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1 Asset Pricing

Law of One Price

“All replicating portfolios of a payoff have the same prite!

Debreu (1959), Sharpe (1964), Lintner (1965),
Merton (1973a, 1973b), Ross (1976), Harrison & Kreps (1979),

Cochrane (2001), ..

will be, in general, violated under the benchmark approach.
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Financial Market

e jth primary security account
S?

73 €4{0,1,...,d}

e savings account

@© Copyright Eckhard Platen 10 BA-Toronto C1



e strategy
5 = {6, = (6%,81,...,6MT, t > 0}

predictable
e portfolio

d
Sy =) 6]
j=0

e self-financing

d
ds? = > 6! ds]
J=0
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e strictly positive portfolio
Sg =x >0
S? € (0,00) forall t € [0,00)

— S%¢Vyt
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Numeraire Portfolio

Definition 1.1 S~ € VI numeraire portfolioif

5
Sith

for all nonnegativeS® and ¢, h € [0, co).

e S% “pest” performing portfolio

Long (1990), Becherer (2001), PI. (2002, 2006),
BUhlmann&z Pl. (2003), Goll & Kallsen (2003), Karatzas & Kardaras (2P07

@© Copyright Eckhard Platen 10 BA-Toronto C1 6



Main Assumption of the Benchmark Approach

Assumption 1.2 There exists a numeraire portfoli§°~ € V.
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Figure 1.2: Constructed MCI, DWI, EWI and WSI. In the long tetva WSI
and EWI outperform all other indices, & Platen (2006).
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e benchmarked value

Supermartingale Property

Corollary 1.3  For nonnegativeS?
$% > E, (55)

0<t<s<

S?% supermartingale
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e long term growth rate

o . 1
g° = limsup — In
t—oo

Theorem 1.4 For S§° € Vv

g° < g°.

e “pathwise best” in the long run

Karatzas & Shreve (1998), PI. (2004a),

Karatzas & Kardaras (2007)
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PI. (2004a)

Definition 1.5
SO if

Nonnegative portfoliaS® outperforms systematically

i) S = S‘S

(ii) (55

iy P (Sf

e ‘“relative arbitrage” Fernholz & Karatzas (2005)

@© Copyright Eckhard Platen 10 BA-Toronto C1 11



I T T I
| n(fair zero coupon bond) ——
| n(savi ngs account) -------

-8 ] ] ] ] ] ] ] ]
1930 1940 1950 1960 1970 1980 1990 2000

tine

Figure 1.3: Logarithms of fair zero coupon bond and savingsaat.

@© Copyright Eckhard Platen 10 BA-Toronto C1

12



Theorem 1.6  Numeraire portfolio cannot be outperformed systematycall

@© Copyright Eckhard Platen 10 BA-Toronto C1 13



e portfolio ratio

e expected growth

t,h >0
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Definition 1.7 82 growth optimal if

5 [
9t.h < Gin

forall ¢, h > 0 and nonnegativeS?.

e expected log-utility

Kelly (1956)
Hakansson (1971a)
Merton (1973a)
Roll (1973)
Markowitz (1976)
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Theorem 1.8 The numeraire portfolio is growth optimal.
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Strong Arbitrage

e market participants can only exploit arbitrage

e limited liability
—> nonnegative total wealth of each market participant
Definition 1.9 A nonnegativeS? is a strong arbitragdf Sg = 0 and
P (S} > 0) > 0.

Pl. (2002)-mathematical arguments (super-martingalpety)

Loewenstein & Willard (2000)-economic arguments

@© Copyright Eckhard Platen 10 BA-Toronto C1 17



Theorem 1.10 There isno strong arbitrage
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p—

Delbaen & Schachermayer (1998)

free lunches with vanishing risk (FLVR)

Loewenstein & Willard (2000)

free snack¥z cheap thrills

no-arbitrage pricing makes no sense under BA
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Figure 1.4:P(t,T) minus savings account.
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Figure 1.5:P(t,T) minus savings account.
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e EXxistence of equivalent risk neutral probability measare |
more amathematical conveniencgéhan an economic necessity.

e Basing quantitative methods on classical risk neutralipgics
restrictive.

e Trends are ignored under
Fundamental Theorem of Asset Pricing

Delbaen & Schachermayer (1998)
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e Equivalent to risk neutral pricing are pricing via:

stochastic discount factor Cochrane (2001);
deflator, Duffie (2001);

pricing kernel, Constantinides (1992);

state price density Ingersoll (1987);

numeraire portfolio as in Long (1990)

All ignore trends !

@© Copyright Eckhard Platen 10 BA-Toronto C1
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e One needs consistent pricing concept that exploits trends

e All benchmarked nonnegative securities are supermatgaga

(no upward trend)

@© Copyright Eckhard Platen 10 BA-Toronto C1
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Definition 1.11  Price is fair if, when benchmarked, forms martingale

(no trend)

0<t<s < oo

@© Copyright Eckhard Platen 10 BA-Toronto C1 25



Lemma 1.12 Theminimal nonnegative supermartingale that reaches a
given benchmarked contingent claisa martingale.

see Pl.& Heath (2006)
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Law of the Minimal Price

PI. (2008)

Theorem 1.13 If a fair portfolio replicates a nonnegative payoff, themsth
represents the minimal replicating portfolio.

e least expensive
e minimal hedge

e economically correct price in a competitive market
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e contingent claim

Hr

o S2H fair if

Link with real economy !

@© Copyright Eckhard Platen 10
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Law of the Minimal Price —

Corollary 1.14
Minimal price for replicableHr is fair and given by

real world pricing formula

H
sou = §0- B, ( f) .
SO

@© Copyright Eckhard Platen 10 BA-Toronto C1
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e Most pricing concepts are unified and generalized by redbtivpoicing

p—

actuarial pricing

risk neutral pricing

pricing with stochastic discount factor
pricing with numeraire change
pricing with deflator

pricing with state pricing density
pricing with pricing kernel

pricing with numeraire portfolio

@© Copyright Eckhard Platen 10 BA-Toronto C1
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WhenHr independentof S%*

—> rigorous derivation of

e actuarial pricing formula

So# = P(t,T) E.(Hr)

with zero coupon bond

@© Copyright Eckhard Platen 10
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e real world pricing formula —
5 So
SOH — EO AT a0 HT
ST
S
S8

Ay = supermartingale

1= Ao > Eo(AT)

E, (AT = HT)
551-1 < T
0 = Eo(AT)

similar for any numeraire (her8® savings account)
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Figure 1.7: Discounted&P500 total return index.
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Figure 1.8: Radon-Nikodym derivative and total mass of prgatsk neutral
measure.
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e special case whemsavings account is fair
—  Ar = %9 forms martingale; Eo(Ar) = 1;

equivalent risk neutral probability measuigeexists;

Bayes’ formula —
risk neutral pricing formula

SO
SgH — E(? (5—8 HT>
T

Harrison & Kreps (1979), Ingersoll (1987),
Constantinides (1992), Duffie (2001), Cochrane (2001),

e otherwise “risk neutral price™ real world price
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Figure 1.9: In(8P500 accumulation index) and In(savings account).
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Extreme Maturity Bond

e short rate deterministic

e savings bond

P*(t,T) =

e index S as numeraire portfoliaS®=

@© Copyright Eckhard Platen 10 BA-Toronto C1
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e fair zero coupon bond
Law of the Minimal Price

— real world pricing formula

1
P(t,T) = S} E; ( - )
Sox

e benchmarked fair zero coupon bond

R P(t,T
P(t,T) = ;5* )
t

martingale

@© Copyright Eckhard Platen 10 BA-Toronto C1
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e discounted numeraire portfolio

numeraire portfolio for continuous market:
dS’f* = o dt + \/ Sf* oy dW,

time transformed squared Bessel process

@© Copyright Eckhard Platen 10 BA-Toronto C1
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e model the drift of discounted index as

ar = a exp{nt}
—

S’f* time transformed squared Bessel process of dimension four

—  Minimal Market Model

MMM, see PI.& Heath (2006)

e net growth rate

n ~ 0.054 with R? of 0.89

@© Copyright Eckhard Platen 10 BA-Toronto C1
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Figure 1.10: Logarithm of discounte®&&500 and trendline.
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e Normalized index

e
Y, = —

(877

dY; = (1 — nY;) dt + \/Y; dW,

e (uadratic variation of /Y%

1
d\/Yi;:...+§th

> (V¥ - ) [V, =

e scaling parameter

@© Copyright Eckhard Platen 10
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e fair zero coupon bond

