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REVIEW: THE SIMPLE TREATMENT
MODEL

Recall the basic treatment models under assumptions

e treatment moves infectives to a class I" with
infectivity decreased by a factor 0 and with a
recovery rate n

e treatment continues so long as an individual remains
infective.

e Treatment is beneficial,

n > oa.
Flow chart.




Model is

S = —BS(I +6T), S(0) = Sy
I' = BS(I+6T) — (a+~)I, I(0)=1I
T = ~I —nT, T(0) =0.

Control reproduction number is

R = o 142

n

representing the mean number of secondary infections
caused by a single infective introduced into a fully
susceptible population and is a decreasing function of ~y

it n > oa.

Final size relation is



A TWO-STRAIN MODEL

Now introduce a two-strain epidemic model

e T'wo-strain epidemic model with treatment at a
proportional rate v in each infective class

e Population of constant total size V.

e / is number of individuals with a drug-sensitive
infection. and /o is number of individuals with a
drug-resistant infection.

e Drug resistance develops in treated individuals
infected with the drug-sensitive strain at a rate .

e Treatment of infectives with a drug-sensitive
infection decreases infectivity by a factor o

e Treatment has no effect on drug-resistant infections.
e Recovery rates are aq in I, nin 17, and aw in I, T5.

e Treatment is beneficial,

a0 < .



Flow chart.

Model is
S = =S[B1Q1 + $2Q2)
I = S41Q1 — (a1 + 7)1
T = v — (n+ )T}
I = SBQ2 — (ag+ 7)1
Ty = Iy — aTh + T,
where

Q1 =11 +011, Q=1+ 1Ts.

Initial conditions are

S(0) =Sy, L(0) =Ty, Ti(0) = I5(0) = Ty(0) = 0.
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A single individual with a drug-sensitive infection
introduced into a susceptible population generates

1 Y 1
Ri(y) = BiN +0
() a1+ oL+ YN+

+52N Y
Qp Q) + YN+ P
secondary infections, with the first term representing
drug-sensitive infections and the second term
representing drug-resistant infections.

A single individual with a drug-resistant infection
introduced into a susceptible population generates

_ PN
%

R
secondary infections, all drug-resistant.

The control reproduction number is
R(v) = max(R1(7), Ra).

The standard next generation matrix argument does
not give the effect of secondary drug-resistant infections
caused by a drug-sensitive individual, and thus does not
determine R(7) completely.
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Integration of the equations gives

N — Sx = (a1 +7) /OOO I1(s)ds

O
Haz+9) [ Dis)ds
0
O
ln% = (o —I—’V)R}\(T/W/O I1(s)ds
R 0
Has+ )22 [ Iys)ds.
N Jo

If Ry < R1(7), then

Soo(7)
N

1 —
R2[ <l

]Sln % < Ri(7) [1—

Soo(7) ~ SOO(W)] |

Solution S(R) of

In

So —R[ S(R)]

S(R) N

is a decreasing function of R, implying that Seo(7) is
between S(R1(7y)) and S(R2). However, we have only

bounds for the epidemic final size rather than an
equation.



Differentiation of expression for Rj(7y) shows that if
R1(0) > Ro, then Rq(7) is a decreasing function of +.
If

(n+¢)B2 < 65102,
R1(0) > Ry for all . If

(n+¢)B2 > dB100,
there is a value
e = (n+ ) (Brag — Baa
nPa — o519

such that

Ri(y) > Ro, 0< v <7,
Rl(,y) < RQ? ,y < /VC-

In addition,
lim R)(v)=0.

YO0



To go turther, we need to make an additional
assumption, namely that the ratio of new infections in
strain 2 to new infections in strain 1 is an increasing
function of . Thus we assume

(a3 + ) /O " D(s)ds = A(7) (a1 + ) /O " L (s)ds,

with A'(y) > 0. Increasing 7 decreases the mean period
in I and since treatment decrease infectivity and mean
period, this decreases the number of infections starting
in 1. On the other hand, increasing v does not change
the number of new infections or the mean period in I
but does increase the number of new infections in 75
caused by development of drug resistance in 77. Thus
the number of new infections in I increases when -y
Increases.



