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Preliminaries

Throughout [ is the finite field of cardinality g
» g is a power of the characteristic, the prime p
[Fgn is the extension of F of degree n
Denote the Fg-trace and norm of elements «y in Fgn by
Tr(y), Nm(v)
The trace of v € Fgn over the ground field F, is denoted by Tro(7y)

Polynomials are monic:
F(x)=x"+ax" 1+ amx™ M+ -+ a, € Fylx]
am = mth coefficient

For K € Fy[x], |K| = qde&(K)

W(m) = 29(m) = no. of square-free divisors of m
(w(m) is the number of distinct prime factors of m)



Primitive elements and polynomials

Definitions 1
A primitive element of Fgn is a generator of the multiplicative

cyclic group Fn (of cardinality ¢" — 1)
A primitive polynomial of degree n over F, is a (monic irreducible)
polynomial whose roots are all primitive elements of [Fn

» The number of primitive elements in Fgn is ¢(qg” — 1), where
¢ is Euler’s function

k 1
»ForkeN,sete(k)J(k): 11 (1=
prime /|k

» The proportion of primitive elements in Fy, is 0(q" — 1)



Normal/free elements and polynomials

Definitions 2
A normal polynomial of degree n over [, is an irreducible

polynomial whose roots {a, a9, ... aqnfl} form a basis of Fgn over
Fq
A root of such a normal polynomial is a free element of Fgn

» For a polynomial K € [Fy[x] the polynomial Euler's function is

1
oK) =1kl I] (I_W)

irred P|K
» The number of free elements is ¢(x" — 1)
K
> For K € Fy[x], define 8(K) = <b|(K|)
» The proportion of free elements in Fgn is 6(x” — 1)



Formal products

For notational convenience (only), for some divisor k of ¢" — 1 and
some polynomial factor of x” — 1 € Fg[x] we consider a formal
product kK Later this may be a contracted to a single symbol k

In this spirit, for such a formal product kK, write
> ¢(kK) = ¢(k)p(K)
> O(kK) = S5
» W(kK) = W(k)W(K)

» These may be contracted simply to ¢(k), 8(k) and W(k),
respectively



Existence problems to be discussed

Problem 1 (PFNT)

Primitive normal polynomials with specified trace and norm

Given n > 3, does there exist an element o € Fgn that is
simultaneously primitive and free over IF, with specified IF4-trace
and norm (necessarily a primitive element of F)?

See: Cohen (2000), n > 5 ; Cohen-Huczynska (2003), n = 4,3

Problem 2 (SPNBT)
The strong primitive normal basis problem

Does there exist a primitive element o € Fgn such that both o and
1/cv are free over Fq?

See: Cohen-Huczynska (2010)
D



Problem 3 (Pm)
Primitive polynomials with prescribed coefficient

Given 1 < m < n and a € Fyq, does there exist a primitive
polynomial over F4 with m-th coefficient a?

See: Cohen (2006), n > 9 and n < 4 ; Cohen-Presern (2006,
2008), 5< n <8

Problem 4 (PFm)
Primitive normal polynomials with prescribed coefficient

Given 1 < m < n and a € Fy, does there exist a primitive normal
polynomial over ¥y with m-th coefficient a?

See:
Fan-Wang (2009), n > 15, Wang-Fan-Wang (2010), 9 <n< 14



k-free elements of Fn

Definition 3
For any divisor k of ¢" — 1, a k-free element ~ of F’C‘,n is such that
v =09 (3 e, dk)impliesd=1

> A primitive element of Fgn is (" — 1)-free

Application to irreducibility
Given any pair (g, n) # (2,6), there exists a prime divisor /, of
q" — 1 that does not divide g — 1 forany d < n  Zsigmondy

Hence: if v € Fgn is I,-free then its minimal polynomial is
irreducible of degree n Zsigmondy criterion

Can be used to resolve Problem Im (= irreducible analogue of
Problem Pm) Any other applications?