5.
P(t,T) = P*(t,T) (1 —exp{_ 2n 5 })

a (exp{n T} — exp{nt})

e Initial prices
P*(0,T) = 0.0335

P(0,T) = 0.00077

P(0,T)
P=(0,T) < 0.023 — 2.3%

no strong arbitrage
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e savings account isutperformed systematically

by fair zero coupon bond

@© Copyright Eckhard Platen 10 BA-Toronto C1
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Figure 1.15: Logarithms of fair zero coupon bond and savirtgsant.
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e self-financing hedge portfoliohedge ratio

. OP(t,T)
o0, = =
d5:
— ’ exp
a (exp{nT} — exp{nt})

27
a (exp{nT} — exp{nt})

X
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Figure 1.17: Benchmarked profit and loss.
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2 Continuous Financial Markets

e d sources of continuousaded uncertainty
Independent standard Wiener processes

wi w2 ..., We de{1,2,...}

@© Copyright Eckhard Platen 10 BA - Toronto C2
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Primary Security Accounts

SZ - 9th primary security account at tinte
7 €{0,1,...,d}
cum-dividend share value or savings account value,

dividends or interest are accumulated, reinvested

e vector process of primary security accounts

S ={S;=(S%...,8H7T, tc[0,T]}

@© Copyright Eckhard Platen 10 BA - Toronto C2
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e assumaunigue strong solutionof SDE

d
ds? = s <a{ dt+ > b" de)
k=1
t€[0,00), 82 >0, 5€{1,2,...,d}

e predictable, integrable appreciation rate processes

e predictable, square integrable volatility proceséés

@© Copyright Eckhard Platen 10 BA - Toronto C2
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e savings account

t
S? — exp{/ Ts ds}
0

predictable, integrable short rate process

r = {’rta t € [09 OO)}

@© Copyright Eckhard Platen 10 BA - Toronto C2
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e Market price of risk

The unigue invariant of the market

0, = (0;,0%,...,07T

solution of relation
bt Ht = a — T¢ 1

where

2

a; = (a%,at,...,af)T

@© Copyright Eckhard Platen 10 BA - Toronto C2
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Assumption 2.1

\olatility matrix b, = [b{"‘“];{kzl is invertible

p—

e market price of risk equals

Ht:bt_l(at—rtl)

@© Copyright Eckhard Platen 10 BA - Toronto C2
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e rewrite yth primary security account SDE

d
ds! = s? {rt dt + > b* (0 dt + dW})

k=1

tef0,00), 53€{1,2,...,d}

@© Copyright Eckhard Platen 10 BA - Toronto C2
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e strategy

§={6:=(82,...,6H)",te[0,T]}

predictable and-integrable,

5{ number of units ofyth primary security account

e portfolio

d
Sy =) 6]
71=0

@© Copyright Eckhard Platen 10 BA - Toronto C2
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e S? self-financing<=-
d . .
ds; =) 6] dS]
J=0

changes in the portfolio value only due to gains from trading

self-financing in each denomination

@© Copyright Eckhard Platen 10 BA - Toronto C2
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e jth fraction

7 €{0,1,...

@© Copyright Eckhard Platen 10
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e portfolio SDE

d
ds? = 89 (m dt + ) by, (6 dt + dW})

k=1

with kth portfolio volatility

d
E__ J phk
b5,t — E :7"6,15 by
j=1

@© Copyright Eckhard Platen 10 BA - Toronto C2
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e logarithm of strictly positive portfolio

d
dIn(S;)) = g7 dt + Y by, dWf

k=1

with growth rate

d
1
W ACERT N
k=1 2

@© Copyright Eckhard Platen 10 BA - Toronto C2
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Numeraire Portfolio S°+ = Growth Optimal Portfolio

—> maximize the growth rate

d d d
o 1
5 k[ ok ¢ 1Lk
gy = Tt+ g g 5.4 by <9t — 5 g 5.4 Dy >
£=1

k=1 j7=1

—> foreachy € {1,2,...,d}

d d
2 : ),k k 2 : £ £,k
k=1 =1

T _ T

@© Copyright Eckhard Platen 10 BA -Toronto C2
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Sinceb; invertible—-
1 d T
(71-6* ,t, e o o , 7.‘-6 t)

(b; )7 6,

75, ,t

d d
re + 2(95)2] dt+ > 0; de)

k=1 k=1

dsy- = Sy (

finite NP exists

@© Copyright Eckhard Platen 10 BA - Toronto C2



Benchmarked Portfolios

)
Své_ St
t _Sé*
t
d d

dSP = 8 | redt + ) )« " (6F dt + dWY)

k=1 3=0

d
dsd+ = S (n dt + ) 67 (6; dt + de))
k=1

d d
36 __ GO } : } : J Ik k
k=1 37=0

drifless —— local martingale — supermartingale
when nonnegative
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Theorem 2.2 Any nonnegative benchmarked portfolio is an

(A, P)-supermartingale(no upward trend).

@© Copyright Eckhard Platen 10 BA - Toronto C2
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— NP is numeraire portfolio

use NP ad®enchmark for investment and asnumeraire for pricing

e markets have thousands of primary security accounts

@© Copyright Eckhard Platen 10 BA - Toronto C2
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Example of a Multi-Asset BS Model

e jth primary security account

ds! = s}

(oo )

tel0,T],5 €{1,2,...,d},0 >0

general market risk

@© Copyright Eckhard Platen 10 BA - Toronto C2
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e NP fractions

o= (Va(1 V)
j €{1,2,...,d}
ﬂ'g*,t = (1 -+ \/E)_

e NP SDE

d
ds? = S <(r—|—a' dt + — Z )

e Ssimulate ovefl' = 32 yearsd = 50 risky primary security accounts

o = 0.15,» = 0.05

@© Copyright Eckhard Platen 10 BA - Toronto C2 73
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Figure 2.1: Simulated primary security accounts.
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Diversified Portfolios

Fundamental phenomenondif/ersification leads naturally tiNP:

diversified — fractions “small”

Definition 2.3 A strictly positive portfoliaS? is adiversified portfolio if

Ko
< 3
d§‘|—K1

|7T§,t
a.s. forally € {0,1,...,d}andt € [0,T] for K;, K5 € (0,00) and
K; € {1,2,...},independentoff € { K3, K3 + 1,...}.

@© Copyright Eckhard Platen 10 BA - Toronto C2 76



e jth benchmarked primary security account

e (g, k)th specific volatility
si* = gk _ pik

measurespecific market risk of S7 with respect to¥ *

e 0F measuregeneral market risk with respect tow*

@© Copyright Eckhard Platen 10 BA - Toronto C2
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e kth total specific absolute volatility

regular — variance of specific returns “bounded”

Definition 2.4 A market is calledegular if

@© Copyright Eckhard Platen 10 BA - Toronto C2
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Tracking Rate

Variance of benchmarked portfolio returns

d d
. i K
Ri(t) =) | > 5,5t
k=1 \j73=0

RY(t) - quantifies distance betwe&? and S°~

benchmarked NP constant—-

R} (t) =0

@© Copyright Eckhard Platen 10 BA -Toronto C2
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Approximate NP

tracking rate “small”

Definition 2.5 A strictly positive portfolioS° is an approximate NP if
forallt € [0,T] ande > 0

lim P (Rg§(t) >¢e) = 0.

d— oo

@© Copyright Eckhard Platen 10 BA - Toronto C2 80



Diversification Theorem

Theorem 2.6 In a regular market

any diversified portfolio is an approximate NP

e model independent

e similarity to CLT

@© Copyright Eckhard Platen 10 BA - Toronto C2
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Equal Weighted Index (EWI)

S9ew! holds equal fractions

J —
Toewnt — g 11

7 €4{0,1,...,d}

e tracking rate for multi-asset BS example:

Z (d—l—l ( t _bf’k))z

R5.,, @)

d(dil (53 _”))2 . (d(fl)
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Figure 2.6: Constructed MCI, DWI, EWI and WSI. In the long tetva WSI
and EWI outperform all other indices, & Platen (2006).
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Figure 2.7: Primary security accounts under the MMM.
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3 Portfolio Optimization

e NP best long term investment

Kelly (1956), Lata@ (1959), Breiman (1961),
Hakansson (1971b), Thorp (1972)

e optimal portfolio separated into two funds

Tobin (1958), Sharpe (1964)

@© Copyright Eckhard Platen 10 BA -Toronto C3
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e Mmean-variance efficient portfolio

Markowitz (1959)

e intertemporal capital asset pricing model

Merton (1973a)

@© Copyright Eckhard Platen 10 BA -Toronto C3
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Expected Utility Maximization

e utility function U(-), U’(-) > 0 U”’(-) <0

e examples
power utility
1
U(x) = —x"
Y
fory Z0andvy < 1
log-utility
U(x) = In(x)

@© Copyright Eckhard Platen 10 BA -Toronto C3
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Figure 3.1: Examples for power utility (upper graph) and lddty (lower
graph).
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e assumeS? is scalar diffusion
e maximize expected utility
’US = max FEjg (U (S’gﬂ))

Ssevd

17;0 strictly positive, discounted, fair portfolios

S0 =S50 >0

@© Copyright Eckhard Platen 10 BA -Toronto C3
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Theorem 3.1

Benchmarked, expected utility maximizing portfolio:

~

87 =a(t,80) = E, (U~ (A 82) 82),
A S.t. So = S'g Sg* = a(0, S’O) Sg*

two fund separation with risk aversion coefficient

Jo — 1

t S0 ga(t,S9)
1 — t_ ¢
a(t,89) 8S?