Under this assumption,

N = 8o = (14 (7)) (01 +7) /O " L(s)ds

and
m% _ (oq+v)f1R1(w }A(W)Rz
_TQW%%MwRQF_S&hq
14+ () N
- R 1 - =22
with

R(7) = Ri(y) + Aly)Ra
1+ A7)

Then Soo(7) is an increasing function of ~, so that

increasing v decreases the size of the epidemic if and

only if R(7) is a decreasing function of . Now
R'(v) < 0 if and only if

RI A+ A7) + A(7)(R2 — Ru(7)) < 0.
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There are two cases: If R1(0) > R9 and

(n+ ©)F2 > 0510,

there is a value v, with Ri(v.) = Ra. For large 7,
R/(v) > 0 and treatment eventually becomes
counter-productive. For v < v, R'(v) < 0 and
treatment decreases the size of the epidemic.

I[f R1(0) > R9 and

(n+ ©)f2 < 0f102,

R/() < 0 for all v and treatment decreases the size of
the epidemic for all .

The first case describes a situation that has been
obtained by numerical simulations and gives a lower
bound for the critical treatment rate. It has been
suggested that in this case delaying the start of
treatment may decrease the size of the epidemic.

QUESTION: Is the assumption on the ratio of new
infections in the two strains reasonable, and if so, what
is a suitable expression for this ratio?”.
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HETEROGENEOUS MIXING

Divide population into two groups with different
contact rates. Extension to n groups is straightforward.
Suppose mean infective period in group ¢ is 1/q;.
Assume no disease deaths, so that the population sizes
N1, N9 of groups are constant. Suppose group 7
members make a; contacts in unit time and that the
fraction of contacts made by a member of group ¢ that
is with a member of group j is

Pij, (1,5 = 1,2),p11 +p12 = pa1 +p2 = 1.

Two-group SIR epidemic model is

J I
/ 1 2
= —a15 —— _Z
S a191 [pan +p12N2]
I b
I = a1S — —= | -l
1 al 1[2?11N1+p12N2] Q117
I b
S — —asS — —=
9 a9 [2?21N1 +p22N2]

Solq Solo

I’ = a5S ar—— + Pooaor——| — ol
2 22[p212N1 p222N2] 242
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Prescribe initial values for S1(0), 11(0), S2(0), 15(0) with
S1(0) + 11(0) = Ny, 55(0) + I2(0) = No.
Then
51— S1(00) >0, S5 — So(c0) >0,

as t — oQ.

Calculate reproduction number by next generation
matrix approach as largest eigenvalue of the matrix

K = FV~L where

pr11aj 17712@1M a1 0
o] g

N
21027 P2202 0 @
Then ] )
P11a1  P12G1 N,
aq ag V2

_ —1 _
K=FV "= P21a2 N,  P2202
ap M

The basic reproduction number Ry is the larger of the
two eigenvalues of K. It depends on the nature of the
mixing between the two groups, determined by the two
quantities p12,po1 (p11 =1—p12 and py =1 — poy).
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FINAL SIZE RELATION

The final size relation is the pair of equations

5,(0) o1 (L Si(oo0)
lnég(&;) - aj (1 szﬁ )>
2(0) _fpar ( _ Si(o0
" So(o0) — 7 Loy (1 Ny )

P12

_|__

Q2
D22

a2

(1_
(1_

S9(o0)

Final size relation can be expressed using the matrix

(P11a1 P12G71
Q] Qa9

D214 P22d2
aq Q2

which is similar to the next generation matrix K since

T-'KT =R,
with 7' the diagonal matrix

[N 0
=10 .

The model and the final size relation generalize

naturally to models with n groups,
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