A new Feynman-Kac-formula for option pricing
in Lévy models

Kathrin Glau

Department of Mathematical Stochastics, Universtity of Freiburg

(Joint work with E. Eberlein)

6th World Congress of the Bachelier Finance Society in Toronto,
June 23, 2010



Option Pricing with PIDEs

PIDEs for option pricing: a 'universal approach’

Types of options Modeling processes
e European o Lévy
e Barrier o Affine
e |Lookback e Markov
e American (Stoch. vol.)

solve PIDE —

pricing hedging calibration
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PIDE « options in Lévy models: Starting point

N: = E((So el —K)* | F:) = V(t,L¢) Markov property.

t .
V(t, L) — V(s, Ls) = / (v +g V)(u, L,)du + martingale
S N ——

=martingale -0

—PIDE: V+GV =0.
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Option Pricing with PIDEs

PIDE « options in Lévy models: Starting point

PIDE: V4GV =0 V(T)=g¢g

Ly =0B; + ut Black-Scholes
= inf. generator G = 7+ + p

L = 0B; + ut + L™ Lévy model

. 2 .
= inf. generator G = $&; + & 4 giump

gjumng(X) — f (SO(X +y)—p(x) — (ey —1) h(y)gp’(x)) F(dy)
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Option Pricing with PIDEs

Feynman - Kac formula

Conclusion: If V € C'2 — V solves PIDE V +GV =0
Is assumption V € CH? good? Also for barrier options?

Aim: If V solves PIDE — V/(t,L;) = option price

Feynman-Kac representation aimed at

e Efficient numerical evaluation
=— wavelet Galerkin methods

e Tractability for Lévy models.



Galerkin Method

Hilbert space approach

Gelfand triplet V — H — V* and A : V — V* linear with bilinear
form

a(u,v) = (Au)(v) = (Au,vV)v-xv.

Continuity a(u,v) < Glullv|vllv (u,v € V),

Garding inequality a(u,u) > G|lul]3, — Gllul|?, (ueV)

with (3, G > 0 and G3 > 0.



Galerkin Method

Hilbert space approach
Continuity and Garding inequality =

Theorem
For f € L? (O, T; V*) and g € H,

6tU+AU = f
u(0) = g,

has a unique solution u € W1.

ue Wh e uel?0,T;V) with i € >(0, T; V*)



Galerkin Method

Variational formulation — Approximation scheme

Variational form  for all p € C§°(0, T) and all v € V:

—/0 (u(t),v)ngl(t)dt—i—/O a(u(t), v)p(t)dt
:/O (F(£). V)v- v (2) dt

Finite Element Approximation: VN ¢ VN*1 ¢ | .V finite dimen-
sional with U,en VN dense in V

= system of linear ODEs.
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Lévy models

Model S; = Spelt with Lévy process L:
e model the distribution of log-returns
o high flexibility

e tractability: pricing, calibration



The success of Lévy models

Lévy models

Model S; = Spelt with Lévy process L:
e model the distribution of log-returns
o high flexibility

e tractability: pricing, calibration

Lévy-Khintchine formula E ettt = gtriliv)
k(iu) = —%u2 + ibu + / (e —1 — iuh(y)) F(dy)

e Tractability of Lévy models: via Fourier transform



PIDE and Fourier method

Hence: Why PIDE instead of Fourier methods?




PIDE and Fourier method

Pricing options with Fourier methods

European options = convolution formula,
Raible (2000), Carr and Madan (1999)




PIDE and Fourier method

Pricing options with Fourier methods

European options = convolution formula,
Raible (2000), Carr and Madan (1999)

Barrier options =—> Wiener-Hopf factorization,
Levendorski et al., Eberlein et al.

American options = Wiener-Hopf factorization,
Levendorski et al.



Option Pricing with PIDEs

PIDEs for option pricing: a "universal approach”

Types of options Modeling processes
e European o Lévy
o Barrier o Affine
e |ookback e Markov
e American (Stoch. vol.)

PIDE < Fourier Method

pricing hedging calibration



PIDE and Fourier method

Hence: Why PIDE instead of Fourier methods?

We combine PDE and Fourier method



PIDE and Fourier method

We study PIDEs in the light of Fourier transform

Fourier transform of A u:

A Pseudo Diff. Op . F(Au) = AF(u)

Symbol A(¢) = %§2+ib£— / (e7™ —1—i¢h(y)) F(dy)
= —r(—i§)
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PIDE and Fourier method

Sobolev index

Bilinear form via Symbol for u,v € (§°

a(u,v) = /(Au)v = %/Aﬁ? (Parseval)

Sobolev-Index of Ais a > 0, if

Continuity condition  |A(¢)| < G (1 + [¢])*

Garding condition R(A)) > G(1+ |§|)a - G(1+ |§|)6

for £ e Rwith (3, G >0and (3>0,0< 6 < a.