— invest% of wealth in NP and remainder in savings account

t

@© Copyright Eckhard Platen 10 BA -Toronto C3
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e log-utility function U (x) = In(x)

utility concave
a(t, $9) = B, (U~ (1 8%) 89)

Lagrange multiplier

@© Copyright Eckhard Platen 10 BA -Toronto C3
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risk aversion coefficient

e expected log-utility
vg = FEy (ln (5’%*))

= In(A) + In(So) + % /OT Ey ((9(3, 5‘;5*))2> ds

If local martingale part forms a martingale

@© Copyright Eckhard Platen 10 BA -Toronto C3
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e power utility

forvy <1,v#0

concave

ﬁ(t, S’?) — Et

@© Copyright Eckhard Platen 10

1
U(x) = —x”
Y

U'(x) = =71

U"(z) = (v—1) 7

A
5

1

R | 1
) = A’Y—l Et

_5*
ST

BA - Toronto C3
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S9+« geometric Brownian motion

a(t, Sy) = A7 (§))

2

x E, (exp{117 (Hz (T—t)—l—H(WT—Wt)>}>

. —5*)ﬁ exp{ez Y (T_t)}

2 (1—79)?

|

>
2

|
W
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Lagrange multiplier

_ 02
A= S7" 5¢ exp{ - 17 T}
— 7

S = (8)~" A A
ou(t,S)) _ a(t,S7) v
ase 80 4-1

— risk aversion coefficient

expected utility
% 1 /_z\"7 0% ~
o __ - o _ . Y
v _E0<7(ST>>_exp{ > 1_7T}(SO)
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Utility Indifference Pricing

discounted payoff H = Sﬂo (not perfectly hedgable)

: 59 _
v? = Eo <U ((SO—eV)S—T—I-sH>>
0

e assumeS©° isscalar diffusion

Definition 3.2 utility indifference price V' s.t.

~ —~

5 5
lim Vev — Yg,v

e—0 €

=0

Davis (1997)
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e Taylor expansion

Q

o o (v (80) +evr(s8) (- V)

— by e By (U (88) @)~ Ve, (Uf (5) S_>

i i N o 59
Wi, —vd, = (EO (AS2H) -V Eq (Asg S—T>>
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—

e utility indifference price

Eyq (st‘* I:I) Eq (;1)
T _ T

=8 1 SO

S3 o

Ey |2 =2z So SJ*
Sﬁ_,s,* So 0

V =

Independent ofzU and of given model —-

e real world pricing formula

O H
V — SO EO 5’5*
T
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Hedging

e benchmarked derivative price

A H
ot 5. (1)

e real world martingale representation

H A d T
= —Oa)+ Y / £k, (s) AW™ + My (t)
ST* k=1 t

M gr-orthogonal martingale
E ([MH’W’CL) =0
Follmer-Schweizer decompositionpfimer & Schweizer (1991)

least square projection
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Theorem 3.3 Derivative price
H

G :Sf*Et< 5 >
ST

o () = (b(;H(t)T bt—l)T

with portfolio volatilities

fractions

. o~ €T t
by (t) = = )Z(S}J(t)SZb;Z’ = A 4 ok,
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4 Modeling Stochastic Volatility

e consider well diversified accumulation index NP

o 1 2 1
dIn (St*) = ’I“tdt—|—§|9t| dt—|—|9t|th

e volatility

00 = /2 tn (5%-))
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Figure 4.1: Estimated volatility of WSI from 1973-2004.
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Log-Returns of a Stock Index

12

1.0

0.8
|

0.6

04

0.2

0.0
|

f T T T 1
-10 -5 o 5 10

Figure 4.2: Histogram for &P500 hourly deseasonalized log-returns.

fitted Gaussian density, much fatter tails
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Implied Volatilities

e European call for Black-Scholes model

CT,K(O, S, 0')

maturity = € [0, T
strike price K > 0
underlying indexS > 0

volatility o

110
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e observed European call option price

‘/C,T,K (07 SO)

e implied volatility
0’%%”(0, SO? T, K)

obtained such that

‘/C,T,K(O7 SO) — Cr, K (09 So, UE%,”(Oa So, T, K))

by some root finding method
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300

Figure 4.3: Implied volatilities for &P500 three month options.
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Implied volatility surface

1.5

Figure 4.4: Average &P500 implied volatility surface.
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A Modified Constant Elasticity of Variance Model

e CEV Model
Cox (1975), Cox & Ross (1976)
Andersen & Andreasen (2000)
Lewis (2000)
Lo, Yuen & Hui (2000)
Brigo & Mercurio (2005)
Heath&z Pl. (2005b)
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e classical risk neutral CEV

Beckers (1980)

Schroder (1989)
Delbaen & Shirakawa (2002)

certain problems in risk neutral pricing of derivatives
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Modified CEV Model

Heath& PI. (2005b)

e savings account
dS? =7r S,? dt

total market price for risk process

{Ht Z 07 t (S [OaT]}

e drifted Wiener process

dWy(t) = 0, dt + dW;

@© Copyright Eckhard Platen 10 BA -Toronto C4
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o NP
dS?% = 82+ (ry dt + 0; dWy(t))

e NP volatility
0; = (Sf*)a_l (2

exponenta € (—oo, 00)
scaling parametep > 0

stochastic fom # 1
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e hypothetical risk neutral CEV dynamics
dS? = S% rydt + (S2*)* 1 dWp(t)
W - Wiener process under a hypothetical risk neutral meaByre

e Ifa=1 —> BS model
— equivalent risk neutral probability measufy

with market price of risk@; =

@© Copyright Eckhard Platen 10 BA -Toronto C4 118



e real world CEV dynamics

dsP = (8P re+ (S3)7 9?) dt + (SP)" ¥ dW,

modified CEV model remains far < 1 strictly positive

this isnot the case for its “risk neutral” dynamics

@© Copyright Eckhard Platen 10 BA -Toronto C4 119



e squared Bessel process

for a # 1 with SDE

dX;: = (20 —a)r: Xt +v? (1 —a)(3—2a))dt
+21¢ (1 — a) \/EdVAVt

anddimension
B 3—2a

1 —a
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e Radon-Nikodym derivative process

Ag =

(state price density)

{Ao(), t € [0,T]}

e hypothetical risk neutral measure Py

@© Copyright Eckhard Platen 10

Ao(t) =

d Py
20 A(T
P o(T)

S(S* X q
s = () s
S Xt

T 2(1—a)

q

BA - Toronto C4
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e squared Bessel process

dXt = (2(1—0,)7"1;Xt—|—¢2 (1—0,)(1—20,)) dt
+29 (1 — a) VX, dWe(t)

dimension
1 —2a

1 —a
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e dimension

risk neutral

real world

eifa<l —

fa>1 —

@© Copyright Eckhard Platen 10

5 _1—2a
o= 1—a
3—2a
o
1—a

0 > 2anddg < 2

0 < 2anddg > 2

BA - Toronto C4
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Figure 4.5: Dimension8 anddgy as a function of the exponeat
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e hypothetical risk neutral probability

po(a) = [ ar) = [ ‘;11?((3 4P (w)
_ /A Ao(T) dP(w)
—
Py(2) = /ﬂ Ao(T) dP(w) = Eo (Ao(T))
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e fora<l — dg <2
—> Ay is strict supermartingale —-
Py(2) < Ap(0) =1

— Py is not a probability measure
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o fora #1 P and Py are not equivalent

—> modified CEV model doesot haveequivalent risk neutral
probability measure

e consideronlya < 1 sincefora > 1 NP explodes
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Real World Pricing

e contingent claim

H,
H, = H.(57"), E(56 ) S

e fair price

un, (8, 8y7) = S} dn, (, S7°)

benchmarked price

H._(S°%
faHT(t,Sf*)zEt< (T)>

0
S‘T

@© Copyright Eckhard Platen 10 BA -Toronto C4 128



Martingale Representation

= ﬁHT (’T, Sf_*)