Characteristic function for v € Fy» to be k-free

’

. w(d) 1, 7 k-free
A(k) = dz: (d) ; { otherwise

> Xq: multiplicative character of Fgn of order d

» > :sum over all such characters
Xd

> 0(k) = k)

Write A(k) as H(k)/ Xd(7)

d|k



K-free elements of IFy»

Given a polynomial H = Y~ Hix' € Fy[x], H® =" H;x9

The Order of v € Fgn is the “least” factor K of x” — 1 such that

K?(y) = 0. If v has Order K then v = H?(3) for some 3 € Fgn,
where H = (x" — 1)/K

Definition 4
For any factor K of x" — 1, v € Fgn is K-free if

’Y:Ho(ﬁ) (ffEFqﬂ. H‘ K) — H=1

> v €Fgnis free <= itis x” — 1-free



Characteristic function for 7 € Fy» to be K-free

(D) 1, ~ K-free
Z (D) Z ¥(0p7) = { 0, otherwise

D|K 5 €Ap

> 1 =1, = canonical additive character of Fgn, i.e.

2rt()

p

() = exp (

» Ap C Fgnis such that
{(6p) : 6p € Ap} = set of all characters of Order D

Write A(K) as 6(K) " Y(0p7)



Basic character sum estimate

1) = canonical additive character on [Fn
X = a multiplicative character on Fgn of order d > 1

Lemma

Let h(x) € Fgqn be a polynomial (rational function) of degree D.
Then

> (h(a))x(e)| < Dg"/?

aE]Fqn

» Referred to as the Weil bound Definitive reference?



Character sum expression in Problem 1 (PFTN)

Given k|g" —1,K|x" — 1, a,b € F,

Nk k(a, b) := no. of kK-free v € Fgn with norm a, trace b.

Then q(q — 1)Ni k(a, b) = 0(kK)(q" + S) where S =

L[S w6 3 (xar)@)ilGo + <)o)
dlk JDIK |, ce]F a€Fgn

Here

» v = multiplicative character on I

» )\ = canonical additive character on [,



Thus
q(qg — 1)Nk k(a, b) = (kK)(q" + S) where

s=[ ] X3 clenmeibor s

veFy cely
Here
> Gn(x) = Z (a)x(c) = Gauss Sum over Fgn
aqun
» [C(c,v)| <1

> |Ga(xd) < g7 (d>1)



» Easily S < MV(kK)q%+2
» Recall 57/ / PBAE) Y (xar)(@)$((6p + )a)

DIK VE]F* ceurq «EFgn

Typically, replace dp by cdp and a by a/(c(ép + 1)) to yield
C(v,c) = G(v)Gi(v), |G(v)] <1

n+3

so S| < W(kK)q =z

» Use Z x(a)| < ng("=2/2 " Katz, 1993

OCE]Fqn
Tr(e)=Nm(a)=1

to yield

S| < nW(k)g2™; K=1l,a=b=1

Katz result (+ special considerations) vital for n = 3, 4.
Improvement by Moisio and Wan (2010) ...



Character sum expression in Problem 2 (SPNBT)

Let Q, = %. It suffices to show that the existence of

a € Fgn which is Q,-free such that both a and 1/a are free

Given k|Qn, Ki|x" — 1, Kaly" — 1, let N(k, K1, K2) be the number
of o € Fgn with o k-free and Ki-free and 1/ Ko-free.

N(k, K, K2) = 6(kK1Kz) / / K(9b1. 00, )
d\k Dl\Kl D2|K2

where

K(a, 8;x) = Z Y(ay+6877Y)x(y) generalized Kloosterman sum
YEF



Since
N(k, K1, K2) = (kK1 K>?) / / K(0p,,9D,; Xd)
d|k JDy|Kk1 J DaKo

then

< 2W(kK1K2)q"?

’N(k, Ki, K2) g

(kK1 K2)

» In this problem, the further ingredient required is not an
improvement in the character sum estimate but skill in
handling the “sieving techniques” available (see later)



Prescribing the mth coefficient

f(x) =x"+ax" 14 anx"" 4.4 a, € Fylx]
am = (—1)"0,, is the mth coefficient (1 < m < n)

Write s, = Z ™M om = mth symmetric fn of roots

7Y a root of f

Lemma (Newton's identities)
rar+ar—151 +ar—2+---+s =0, r<n

» Specifying the first m coefficients (117 < p)
{a1,...,am} can be specified by specifying {s1,...sm}

» zero criterion for specifying a,, =a (m < p)
Set sy =0 (t < m*:=|m/2]), s;y = —ma. Then ap,, = a.