PIDE and Fourier method

Sobolev index and Sobolev spaces

=—> Continuity and Garding-inequality are satisfied in a
Sobolev-Slobodeckii space H/2.

Sobolev-Slobodeckii spaces H*® := {u € L2 | |ullps < oo}
with norm

Julfy = [ o) (1 +1€P)* e



PIDE and Fourier method

Sobolev index and parabolic PIDEs
Gelfand triplet H® — L% — (H®)* = H™*.

Let A PDO with Symbol A with Sobolev index « .

Theorem
Lets =a/2. Forf € L?((0,T);H™*) and g € L?
oru+Au = f
u(0) =g,

3! solution u € W i.e. u € L2(0,t; H®) with i € L?(0,t; H=).



PIDE and Fourier method

Stochastic representation

If Ais the symbol of a Lévy-Process L with with Sobolev index
o

— the solution v € W1 (07 T; H*/?, L2) of has the stochastic
representation

u(T—t,L;) = E(g(LT) — [TF(T =5, L) ds‘ ]—"t>



PIDE and Fourier method

Sobolev index for Lévy processes

Distribution

Sobolev index o

Brownian motion (+ drift)
GH, NIG

CGMY, no drift

CGMY, with drift, Y > 1
CGMY, with drift, Y < 1
Variance Gamma

2
1
Y
Y

Sobolev index o < 2 = Blumenthal-Getoor index = « .

For option pricing: drift condition = Require o > 1.



Feynman-Kac formula

PIDE for option pricing: weighted spaces
Usual options: g ¢ L?> = Exponential weight
g, (x) = e g(x) € L?

Weighted L* 12 := {u | u, € L}

Weighting function u — u, < & — 0(- — in)

Weighted Sobolev-Slobodeckii spaces Hy analogue to H®.



Feynman-Kac formula

PIDE for option pricing: weighted spaces

Analytic continuation of the Lévy symbol A
to the complex strip U_,, := R — isgn(n)[0, |n])

(Al) Exponential moments f| ™ F(dx) < oo.

x|>1 e
(A2) Continuity |A(z)| < Gi(1+|2])".

(A3) Garding R(A(2)) > G(1+2))* = G(1+12])” .

For all z € U_,, with constants C;, (3 >0, (3 >0
and 0 < g <«

= 3! solution of parabolic equation and stoch. representation.
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Feynman-Kac formula for boundary value pb

Boundary value problem

ou+Au=1f onopenset DC R, D #R
u0) = g

Aim: Stoch. representation of solution u.




Feynman-Kac formula

Feynman-Kac formula for boundary value pb

Boundary value problem

ou+Au=1f onopenset DC R, D #R
u0) = g

Aim: Stoch. representation of solution u.

Precise formulation: HS/?(D) = {ue HYA(R) | u

De = 0}
Find u € W(0, T; Hy/*(D), [2(D)) with

oru+Au = f
u(0) = g



PIDE for barrier options

PIDEs for barrier options
Barrier option: payoff g(LT)]l{TB> T}

Fair price My = E(g(L7) e Lror 5] Fe) Liraryy

U(T—t,Lt)

Theorem
Let (A1)~(A3) with > 1 andn € R and g € L;(D). Let g

be bounded or [\ 1 e?*1l F(dx) < oo. Then u is the
unique solution of

oru+Au+ru=20
u(0) =g

in W1 (0, T; Hy/*(D); L2(D)).



PIDE for barrier options

Digital barrier option

Payoff 1{LT<B}]]‘{TB<T} — g(x) = ]l(—oo,B)(X) :

solution of PIDE in the weighted space (n > 0)

u= u'e8 ¢ wl(o, T; ITI,?‘/z(—oo, B); L3(—0, B)).



PIDE for barrier options

PIDE for digital barrier options: numerical result

option price

0 1000
current stock price

Figure: Price of digital barrier option maturity (1/2)K, k=0,...9
in a CGMY model.



PIDE for lookback options

Distribution function of the supremum

Formula FLT of the supremum Ly = SUPo<¢<T L ie.

FLr(x) = P(LT < x) = u¥89(T, —x) .

T +
The fair price  Vo(So) = e~ E( sup St—K)
0<t<T



PIDE for lookback options

Distribution function of the supremum

Formula FLT of the supremum Ly = SUPo<¢<T L ie.

FLr(x) = P(LT < x) = u¥89(T, —x) .

T +
The fair price  Vo(So) = e~ E( sup St—K)
0<t<T

Vo(So) =5 e T (/koo (1 — udigi’O(T, —X) )eX dx + (1 — K/So)+> .

—log(So)



PIDE and lookback option

Numerical result
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Figure: W(Sp) = E maxo<:<7 St — K, maturity 1 year, strike 1300.