O, (s, SS*)

550- dW

= (6,57) + [ (85)"
t
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Stochastic Volatility Models

e volatility function of underlying diffusion
—> LV model

e Vvolatility as separate, possibly correlated process

Hull & White (1987, 1988)
Johnson & Shanno (1987)

Scott (1987)

Wiggins (1987)

Chesney & Scott (1989)

Melino & Turnbull (1990)

Stein & Stein (1991)

Hofmann, Pl.& Schweizer (1992)
Heston (1993), ..
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Empirical Evidence on Log-Returns

e Markowitz & Usmen (1996)
daily S&P500 — Studentt(4.5)

e Hurst & Platen (1997)
daily stock market indices— Studentt(4)

e Fergussor& Pl. (2006), Pl.& Rendek (2008)
daily WSI, EWI104s with high accuracy~ Studentt(4)

e Breymann, Dias & Embrechts (2003)
copula of joint distribution of log-returns of exchangeasat—
Studentt copula with roughly four degrees of freedom

@© Copyright Eckhard Platen 10 BA -Toronto C4
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Figure 4.6: Log-histogram of the EWI1104s log-returns andi&miit density
with four degrees of freedom.
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Country Student-t NIG Hyperbolic VG v
Australia 0.000000 76.770817 150.202282 181.632971 2281
Austria 0.000000 39.289103 77.505683 102.979330 4.725907
Belgium 0.000000 31.581622 60.867570 83.648470 4.989912
Brazil 2.617693 5.687078 63.800349 60.078395 2.713036
Canada 0.000000 47.506215 79.917741 104.297607 5.316154
Denmark 0.000000 41.509921 87.199686 114.853658 4512101
Finland 0.000000 28.852844 68.677271 88.553080 4.305638
France 0.000000 26.303544 57.639325 80.567283 4.722787
Germany 0.000000 27.290205 52.667918 71.120798 5.005856
Greece 0.000000 60.432172 104.789463 125.601499 4.674626
Hong.Kong 0.000000 42.066531 100.834255 122.965326 3780
India 0.000000 74.773701 163.594078 198.002956 3.998713
Ireland 0.000000 77.727856 136.505582 170.013644 4. %151
Italy 0.000000 25.196598 55.185625 75.481897 4.668983
Japan 0.000000 37.630363 77.163656 102.967380 4.649745
Korea.S. 0.000000 120.904983 304.829431 329.854620 20289
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Malaysia
Netherlands
Norway
Portugal
Singapore
Spain
Sweden
Taiwan
Thailand
UK

USA

0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000

79.714054
26.832761
42.243851
61.177624
36.379685
56.694545
77.618384
41.162560
78.250621
26.693076
40.678242

186.013963
51.625813
89.012090
137.681039
77.600590
109.533768
143.420049
96.283628
254.590254
55.937248
79.617362

221.061290
71.541627
115.059003
165.689683
98.124375
138.259224
178.983373
115.186585
267.508143
80.678494
100.901197

39851
G634
4.472349
368848
4.25147
4517153
4.546640
3.914719
338320
4.952843
4.636661

Table 1:L,, test statistic of the EWI104s for different currency denoations
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Index Log-returns

e Studentt distributed with about 4 degrees of freedom

e clustering

Find corresponding stationary volatility processes !

Kessler (1997), Prakasa Rao (1999)
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e normal mixing

log-return conditionally Gaussian distributed
with stochastic variance process

for small time step sizé > 0

SO
A In(S%+) = ln< t#)

when@? has inverse gamma stationary density

—> estimated log-return appears to be Studeatistributed

137
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A Class of Continuous Stochastic Volatility Models

e discounted NP

dS?2 = S8 (62 dt + 0, dW,)

@© Copyright Eckhard Platen 10 BA -Toronto C4 138



Particular Stochastic Volatility Models

e Hull and White’87 model

Hull & White (1987)

do? = p0; dt + ¢ 67 dW,

squared volatility does not have a stationary dynamics

@© Copyright Eckhard Platen 10 BA -Toronto C4 139



e Heston model
Hull & White (1988), Heston (1993)
mean reverting dynamics
k, @ and~ are positive constants
—

do? = k (92 — 62) dt + ~ |6;| AW,

05 >0, -5 >

N | =

— has as stationary density gamma density

@© Copyright Eckhard Platen 10 BA -Toronto C4 140



e Scott model

Scott (1987)
Stein & Stein (1991)

Ornstein-Uhlenbeck process

k,0,~ positive constants

6o € R

— 67 has as stationary density a gamma density
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e Wiggins model

Wiggins (1987)
Chesney & Scott (1989)
Melino & Turnbull (1990)

dIn(0:) = k (In(0) — In(6;)) dt + ~ dW;
6o >0

67 has as stationary density a log-normal density

@© Copyright Eckhard Platen 10 BA -Toronto C4 142



e inverted gamma distribution

pn(y) = 20 (gf”‘l eXp{_;wz}

e2T(3v) \e? Y

y > 0, degrees of freedom > 0, scaling parametee
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e SDE for squared volatility

do? = k0; ™ (6% — 02) dt + v 62 dW,

degree of freedom

— stationary density inverted gamma
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o 2 volatility model

¢=3

PI. (1997), Lewis (2000), PI. (2001)

do? = k67 (0% — 67) dt + ~ 62 dW,
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e ARCH diffusion

¢=1
Engle (1982), Nelson (1990) and Frey (1997)

do? = k(6% — 02) dt + ~ 67 dW,

continuous time limit of innovation process

GARCH(1,1) and NGARCH(1,1)
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Implied Volatilities for the ARCH Diffusion Model

Hurst (1997), Lewis (2000), Heath, Hu&t Pl. (2001)

GARCH(1,1) of Bollerslev (1986) wheW andW are independent

continuous time limit of NGARCHI, 1) model of Engle & Ng (1993)

two-factor model
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Figure 4.8: Implied volatility surface for zero correlation
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Figure 4.9: Effect of changing correlation on implied vdlaés.
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Figure 4.10: Effect of changing speed of adjustment on indpl@atilities.
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120

Figure 4.11: Effect of changing volatility of the squaredatdity on implied
volatilities.
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GLMR
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- ——- Black-Scholes

Option Price Difference
0 I05
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Moneyness

Figure 4.12: Option price differences between the ARCH ditin (GLMR),
Heston and Black-Scholes models, with time to maturity oé¢hmonths.
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Figure 4.13: Implied volatilities of the ARCH diffusion (GLMRHeston
and Black-Scholes models, with time to maturity of three then
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5 Minimal Market Model

e search for parsimonious one-factor model

e Diversification Theorem —

well diversified stock market index approximates NP

e discounted NP
dSy* = 5% 16| (16¢] dt + dWy),

where
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Figure 5.1: Discounted&P500 total return index.
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Figure 5.2: Logarithm of discounte®®8°500.
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e |logarithm of discounted NP

e is not a transformed Wiener process

e IS not a process with independent increments

e has somdeedback effect
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Drift Parametrization

e discounted NP drift

op = S'f* |9t|2

strictly positive, predictable
—

e Vvolatility
827

leverage effect creates natufekdback
under independent drift
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e discounted NP
dS%* = a; dt + /S ap AW

drift has economic meaning,

fundamental value

e transformed time

= =

Pt =

t
/ o ds
0
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e squared Bessel process of dimension four

X, = S’f*
dW(QOt) — /O th

dX, = 4dp + 2 /X, dW (o)

Revuz & Yor (1999)
economically founded dynamics ¢pg-time

still no specific dynamics i-time
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Time Transformed Bessel Process

- 3 1
dy/S = ———dt + - v/ dW,
8/ 5P

e quadratic variation

e transformed time

observable

@© Copyright Eckhard Platen 10 BA -Toronto C5
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Figure 5.3: Empirical guadratic variation of the square afahe discounted
NP.
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Stylized Minimal Market Model

Pl. (2001, 2002, 2006)
e assumealiscounted NP drift as

ar = a exp {nt}

e Initial parameter o >0

e netgrowthrate n
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e transformed time

o [t
Pt — / exp{nz}dz
4 Jo

= in (exp{nt} —1)
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Figure 5.4: Fitted and observed transformed time.
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e normalized NP

82
Y, = ——
(877

dY; = (1 — nY;) dt + \/Y; dW,

sguare root process of dimension four

— parsimonious model, long term viability
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p—

e discounted NP
S’f* = n (87

Syt =8, 8 =8 Vi

e scaling parameteryg = 0.01468
e net growth raten = 0.054

e reference Ievel% — 18.5

e speed of adjustmeny

e half life time of major displacement @ ~ 13 years
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Figure 5.5: Normalized NP.
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e |logarithm of discounted NP

