝl)

In particular assume p - t

st =
∞∑
j=0

st,j pj (st,j ∈ Γ1
∼= Γ1,e

∼= Fq)

s
(i)
t =

∞∑
j=0

spi

t,jp
j

I st,j −→ tpj yields a bijection N←→ {st,j ; p - t, j ≥ 0}



Specifying coefficients up to the mth, even when p ≤ m

Proposition (p-adic Identity)

With f̂ (x) ∈ R1[x ] irreducible and p odd

f ∗(x) := xn f̂

(
1

x

)
= 1− σ1x + σ2x2 + · · ·+ (−1)nσnxn

≡
∞∏

t=1
p-t

∞∏
j=0

∞∏
r=1
p-r

(
1−

(
−

spj

t,j

t

)r
x rtpj

)−µ(r)
r

(mod p)

I There is an alternative expression for p = 2

Proof

f ∗(x) =
n−1∏
i=0

(1− γ̂qi
x), f̂ (γ̂) = 0



f ∗(x) = exp(−
∞∑
l=1

Tr(γ̂)lx l

l
) = exp(−

∞∑
l=1

slx
l

l
)

= exp

− ∞∑
t=1
p- t

∞∑
i=0

s
(i)
t x tpi

tpi

 =
∞∏

t=1
p- t

exp

(
−
∞∑
i=0

s
(i)
t x tpi

tpi

)

=
∞∏

t=1
p- t

∞∏
j=0

∞∏
i=0

exp

−spi

t,jp
j−ix tpi

t



Next, for each t, p - t, consider the contribution of the terms with
i ≥ j



∞∏
j=0

∞∏
i=j

exp

−spi

t,jp
j−ix tpi

t


=
∞∏
j=0

∞∏
k=0

exp

−
(

spj

t,jx
tpj
)pk

tpk


≡

∞∏
j=0

exp

 ∞∑
k=0

−spj

t,jx
tpj

t

pk (
1

pk

) (mod p)

≡
∞∏
j=0

Ep

−spj

t,jx
tpj

t

 (mod p) Artin-Hasse exp. fn

≡
∞∏
j=0

∞∏
r=1
p-r

1−

−spj

t,j

t

r

x tpj r

−
µ(r)

r

(mod p)



Finally, when i < j ,

exp

−spi

t,jp
j−ix tpi

t

 ≡ 1 (mod p), i < j ,

and so such terms contribute a multiplier of 1

This proves the p-adic Identity



Criteria for specifying mth coefficient

I a1, . . . , am can be specified by specifying st,j for all tpj ≤ m
m conditions as before

I am = (−1)mσm can be specified (as a) by
I st,j = 0 tpj ≤ m

2

I sT ,J = −(Ta)1/pJ

m = TpJ , p - T zero criterion⌊
m
2

⌋
+ 1 conditions as before

I When m is even and p is odd, am can be specified by
I st,j = 0 tpj ≤ m

2 − 1
I sT0,J0 = z ∈ Γ1

m
2 = T0pJ0 , p - T0

I sT ,J =

(
2

T

)1/pJ

z2 − (Ta)1/pJ

z criterion⌊
m
2

⌋
+ 1 conditions as before



Characters over Galois rings

Only multiplicative characters over Γ∗n,e
∼= F∗qn required:

derived from those on Fqn , again denoted by χd , d |qn − 1

Additive characters are needed over Rn,e :

canonical additive character: ψ where ψ(α) = exp
(

2πTr0(α)

pe

)
I Let T be a set of positive integers indivisible by p

I For a polynomial h(x) =
∑
t∈T

αtx t (αt ∈ Rn,e) ∈ Rn,e [x ], write

h(x) =
∑e−1

j=0 hj(x)pj hj(x) ∈ Γn,e [x ]

The weighted degree of h is dh := max
0≤j≤e−1

(deg(hj)pe−1−j)

I Set Sn(h, χ) =
∑
α∈Γn,e

h(α)χ(α)



Sn(h, χ) =
∑
α∈Γn,e

h(α)χ(α)

Lemma (W Li)

Generally |Sn(h, χ)| ≤ dhqn/2



Application to Problem 3 (Pm)