» z criterion for specifying a,, = a, m(< p) even
Set st =0, t < m*, sy = z(€ Fy), sm = 2% — ma.
Then a,, = a.



Character sum expression in Problem 3 (Pm), m < p

Nm(k) := No. of k-free v € Fgn with a,, = a

By the zero criterion

m +1N = 9 /dk ( Cma )Sn(Ct’ytaXd)a

CtEF
t<m* or t=m

where, for h(x) € Fgn[x], Sn(h, x) Z Y(h

a€lgn

> Generally [S,(cvt, )| < tq"/?

( ) 2—m*—1
» So T726(K) —q2 < mW/(k)



» When a # 0, squeezing S1(—cax™, Xy) into the expression for
Nm(k) yields

Nm(k) n_ ox_ 1
q(n+1)/29(k)
Useful when n=5m=3;n/2 —m*—-1/2=1

<m'mW(k), m =(m,q—1)(a#0)

» Alternatively, when m is even, using z-criterion and averaging
over z € g

Nm(k) n—m—1
q(”+1)/29(k)

Useful when n =8 m=4;(n—m—1)/2=3/2



All these estimates for Np,(k) are less useful (even useless!) as m
approaches n (even assuming n < p)

» In practice, use them for m < (n+1)/2

» If m> (n+1)/2 fix constant term as primitive b € F; and
look for a (monic) primitive polynomial of the reciprocal form
b=1x"f(1/x) with prescribed (n— m)th coefficient a/b. If now
Nm(k) := No. of k-free v € Fgn with ap, = a and agp = b then

N (k) -

NenlK)  pa=m 2| < ok
a200k) 7 < mW(k)



In any problem let N(k) denote the number of relevant k-free
a € Fgn. Here k is a formal divisor of the relevant formal product
g" —1lor (g"—1)(x" —1), etc.

» N(k) is unaffected if k is replaced by its “square-free” radical

Take a set of complementary divisors, i.e. a set {ki,..., k } of
formal divisors of k such that, for i # j, ged(ki, kj) = ko (the core)
and (the radical of ) the lem of {kq,..., k. } is (the radical of) k

Lemma (Sieving Lemma)

) > Z N(k;) — (r — 1)N(ko)

» In practice, usually k; = kop; where p; is a prime dividing k;
thus a prime number or irreducible polynomial
{p1,...,pr} can be a mixture of both types of prime

» ko is the core; pi,...,pr are the sieving primes



The Sieving Lemma can be written

Lemma (Sieving Lemma)

N(k) > ZN(kop,-)f(rfl)N(ko)
i=1

r

NGO = anlho)+ 3 (Wlhop) — (1- ) WGk )

r
1
where § =1 — E o (\pi| = pi for p; a prime number)
— 1P
i=1

» In applications, kK may be g" — 1 or Q,(x" — 1), etc.

» Because estimates for N(k) have factor 6(k) and
O(kopi) = (1 — 1/|pi|)0(ko), differences in Sieving Lemma can
be efficiently estimated

» Essential to choose complementary divisors so that § > 0



Focusing on the additive sieve: SPBNT problem

For theoretical arguments, the more regular pattern of the
irreducible factors of x” — 1 over the prime factorisation of ¢" — 1
favours additive sieving wherever possible

SPBNT N(k, K1, K2)

< 2W(kK1Ky)g™?
0(kK1K>) < 2W(kKiKz)q

_qn

Key strategy (p 1 n)
» Define s minimal such that n|g® — 1
s = maximal degree of irreducible factors of x7 — 1
» x"—1=g(x)G(x) G prod. of irred. factors /;(x) of deg s
» Core: ko = Qng(x)g(y)
> Sieving primes p;: all li(x) and fi(y)

»o=1-229 g degg

N(k 2((n—d) —s
fhen q"/ZH((Q)ngz) > " - 2W(Qg?) (qsqs((— 2(n)— d)) +2>




The multiplicative sieve for the Pm problem

Nm(k) n—m—1
g+ D29(k) 7

< mW/(k) (e.g. a#0, m even)