In(Sy*) = In(Yz) + In(cwo) + 't

e N0 need for extra volatility process in MMM

e realistic long term dynamics
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Volatility of NP under the stylized MMM

0] =

1
V'Yy
e squared volatility

1 3
d|9t|2 =d (?) = |0t|2’l’]dt — (|Ht|2)2 th

t

3 /2 volatility model

Platen (1997), Lewis (2000)
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Figure 5.6: Volatility of the NP under the stylized MMM.
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Transition Density of Stylized MMM

e transition density ofliscounted NP S°~

N|=

(%)

Pt — Ps

P {_ 2 (it—l_—ysos) }

Pt = E (exp{nt} —1)

I, (-) modified Bessel function of the first kind
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e non-central chi-squaredistributed random variable:

=5,
Yy L Sy
Pt — Ps Pt — Ps

with 6 = 4 degrees of freedom amobn-centrality parameter:

.
T SY

Ot — Ps Pt — Ps
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Figure 5.7: Transition density of squared Bessel process fer4.
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Zero Coupon Bond under the stylized MMM

e zero coupon bond

o 1 * 51?*
P(t,T) :St*Et —5* :PT(t) Et =5
ST ST

with savings bond

P (t) = exp {— /tT Ts ds}
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s
P(t,T) = P(t) (1 — exp {—2 (goft_ o) }) < Pi(t)

fort € [0,T), Platen (2002)

with time transform

Pt = E (exp{nt} —1)

P(0,T) = 0.00077
P2 (0) = 0.0335

P(0,T)
o) =~ 0.023
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Forward Rates under the MMM

e forward rate

f(t,T)

8
— 7 (Pt 1))

= rr+n(t,T)
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e market price of risk contribution

5] S0~
n(t,T) = ———In|1—exp —
aT 2(¢1 — 1)
- 1 Sf* oT
B 5" —p)? 8
(exp {2(¢T_Lpt)} — 1> (T — $t)

lim n(t,T) =n

T —oo

Pl. (2005a), Miller& PI. (2005)
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Figure 5.10: Market price of risk contribution in dependencey@andT'.
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Free Snack from Savings Bond

e potential existence of weak form of arbitrage?

borrow amountP (0, T") from savings account
S? = P(t,T) — P(0,T) exp{rt}
such thatS3 = 0

S%. =1— P(0,T) exp{rT} >0

lower bound

S? > —P(0,T) exp{rt}
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o sinceSlgs may become negative

allowed by strong arbitrage concept

e cheap thrills may exist

Loewenstein & Willard (2000)

MMM doesnot admit an equivalent risk neutral probability measure
—

there is dree lunch with vanishing risk

Delbaen & Schachermayer (2006)
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Absence of an Equivalent Risk Neutral Probability Measure

e fair zero coupon bond has a lower price than the savings bond

T SO
P(t,T) < PA(t) = exp —/ rods = ot
t

T

e Radon-Nikodym derivative
_ S _ Sy

Ay =2t =7
"8y 5

strict (A, P)-supermartingalender MMM
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Figure 5.11: Radon-Nikodym derivative and total mass of fudaisk neu-
tral measure.
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e hypothetical risk neutral measure

total mass:

50
PQ,T(Q) :EO (AT) =1—exp{— 0 } <A0:
2 pr

Py is not a probability measure
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European Call Options under the MMM

real world pricing formula —

S — K)t
cr i (8, 807) = Sf*Et(( Tsa* ) )
T
_|_
K 8¢
— E, <Sf*— 5t>
ST

S (1 — x*(d134, £2))
— K exp{—r (T —t)} (1 — x*(d1;0,£2))

x2(+;+,+) non-central chi-square distribution
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with

d, — 4n K exp{—r (T —1t)}

St o (exp{n (T — 1)} — 1)

and
27 Sf*

St o (exp{n (T — 1)} — 1)

by =

Hulley, Miller & PI. (2005)

Hulley & PI. (2008)
Miller & PI. (2008)
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Figure 5.12: Implied volatility surface for the stylized MMM.
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e implied volatility

In BS-formula adjust short rate to

P=— In(P(t,T))

otherwise put and call implied volatilities do not match
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European Put Options under the MMM
e fair put-call parity relation

pr,k (%, Sf*) = cr,k (t, S’f*) — Sf* + K P(t,T)

e European put option formula
pr.(t, 8;") = =8} (x*(d1; 4, £2))

+ K exp{—r (T — t)}(Xz(dl; 0,£2) — exp {—EZ})

Hulley, Miller & PI. (2005)
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e put-call paritybreaks downif one uses the savings bodel: ()

pr.x(t, S77) < erx(t,5;7) — Sp* + K exp{—r (T —t)}

fort € [0,T)
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e excellent hedge performance for extreme maturities

Hulley & PI. (2008)

European calls
European puts

barrier options
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Comparison to Hypothetical Risk Neutral Prices

e hypothetical risk neutral price c7, (¢, CH)

of a European call option on the NP

e benchmarked hypothetical risk neutral call price

3k 6*
CT,K(t’ St™)

0
St

éT,K(t’ Sf*) —

local martingale

¢t k (+5+) uniformly bounded
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—> ¢ Mmartingale —

& i (t, SP*) = erk(t, Sp*)

cr k(L S%+) = er i (t, S2*)
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e hypothetical risk neutral put-call parity
P (8, 877) = i (8, 50) — S + K PL(t)
sincePr(t) > P(t,T) —

pr,Kk (1, Sf*) < p;,K(t, SS*)
t€[0,T)
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Difference in Asymptotic Put Prices

e hypothetical risk neutral prices can become extreme if NBevéends
towards zero

e asymptotic fair zero coupon bond

lim Pr(t,T) 2°0
5’5* —0

fort € [0,T)

e asymptotic fair European call

3 5* a_S 3 6* pa 6* —_
_(lslm CT,K(t, St ) = _glm St CT,K(t, St ) =0
S, *—0 S, *—0
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e asymptotic fair put
fair put-call parity —-

_gim pr,k (t, Sf*) =0
S, *—0

e asymptotic hypothetical risk neutral put
hypothetical risk neutral put-call parity —

lim p7. (2, S9+)
*_ 50

St
S? S
a.s . ) t t
= lim |prx(tS;*)+ K —; exp<{ —
sf*—»o( (L5 + K g 2(1 — )

a.S 0
= K—-->0

St

dramatic differences can arise
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Figure 5.13: Logarithms of savings bond tim&s risk neutral put and fair
put.

@© Copyright Eckhard Platen 10 BA - Toronto

Cs5 199



MMM with Random Market Activity

e squared Bessel process with dimensiow = 4

SO = {5’?*7 t € [0,00)}

dS’f* = o dt + \/ Ot S’f* dW;
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e NP

e Vvolatility

CARS 5o

e discounted NP drift
o to be modeled
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Figure 5.14: Implied volatility surface for the stylized MMM.
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1.5

Figure 5.15: Average &P500 implied volatility surface.
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300

Figure 5.16: Implied volatilities for &P500 three month options.
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300

Figure 5.17: Implied volatilities for &P500 one year options.
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e market activity my

Breymann, Kelly& PI. (2006)
Pl. & Rendek (2008)

oy = & my
with
& = &o exp{nt}

dmy; = k(my) 8% dt + 3 m, (g AW, + /1 — g2 th)
o - correlation parameter

activity volatility 3 > 0

~

W - independent Wiener process
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Example:

o drift
m
k(me) = (0 — gme) —-

e Stationary density

gP—1!