Nm(k) := No. of k-free γ ∈ Fqn with am = a

Define

I T = {t ≤ m∗, p - t} ∪ {T}, where m = TpJ = TpeT−1

I et = smallest integer such that tpet > m∗, t ≤ m∗, p - t,

I e = e1 = maxt∈T et

By the zero criterion, for a ∈ Fq interpreted as in R1,1,

qm∗+1Nm(k) = θ(k)

∫
d |k

∑
αt,j∈Γ1,1

t∈T , 0≤j≤et−1

ψ(−pe−1αT ,0a)Sn(h, χd),

where h(x) =
∑
t∈T

et−1∑
j=0

αt,jp
e−et+j

 x t



For comparison:

I From before, when p > m

qm∗+1Nm(k) = θ(k)

∫
d |k

∑
ct∈Fq

t≤m∗ or t=m

ψ(−cma)Sn(ctγ
t , χd),

I Now, more generally,

qm∗+1Nm(k) = θ(k)

∫
d |k

∑
αt,j∈Γ1,1

t∈T , 0≤j≤et−1

ψ(−pe−1αT ,0a)Sn(h, χd),

where h(x) =
∑
t∈T

et−1∑
j=0

αt,jp
e−et+j

 x t

I Details proceed as before



PFm: Primitive, normal, mth coefficient problem

I zero criterion (specifies am with m∗ = bm/2c+ 1 conditions)
cannot be used: it can only produce a polynomial with
a1 = 0, so not-normal

Alternative approach (taking p > m for simplicity)

(1) Specify s1 = 1, s2 = · · · = sm−1 = 0, sm = a to force am = a:
thereby find a primitive normal polynomial m conditions

(2) reciprocal zero criterion Use the zero criterion on the
reciprocal polynomial a−1

n xnf (1/x) to find a primitive normal
polynomial with specified n −mth coefficient and constant

term

⌊
n −m

2

⌋
+ 2 conditions

So use (1) for m ≤ n+4
3 and (2) for m > n+4

3

I For m = n+4
3 , need n

2 + n+4
3 < n to work, i.e. n > 8

I e.g. Method must fail if n = 8,m = 4



In worst case use of (1) and (2) would lead to

∣∣∣∣ Nm(k)

qn/2θ(k)
− q

n−8
6

∣∣∣∣ ≤ (n

3

)
W (k)

where k is a formal divisor of (qn − 1)(xn − 1) (not just qn − 1)

Use of improved character sum expressions/estimates could lead to∣∣∣∣ Nm(k)

qn/2θ(k)
− q

n−5
6

∣∣∣∣ ≤ nW (k)

which would offer hope down to n = 6

I Wang, Fan and Wang, 2010 use the z criterion in both
strategies (1) and (2) for 9 ≤ n ≤ 14

Additive sieving also needed: sometimes Fan and Wang use all
the irreducible factors of xn − 1 as sieving “primes”.
Is there a superior strategy?



Hard cases

Small values of n: e.g. n = 3,m = 2; n = 4,m = 2, 3

For these, special arguments to reduce the number of conditions
might be tried!!

Conjecture (Fan-Wang, 2010)

For n ≥ 2 (a 6= 0 if m = 1), Nm(qn − 1) is positive, except when

(q, n,m, a) = (2, 3, 2, 1), (2, 4, 2, 1), (2.4, 3, 1), (2, 6, 3, 1)

(3, 4, 2, 2), (5, 3, 4, 3), (4, 3, 2, 1 + c),

where c ∈ F4 satisfies c2 + c + 1 = 0



For further work

(1) Resolve the Fan-Wang Conjecture

(2) Use the Zsigmondy criterion (or similar) to resolve questions
on the distribution of irreducible polynomials

(3) Existence of strong primitive normal polynomials with
specified trace, norm, etc.

(4) Formalise the p-adic method and character sum estimates
over Galois rings

(5) Alternative criteria for specifying am with approx. m/2
conditions

(6) Specify (say) 2 coefficients (≤ mth) with εm conditions,
where ε < 1. Hence resolve associated existence questions

(7) Investigate and apply further sieving strategies
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