» Worst case: g, n=3mod4, m=(n+1)/2
For set of r compl. divisors of g” — 1 with core kg,
N(g" — 1) positive whenever

gln=3/4 > (n—;—l) W (ko) <rg1 +2>

Outline strategy w := w(q" — 1)

(1) Assume w > 1547. Then W(q" — 1) < ¢"/*? and
gt > n/2 suffices without sieving

(2) Assume w < 1546 with n > 16, g > 5. Take ko = product of
10 least primes in ¢" — 1: then r < 1536, § > 0.00267 and
OK unless g < 821 and w < 79

(3) Assume w < 79,q < 821: ko = prod. of least 4 primes




Further tool
Fan and Wang (inherited from Lenstra-Schoof PNBT)

Lemma
Let Sy, be the set of primes < h such that each prime divisor of
q"—1¢S,. Set H= H h. Then

heSy,

I "—1)—logH
"_1)< og(q" — 1) — log
log h

w(q + |Sh|



For r =1, n:

> R,: ring of integers in splitting field of x9° — x over the p-adic
field Qp, i.e. the completion of Q w.r.t. p-adic metric

» R, has characteristic zero
> Rl g Rn

» I, roots of x9 — x Teichmiiller points
» [, may be identified with Fg r=1,n
» [ is cyclic of order ¢" — 1
o

> Re=> ip, vi€l,
i=0

» Lift primitive f[x] € Fq[x] to unique primitive f(x) € Ri[x]
If f is normal over Fg, then f is normal over R;

» f=F (mod p); o;=6; (mod p); roots4 of Fel,
D



The Galois ring Ry .

Define [ e = I, (mod p®) (e positive integer)
> e (like ') can be identified with Fgr
e—1 ]
Define Rn,e = Z’Y,‘PI7 Vi € rn,e
i=0

» Ry e has cardinality ¢"¢ and characteristic p®
» R(n,1) is effectively Fgn
» Lift primitive or normal f(x) € Fg(x) to primitive or normal
f(x) € Rie
» Roots ¥ € Rpe



Traces

A

Consider roots of lifted irreducible pol. f(x) € Ri(x) or Ry e[x]

Definitions 5
sj= Rj-trace of the /th powers of roots  (strictly 5)

In particular assume p { t

[e.9]
St = Zstvjpl (sejelM=T1e=TF,)
=0

> 5 — tpf yields a bijection N «—— {St,j: pft, j>0}



Specifying coefficients up to the mth, even when p < m

Proposition (p-adic Identity)
With f(x) € Ry[x] irreducible and p odd

F¥(x) = x"f <)1<> = 1—ox+0x>+--- 4 (=1)"0,x"
oo o0 00 SPi' r o _ B
= INITIT( - (7)) 7 o o
0

» There is an alternative expression for p = 2

Proof

n—1

() =Ia-47%), F&H =0

i=0



> Tr(3) X! SIX
Fx) = exp(—ZT(rj)):exp(— )
=1 I=1

tp' o0 o (i) tp
S¢ X S¢ X
= exp _z tp' = HeXp<_Z ti
t=1 i=0 P t=1 i=0 P
ptt pft
0o oo oo poi—i tp
St 'xtP
= 11 1ew |-
t=1 j=0 i=0
t

Next, for each t, p1t, consider the contribution of the terms with
>



ti’r

) ot

Artin-Hasse exp. fn

w(r)

(mod p)



Finally, when i < j,

exp | ————— | = 1 (modp), i<},

and so such terms contribute a multiplier of 1

This proves the p-adic Identity



Criteria for specifying mth coefficient

> aj,...,am can be specified by specifying s;; for all tp) < m
m conditions as before

» am = (—1)"om can be specified (as a) by
> StJ == O tpj < %

> STy = —(Ta)l/”J m=Tp’, pt T zero criterion

L%J + 1 conditions as before

» When m is even and p is odd, a,, can be specified by
>51»7_]':0 tpji%fl
> st =2€M 2= Toph, pt Ty
2