Pm(Y) = £y y?~* exp{—g y}

gamma density with meaﬁ;—l and variance:; forp > 1andg > 0
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Figure 5.18: Stationary density of market activity; — y as function ofy
and speed of adjustment paramejer
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Zero Coupon Bond

e benchmarked zero coupon bond

Pr(t,S? )=FE ( ! ) E ( ! )
T\U, O, ", M) = Ly ) = Ly =5.
Sy 5% 51

e zero coupon bond

PT(t, S’f*,mt) = Sg* pT(t, 5’?*,mt) — S? Sté* PT(t, S’f*,mt)
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European Options on a Market Index

e put option price

K +
pT,K(t,Sf*,mt):SES'?* Ey < 0 od _1>
St ST

effect of random market time on implied volatilities
curvature for the short dated implied volatility surface

Heath&z Pl. (2005a)
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120

Figure 5.19: Implied volatilities for put options on index agunction of

strike K and maturityT".
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Figure 5.20: Implied volatilities for put options as a fuctiof strike K and
speed of adjustmeiat
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Figure 5.21: Implied volatilities for long dated put optioas a function of
strike K and maturityT.
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6 Stylized Multi-Currency MMM

Pl. (2001)
Heath& PI. (2005a)

d + 1 currencies

5. L
S;*(t) NP in<th currency
r? - ith short rate

0% (t) - market price of risk

i~ (t) = ) Y S;(t)
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7

oy = aé exp{n": t}

Si(t) = exp{r*t}

e 2th normalized NP
d+1

k=1

scaling levelsy**
d+1

Z (qi,k)Z —1
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e (2,7)th exchange rate

ij S,?* (t) Y of Si(t)
- — t Tt
S;*(t) Y7 of SU(t)

o d+1 gtk qik gtk
dX}7 = XM | (r* — 7)) dt + Z ( - dt + de)

S
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e jth savings account ith currency

Si(t) = X7 Si(t)

. . d+1 qi¥
dS(t) = S(t) |r*dt + >

k=1 V Y;’L

@© Copyright Eckhard Platen 10 BA -Toronto C6
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e stochastic market price of risk

qi,k

o) = T
t

o (4, k)th volatility

bI" (t) = 0F(t) — 0%(t)

equity prices

commodity prices
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/ Valuing Guaranteed Minimum Death Benefits

e variable annuities
fund-linked
tax-deferred
guarantees

e guaranteed minimum death benefits(GMDBS)

roll-ups:
original investment accrued at a pre-defined interest rate

ratchets:
death benefit based upon the highest anniversary accowet val

embedded options:
hedging against market downturn occurrence of death
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e GMDB put, floating put and/or look-back put option

long maturities of contracts

standard option pricing theory ?
no obvious best choice for price:

IFRS Phase Il
CFO-Forum (2008)
CRO-Forum (2008)
Solvency Il

Verheugen & Hines (2008)
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e pricing and hedging of GMDBs
benchmark approadh
Pl. (2002, 2004b), PI& Heath (2006)
Buhimann&z Pl. (2003)
best performing portfolio ifenchmark

doesnot require
existence of an equivalent risk neutral probability measur

uniquefair price is theminimal price

may provide significantly lower prices
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Financial Model

e underlying risky security (unit)

dSt = ([,l,t — ’)’)Stdt —|— O'tSt th
~ > 0 management fee rates

W, - Brownian motion

e savings account

dBt — ’T’tBt dt

@© Copyright Eckhard Platen 10 BA-Toronto C7

222



e market price of risk

9, — Ht — 7 — Tt
Ot
e risky asset
dS}
o, = redt + 0.0, dt + oy dW,
t
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e self-financing portfolio

Vi = égBt + citlSt

dV, = 6 dB; + 6,;dS;

e fractions
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e instantaneous portfolio return

dV; dB ds
—t w0 t 4 ﬂg_t
Vi B; St

= rdt + 7} oy (0; dt + dWy)
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e numeraire portfolio (NP) as benchmark

Long (1990)
V* Is best performing in several ways

e IS growth optimal portfolio

Kelly (1956)
V* = max E(log Vr)

1% Mt — 7 — Tt 0,
7'['t p— > = —

*

Vi =Tt dt —I— 9,5(9,5 dt + th)
t

Merton (1992)
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e NP best performing portfolio

. 1 Vr: . 1 Vr
lim sup — log > limsup — log | —
T — oo T VO* T —oco T VO

global well diversified index~ NP

PI. (2005b)
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Figure 7.1: Discounted&P500 total return index.
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Figure 7.2: Logarithm of discounte®®8°500.
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e benchmarked price

A . Ut
Uy = Ve

U nonnegative —-

t < s

supermartingales (no upward trend)

Pl. (2002)

no strong arbitrage
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e benchmarked securities that form martingales are cé&lled

U, = E, (U)
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e Law of the Minimal Price
Pl. (2008)
Fair prices are minimal prices

V' nonnegative fair portfolio
V'’ nonnegative portfolio

Vi =V,
supermartingale property
—

Vi <V
t €[0,T],
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Figure 7.3: Benchmarked savings bond and benchmarked faircoeipon
bond.
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e real world pricing formula

for
H
o (1) <
Vr
* HT
UH(t) — Vt Ey <Vr_,’f)
t €[0,T]

no risk neutral probability needs to exist
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e actuarial pricing formula

whenHr is independent oV

—
Uyg(t) = P(t,T) E.(Hr)

zero coupon bond

1
P(t,T)=V*E
(7 ) t t(‘/;f)
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e standard risk neutral pricing

Ross (1976), Harrison & Pliska (1983)

complete market

candidate Radon-Nikodym derivative

_dQ| By
- dP|4, BoVy

Ay

supermartingale —-

1 =A¢ > Eg (A7)
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Ug(0) = E (Kﬂ HT)

@© Copyright Eckhard Platen 10 BA-Toronto C7 237



Only in the special case wheYy martingale

— risk neutral pricing formula:

Un(0) = Eq ( 3,° Hr)

Ignores any real trend !
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e Trends ignored also when using:

stochastic discount factor Cochrane (2001);
deflator, Duffie (2001);

pricing kernel, Constantinides (1992);

state price density Ingersoll (1987);

NP as Long (1990)
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e Example zero coupon bond

benchmarked fair zero coupon

) P(t,T 1
Pt,T) = (v ):Et<v*>
t T

martingale (no trend)

for r¢ - deterministic

T _
1 V>

P(t,T) =V E;| — | = exp —/'rs ds » B, | = |,
Vi / Vi

V= %{ - discounted NP
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Figure 7.4: Benchmarked savings bond and benchmarked faircoeipon
bond.
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—> downward trend reflects equity premium

—> A strict supermartingale (downward trend), then

T
B,
P(t,T) < exp —/’I“st -
Br
t
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Figure 7.5: Radon-Nikodym derivative and total mass of prgatsk neutral
measure.
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Figure 7.6: Savings bond, fair zero coupon bond and savingsuac.
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Figure 7.8: Logarithm of discounte®®&8°500.
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e discounted NP

= O dt —|— ¢ ‘7t* th
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e discounted NP drift

g = ‘_/t*gtz
— volatility
«
Ht — _t
"[t*

reflects leverage effect
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e minimal market model
Pl. (2001, 2002)

MMM

discounted NP drift

assume
oy = ap exp{nt}

Oé()>0

net growth rate; > 0

—> MMM
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Figure 7.9: Logarithm of discounte®8°500 and trendline.

@© Copyright Eckhard Platen 10 BA-Toronto C7 250



e normalized NP

dY; = (1 — nY;) dt + /Y, dW,

square root process of dimension four

Only one parameter !
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e Vvolatility of NP
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e Zero coupon bond under the MMM

r¢ - deterministic

T A
P(t,T) = exp { — / o ds (“exp{‘zw(T)—w(t))})

Explicit formula !
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Figure 7.11: Fraction invested in the savings account.
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Figure 7.12: Benchmarked profit and loss.
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r () -5 (V) _ ({ v })
Ay Z: 2(¢(T) — ¢(t))

Overpricing by savings bond

no equivalent risk neutral probability measure
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Figure 7.13: Radon-Nikodym derivative and total mass of judaisk neu-
tral measure.
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e European put option under the MMM

Hulley, Miller & PI. (2005)

p(t,V; 7T7K7T) — V; E;

V>

p(t7 V;g*? T, K, ’l°) — _V;*Xz(dl; 4, l2)

+ Ke " (x*(d130,13) — exp {—12/2})
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with

_ AnK exp{—r(T — t)}
Biog(exp{n(T — 1)} — 1)

d1

and

_ anVy
~ Bioy(exp{n(T —t)} — 1)

l2
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x2(x;n,l) non-central chi-square distribution function
n > 0 degrees of freedom

non-centrality parametér> 0

oo l 1\ k T

expi—=g (=

X (zsm,l) =) { k2' ) 1— I‘(
k=0
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e putative risk neutral price

‘7*
5(t, V5, T, K, 1) = p(t, V;*, T, K, 7)+ Ke " (T~ exp{ — :
p( s Vi oLy ,’l“) p( s Vi o Lo ,’l“)—|- € eEP 2(90(T) — SO(t))

risk neutral is overpricing
for Vv -0 — »pi, V5 T,K,r) —0

and
ﬁ(ta V;;*’ T, K, ’I") — Ke_r(T_t) >0

risk neutral ignores trends
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in(K*savihgs bondf _
In(risk neutral put) -------
I n(put) -------- ]

Nemaoof
.........
o -

_— —"-+__ I

===TTT

| | | | | | | |
1930 1940 1950 1960 1970 1980 1990 2000
tine

Figure 7.14: Logarithms of savings bond tim&sS risk neutral put and fair
put.
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Guaranteed Minimum Death Benefit (GMDB)

e payout to the policyholder

max(e?" Vy, V)
time of deathr

g > 0 s the guaranteed instantaneous growth rate

Vo Is the initial account value

V- Is the unit value of the policyholder’s account at time ofthea
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e insurance charges> 0

— policyholder’s unit value

‘/t — e—&t‘/;*

max(ed" Vp, V) = max(e?” Vp, e_‘STVT*)

e ¢ max(eW o7V, V™)
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Insurance company invests the entire fund valuen the NP V'*

—> payoff

Hr = GMDByr = e ¢7 [ (e9TOTy> — vt L v
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fair valueG M D B of the total claim

real world pricing formula

GM DBy
GMDBy =V} E

Vr

— e T (p(O, Vy, T, e(g"'g)TVO*, r) + VO*)
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MMM risk neutral Black Scholes

o
om
: -0
O]

30 0 5 10 15 20 25 30 "0 5 10 15 20 25 30
T T

MMM risk neutral Black Scholes
T T T T T T 1.15 T T T T

o 1.05 9=0.025 o 1.05

GMDB
GMDB

0.95 1 0.95 1 0.95

0.9 0.9 0.9
0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30

T T T

Figure 7.15Present value of the GMDB under the real world pricing foran(lgft),
the risk neutral pricing formula (middle) and the Black Selsoformula (right) for
n = 0.05, ag = 0.05, r = 0.05,& = 0.01 andY, = 20.
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e lifetime 7 is stochastic

GMDB.,
V*

T

GMDBy =V E (E (

7))

T
GMDBg, = / <p(0, V0*7 t, e(g'l‘ﬁ)tvo*’ T‘) 4+ VO*) e—ﬁth (t) dt
0

f-(+) - mortality density
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log(q,)

10_ ! ! ! ! !
0 20 40 60 80 100 120

Age X

Figure 7.16: German mortality data
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rational investors will lapse when embedded put-optionohdlhe money
GMDBs have stochastic maturity
Titanic options, Milevsky & Posner (2001)

e roll-up GMDB payoff

(1 - BV, if lapsed at timet,

max(e9” Vp, V*), Iifdeath occurs attimé = 7

Ht:

surrender charge;

(8 T I_t_l)%7 t S 79
0, t>7

Br =

no credit risk
no accumulation phase
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115 T T T T T

male /
----- female /

1.1

GMDB0

1.05

20 30 40 50 60 70 80

Age X

Figure 7.17: Value of the GMDB under the MMM for male and female pol
icyholders aged:, assuming an irrational lapsationlbof= 1%.
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8 Markets with Event Risk

Jump Diffusion Markets

e filtered probability spacé?, A, A, P)

e continuous trading uncertainty
m € {1,2,...,d}

Wiener processeV* = {WF, t € [0,00)}, k € {1,2,...,m}
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e events
counting proces®® = {p¥, t € [0, 00)}
intensity h* = {h¥, t € [0,00)}

hY >0

t
/h';’ds<oo
0

e jJump martingale

=

dg; = (dp; — hy dt) (hy)

ke {1,2,...,d—m}
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e trading uncertainty

W={W,=W}...,W™mql,....q0 ™)T, t € [0,00)}
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Primary Security Accounts

d
dsi = s9_ <a~;§ dt+ > b)" de)

k=1

j€{1,2,...,d}
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Assumption 8.1
),k kE—m
by™ > —\/ hy

forall t € [0,00), 7 € {1,2,...,d}andk € {m + 1,...,d}.

Assumption 8.2 b isinvertible
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e market price of risk
0 = (0),...,00)T =b, " [az — 7 1]
a; = (at,...,a®)’
1=(1,...,1)7
=
. . d .
dS? = SZ_ <rt dt + Z b{’k (Hf’ dt + de))
k=1

j €{0,1,...,d}
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e strategy
§ ={6;: = (82,...,64) 7, t€[0,00)}
e portfolio

d
Sy =) 65}
j=0

e self-financing if

d
dsy = > 6! ds]
j=0
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Growth Optimal Portfolio

e fraction
j
Wa,t _— 5

Tt = (7T:5l,t, ey wg’t)—r

ds! = S {ridt+n], b, (6,dt +dW,)}

strictly positive <—-

d
i 4.k [ k—m
7"5,tbt > —\/ by
J=1

ke {m+1,...,d}
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m d
dIn(S}) = gldt+ > Y w,by" dW}

k=1 37=1
b{,k kE—m k
+ Z In 1—|—Z7r5t_ h{™™ dW,
k=m-+1 h’:_m
e growth rate
2
m d 1 d .
s ik ok _—
g, =T+ Y ng,tbg 0 — ng,tbi
k=1 |j5=1 =1
d d bJ’
+ > D> w) et (et \/hk m>+1n 1—|—Z71'5t hy™™
k=m-41|j=1 j=1 \/ht—m
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Assumption 8.3

ke {m+1,...,d}
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e fractions of candidate benchmark

_|_
_ 1 d T _ T 3.—1

)
ok for ke {1,2,...,m}
kE __
Cy = ) k
%, for ke {m+1 d}
L 1-0f (R T2 Y
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e candidate benchmark

dsp+ = Sz (redt+cf (0,dt+dW,))

Chi (rt dt + ) 6y (6; dt + dW})
k=1
0;

d
+ —— (0F dt + dWF)
k=;+1 1— 0# (hf )_E '
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Definition 8.4

pr—

S% isa NP.

p—

m d
1 —m
gf* = Tt‘l‘g g (95)2— E hf In (1 +
k=1

% eyt NP if gf <g; forall % ¢ V+.

0;

k=m+1 \/ hE—™ _ gk
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07

i

for

< 1 asymptotically

6|2
2

d
1
gy z"‘t‘l‘g E 05)? =re +
k=1

d
din(S)+) = gi* dt + ) 6F dW,*
k=1

d
dS? ~ S <rt + > 67 (0F dt+ de))

k=1
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e jump diffusion market (JDM)

e benchmarked portfolio

25 _ S
t 0.
St
m d .
ds? = > | &l S5]bl* — S0 eF | dwk
k=1 \j3=1
d o Hk
+ > D eS| - —=
k=m+1 71=1 h’:_m

driftless
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e benchmarked savings account

d
dSy) = —8)_ ) 6y dw;

k=1

driftless
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benchmarked portfoli®? drifless = (.4, P)-local martingale

Ansel & Stricker (1994)
—>

Theorem 8.5 In a JDM a nonnegativeS? is an (A, P)-supermartin-
gale

8¢ > (S

A,)
T € [0,00) andt € [0, T|.
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A nonnegative portfolio is a strongrbitrage if it can get out of zero.

Corollary 8.6

A JDM does not allow nonnegative portfolios that permit sgy@rbitrage.
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Law of the Minimal Price

Corollary 8.7 A, -measurable payoff] with E(_5-|A¢) < oo. If

there exists a fair nonnegative portfoli§? that replicates the payoff
S° = H,

T

then this is the minimal nonnegative replicating portfolio

—

e fair portfolios provide the cheapest hedge
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—

real world pricing formula

H
Ug(t) = S E (S

04
-

N

e equivalent to riskheutral pricing as long as candidate Radon-Nikodym

derlvatlve forms(A P)-martingale
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e Zzero coupon bond

Sp
P(t,T)=FE <St

.

0+
T

e benchmarked zero coupon bond

P(t,T) — %

d
dP(t,T) = —P(t—,T) > o*(t,T) dW/
k=1
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p—

In(P(t, T)) = In(P(0,T)) —i::(/ot o (s, T)AW* + % /Ot(a"’(s,T))zds>
. ;H(/ 0¥ (s, T) \/hE=—m ds +/ In (1 _ kf(; T)> dps>
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e forward rate

FT) = - (P, T)) = — - In(P(t,T))

p—

e forward rate equation

F(t,T) = FO.T)+ 3 / (8% a’%s,T)) (0% (s, T) ds + dW})

+ Z / a‘""(s T BT o"(s,T) (0"(s,T)ds + dWF)

k=m+1

similar to HIM equation
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Sequences of Diversified Portfolios

Sequence(S?d))dEN IS a sequence of DPs if

K,
d%‘FKl

J
|7T<S,t <

forallj € {0,1,...,d}, t € [0,00) andd € {dg,dpy + 1,...}.