1/p’
> STy = (T) 22— (Ta)l/”J z criterion

L%J + 1 conditions as before



Characters over Galois rings

Only multiplicative characters over '] . = 7, required:
derived from those on [Fgn, again denoted by x4, d|q" —1

Additive characters are needed over R, ¢:
. . 21 Tro(
canonical additive character: ¢ where 1)(«) = exp <2()>
p
» Let 7 be a set of positive integers indivisible by p

» For a polynomial h(x) = Zatxt (cvp € Rye) € Rpe[x], write
teT
h(x) = 32520 hi(x)p hi(x) € T,elx]
The weighted degree of his dy := max (deg(hj)peflfj)
0<j<e—-1

> Set Sy(h,x) = > h(a)x(a)

aern,e



Sa(h,x) = > h(a)x()

aern,e

Lemma (W Li)
Generally 1Sn(h, x)| < dng"/?



Application to Problem 3 (Pm)

Nm(k) :== No. of k-free v € Fgn with a,, = a

Define
> T={t<m" ptt}U{T}, where m= Tp/ = Tper~1
» ef = smallest integer such that tp® > m*, t < m* ptt,

> € = €1 = MmaXeeT €t

By the zero criterion, for a € Iy interpreted as in Ry 1,

qm*+1Nm(k):9(k)/ > (=p tar0a)Salh xa),
d|k at i€l
teT, 0<j<e;—1

et—l
where h(x) = Z Z arjpe ot | Xt
teT \ j=0



For comparison:

» From before,

» Now,

g™ TN (k) = 6(k) /d|k Z Y(—p*raT0a)Sa(h, xa),

at7j€r1,1
teT, 0<j<er—1

et— 1
where h(x) = Z Z arjp® et | Xt
te7 \ j=0

» Details proceed as before



PFm: Primitive, normal, mth coefficient problem

» zero criterion (specifies a, with m* = | m/2] 4+ 1 conditions)
cannot be used: it can only produce a polynomial with
a; = 0, so not-normal

Alternative approach (taking p > m for simplicity)
(1) Specify sy =1,5p =+ =5sp_1 =0,s, = a to force a, = a:
thereby find a primitive normal polynomial ~ m conditions

(2) reciprocal zero criterion Use the zero criterion on the
reciprocal polynomial a,1x"f(1/x) to find a primitive normal
polynomial with speC|f|ed n — mth coefficient and constant

term V ; mJ + 2 conditions

So use (1) for m < 23* and (2) for m > 242

> Form:%4 , need g+%4<ntowork, ie. n>8
> e.g. Method must failif n=8,m=4



In worst case use of (1) and (2) would lead to

Nm(k) - ng8
a26(k)

where k is a formal divisor of (g"” — 1)(x"” — 1) (not just ¢" — 1)

Use of improved character sum expressions/estimates could lead to

Nm(k) o ng5
a2o(k)

which would offer hope down to n =6

» Wang, Fan and Wang, 2010 use the z criterion in both
strategies (1) and (2) for 9 < n < 14

Additive sieving also needed: sometimes Fan and Wang use all
the irreducible factors of x™ — 1 as sieving “primes”.
Is there a superior strategy?



Hard cases

Small values of n: eg. n=3,m=2, n=4m=2,3

For these, special arguments to reduce the number of conditions
might be tried!!

Conjecture (Fan-Wang, 2010)
Forn>2 (a#0ifm=1) Nn(q"—1) is positive, except when

(q,n,m,a) = (2,3,2,1),(2,4,2,1),(2.4,3,1),(2,6,3,1)

(3,4,2,2),(5,3,4,3),(4,3,2,1+ ¢),

where ¢ € Fy satisfies c> +c+1=0



For further work

(1) Resolve the Fan-Wang Conjecture

(2) Use the Zsigmondy criterion (or similar) to resolve questions
on the distribution of irreducible polynomials

(3) Existence of strong primitive normal polynomials with
specified trace, norm, etc.

(4) Formalise the p-adic method and character sum estimates
over Galois rings

(5) Alternative criteria for specifying a,, with approx. m/2
conditions

(6) Specify (say) 2 coefficients (< mth) with em conditions,
where € < 1. Hence resolve associated existence questions

(7) Investigate and apply further sieving strategies
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