@© Copyright Eckhard Platen 10 BA-Toronto C38 296



e benchmarked primary security account

dS’(’d) (1) = (d) (t—) Z U(d) S () dWE

e kth total specific volatility

d
N ik
ZAOED MO
i=0
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Sequence of JIDMsegular if
~ k 2
E ((a'(d)(t)) ) < Ks

forall t € [0,00),d € N and k € {1,2,...,d}.
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Seqguence of Approximate NPs

e tracking rate

Ry (t) = Z Z T3, Ty (1)

k=1 \j73=0

5 _
Slay SNP <= S(d) constant

<

(d) (1) =0
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(S?d))d@\/ IS a sequence afpproximate NP#

P

d— oo

e expected tracking rate

el (t) = B (Rl (1))

(S?d))deN has vanishing expected tracking rate, if

: 5
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=
ge
N\
&
&
=
v
U]
N—
A

1
. )
JmIEQQ“)_O

Lemma 8.8 For a sequence of JDMs, any sequence of strictly positive
portfolios with vanishing expected tracking rate is a seguaof approximate
NPs.
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Diversification Theorem

Platen (2005a)

For a regular sequence of JDMLng))deN, each sequenc(esgd))d@v

of DPs is a sequence of approximate NPs. Moreover
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Diversification in an MMM Setting
e Savings account

S?d) (t) = exp{rt}

e discounted NP drift

al* = ag exp{nt}

e j3th benchmarked primary security account

1
d(t)——g*
(@) Y7 ol
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e SR process

dy; = (1 _ an’) dt + /Y7 dW?

e NP
Sy (t)

(d)(t)

St ®) = 3

e jth primary security account

Siay (1) = S{a) (1) Sy (@)
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Figure 8.1: Primary security accounts under the MMM.
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Figure 8.2: Benchmarked primary security accounts.
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Real World Pricing for Two Market Models
Specifying a Continuous NP
market prices of event risks are zero

oF =0

NP
dsd+ = S (n dt + ) 67 (6; dt + de))

k=1

O
So* =
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Benchmarked Primary Security Accounts

d
ds] = —87_ > ol* dw}

d
X exp Z odk | [hk—m dg H H 1—

0 p—m-+1 k=m-1 l=1 k:

pivotal objects of study
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e simplifying notation:

ol =\ S (o)’

e aggregate continuous noise processes

L [t gdk
W) = Z/ s dWk
k=10

|os |
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e generalized volatility matrix b; = [b2"" ;{k:l invertible

for k € {1,2,...

ke {m+1,...

@© Copyright Eckhard Platen 10

.k _ pk 7.k
by =0, — oy
,m}

bjak —_ jak

BA - Toronto C8

312



e constant intensities

e benchmarkegth primary security account:

i i i
S] = 8}° 5]
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e continuous part
) ) 1 t t
AinC - .
S}~ = Sgexp{—g/o |07 | ds—/o |0'~;|dWé7}

e compensated jump part

d d ik
, _ o’
Sg’d = exp g o?k /hk—m ¢ | | 1 — —
k=m-+1 k=m-+41 h
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Merton Model

- ,
re =71, 0" = o)k

. ) 1 . s
Sg’c — Sg, exp{—g |0'3|2t— |0_3|th}

Girsanov’s theorem, see Section 9.5
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A Minimal Market Model with Jumps

Hulley, Miller & PI. (2005)

e discounted NP drift

ol (t) = o exp{nit}

1’ - net growth rate
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° jth square root process

dy; = (1 - antj) dt + /Y7 dW?

e continuous part
Ny 1

it = ——
ai (1),
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e time transformation

. . 1 rt .
¢”(t)=90%+—/ o (s) ds
4 Jo

e squared Bessel process of dimension four

J
Xsoj (t)

. : 1
= ()Y =
i

S0 is a strict local martingale
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Zero Coupon Bonds

P(t,T) = S E <—

e MM case

P(t,T) = exp{—r(T—t)}% E (S’% ‘ At) = exp{—r(T—-t)}

@© Copyright Eckhard Platen 10
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e MMM case

1

A = .
S1 (7 (t) — i (T))

3
G
[

£ (o~ ["ras [4) g m(s2]a)
(oo { - [reae |4 (- e {22
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Forward Contracts

t

forward price

St E (54 | A,)

Fi(t,T) =

Sf*E( 1

0 x
ST

A)

@© Copyright Eckhard Platen 10

5.
ST

( Sg

1

0

\

BA - Toronto C8

P(t,T) §7

At> o

(8% ] A) itsi>o0

if S7 =0
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e MM case
F’(t,T) = S{ exp{r(T — )}

standard expression

e MMM case
Z B (83| A) = o B (85°]A) =5 B (53
G S ’
Y
=1 — exp —5 At

forward price

Fi(t,T) = S} 1—eXP{—%>\‘Z} E|ex —/T’r ds ‘A B
’ ¢ 1—exp{—%)\?} P ¢ '
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Asset-or-Nothing Binaries

Ingersoll (2000), Buchen (2004) and Buchen & Konstand&206%)

rt =T
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. S?
Ag’k(t, T, K) = Sté* E (1{53‘ >K} —5T At>
T ST*
SJ g
- & E (1{53;2K(s%>—19%} St ‘ At)
t

X exp {O’j’k Vhk—m (T — t)} (1 —

@© Copyright Eckhard Platen 10 BA-Toronto C38

ik

A /hk:—m

_ . E 1 &F,cC —m —m\ &
i {87°>g(pr " —pr” ™)5%}

k—m
)pT
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AR, T, K) =

— i exp{—hk_m(T —t)} (hk(Tn!_ )" exp {o-j”“\/ hk—m(T — t)}

o* \" ] 84,C
= sngE<1{S‘%029<n>s%}ST A)

forall t € [0,T], where

g(n) = SOI;j,d exp {— (r + odk h"’—m) (T — t)}(l — Uj’km>_n
t Ot

forallm e N
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MM case

(W*= (T — t))"

APR(L,T,K) = Y exp{—h*"™ (T —1t)}

x exp{oj’k’\/hk—m (T — t)}<1 - sz> SJ N (d1(n))

forall t € [0,T], where

1“<S_3)+"°+03”“\/h’*7+n <1_‘/:%">Jr%(“)’”) (T —t)

di(n) =

593 /T — &
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649 = \[|oi[? — 2649 |o| |09 + |72

o%J - correlation
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MMM case

SO and S9:¢ are independent

(W*=™(T — )"

AV, T, K) = i exp {—hk_m(T —t)}

A /hk—m

w (G:),A(SOO(T;(;)SOO(” % Ag) — exp {—%XZ }>

X exp {aj”“v hk—m(T — t)} (1 — o )n
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Gy 4 (z; X, X’) equals probabilityP (2 < x)
non-central chi-square distributed random varidble- x2(0, \)

non-central chi-square distributed random varidbie~ x?(4, \’)

@© Copyright Eckhard Platen 10 BA-Toronto C38 329



Bond-or-Nothing Binaries

MM case

(h*=™ (T —t))"

B7*t,T,K) = i exp{—h*~™ (T — t)}

x K exp{—r(T —t)} N(dz2(n))

forall t € [0,T], where

In(1— —=2f )

k. _ 1 (&O,j)2> (T —t)

T—1

ln(%)-l—é“-l—a'j’k\/w—l—n

dz(n)

593 /T — ¢t

= di(n) — 6% /T — t

@© Copyright Eckhard Platen 10 BA-Toronto C8 330



MMM case

B7k(t, T, K)

_ i exp{—hF—m(T — 13 g — )"

x K exp{—r(T —t)} <1 -Gy, ((¢1(T) — @7 (t))g(n); AY, Ai))
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European Call Options

CT K(t) — SE*E

SI — K
0. T
T

= AP*(t,T,K) — B»*(t,T, K)
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MM case

> k—m . n
CT K(t) Z exp{_hk—m(T . t)} (h (7;1: t))
" (exp {Jj’k\/w (T — t)} (1 - hfim) S? N (d1(n))

— Kexp{—7(T — t)}N(d- (n)))
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MMM case

He(t) = 3 exp{—hk-m(T — 1)) (hk_m(f, — )"

X

A /hk:—m

s (T )] -]

— K exp{—r(T — t)}(l - Gg 4 ((Soj (T) — £ (t))g(n); Ay, )‘i»

exp{aj’k vV hk—m (T — t)} (1 — o )n
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Defaultable Zero Coupon Bonds

maturity T°
defaults at the first jump time-

Zero recovery

~ ]. Tkz—m
Pk_m(t, T) — SS*E< {m; >T} |At>

P(t,T)P(py ™ = 0]A)
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e conditional probability of survival

k—m
P(p5 ™ =0 A) = E (1 m_g Lipm_pmgy | )

t

1{p'f_m=0} P (pg—m N p’:—m =0 ‘ At)

T
= 1{pf_m=0} E (GXP {— l hs_m dS} | At>
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