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(Suppose a market is given in which an agent is investing and/or consuming)

Classical approach: specify agent’s preferences (utility) and deduce
her optimal behaviour

Inverse approach: given agent’s choices infer her preferences

are the choices compatible with classical utility maximisation?

do they specify utility uniquely? is it easy to read off agent’s
characteristics from her actions?

given agent’s consumption, can we infer (the unique) investment
strategy?

etc

The inverse problem seems much more natural in fact!
One starts with observables and infers the unobservable.
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(Some) Important references

Stream of literature on revealed preferences including
• Samuelson (1948), Dybvig (1983) (discrete time)

Houthakker (1950), Richter (1966), Green, Lau and Polemarchakis
(1978)

• Wang (1993), Dybvig and Rogers (1997) (continuous time)

Black (1968) considers utility from consumption and terminal wealth
and shows that c∗ and π∗ have to satisfy a PDE.
He and Huang (1994) formalised and generalised this and provided a
complete solution to the ”inverse Merton problem”

Jan Ob lój (University of Oxford) Inferring preferences Toronto June 2010 3 / 23



(Some) Important references

Stream of literature on revealed preferences including
• Samuelson (1948), Dybvig (1983) (discrete time)

Houthakker (1950), Richter (1966), Green, Lau and Polemarchakis
(1978)

• Wang (1993), Dybvig and Rogers (1997) (continuous time)

Black (1968) considers utility from consumption and terminal wealth
and shows that c∗ and π∗ have to satisfy a PDE.
He and Huang (1994) formalised and generalised this and provided a
complete solution to the ”inverse Merton problem”
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Deterministic setup

Consider first a continuous time deterministic setup. Agent has initial
wealth x which she consumes over time at a rate c∗(t,w), where
w = w∗(t, x) is her remaining wealth at time t. Agent’s wealth thus
evolves as

d
dt

w∗(t, x) = −c∗(t,w∗(t, x)), w∗0 (x) = x . (1)

Inverse approach: when is c∗(t,w∗(t, x)) optimal for:

v(x) = sup
ct≥0,R∞

0 ctdt≤x

∫ ∞
0

u(t, ct) dt, (2)

and what can we infer about the function u?
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Agent has initial wealth x which she consumes over time at a rate
c∗(t,w), where w = w∗(t, x) is her remaining wealth at time t. Agent’s
wealth thus evolves as

d
dt

w∗(t, x) = −c∗(t,w∗(t, x)), w∗0 (x) = x . (3)

Theorem

Suppose c∗(t, 0) ≡ 0, c∗(t,w) is continuous and strictly increasing in w,∫∞
0 c∗(t,w∗(t, x)) = x and ∂

∂x c∗(t,w∗(t, x)) exists and is > 0.

Then there exists a function u(t, c) such that u′(t, c) ≥ 0 and
u′′(t, c) ≤ 0, for which the problem:

v(x) = sup
ct≥0:R∞

0 ct dt≤x

∫ ∞
0

u(t, ct) dt (4)

is solved by ct = c∗(t,w∗(t, x)) for each x ≥ 0.
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Utility specification

Let D(x) > 0 be a function satisfying
∫∞
x D(z)dz <∞, x > 0. Then we

can define the utility u by:

uc(t, c) =

∫ ∞
y(t,c)

D(z)dz ,

where y = c∗(w∗(·))−1 i.e. y
(
t, c∗(t,w∗(t, x))

)
= x .

In the problem we have no information about agent’s comparison of
different initial levels of wealth. This is encoded in the function D, which
we are free to specify.

Risk attitudes are unspecified and two agents with the same consumption
paths could have very different preferences.
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Risk aversion

Define the absolute risk aversion by

γ(t, c) = − uc(t, c)

ucc(t, c)
.

Proposition

An agent has DARA iff γ(t, ·) is decreasing, if and only if

D ′(x)

D(x)
+

D(x)∫∞
x D(y) dy

≤ inf
t≥0

∂2

∂x2 c∗t (w∗t (x))
∂
∂x c∗t (w∗t (x))

, x > 0.

while the agent has IARA if and only if:

D ′(x)

D(x)
+

D(x)∫∞
x D(y) dy

≥ sup
t≥0

∂2

∂x2 c∗t (w∗t (x))
∂
∂x c∗t (w∗t (x))

, x > 0.
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Examples

We have explicit time-homogenous and time in-homogenous examples of
optimal consumption paths and both DARA and IARA utilities which
generate them.
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Wealth (solid) w∗(t, x) = 1
t
W (tx) for x = 10, 20, 50, 100, corresponding to c∗(t,w) = w2

1+tw
.

Wealth (x—x) w∗(t, x) = x exp(−0.5t) for x = 100, corresponding to c∗(t,w) = 0.5w .
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Jan Ob lój (University of Oxford) Inferring preferences Toronto June 2010 10 / 23



One-period setting

Consider a simple one-period setting. There is a unique investment
opportunity which at time 1 yields Y = ±1, P(Y = 1) = p ∈ ( 1

2 , 1).
An agent, with initial capital x , decides on

c – the initial consumption

π – the investment.

Her total expected utility is given by

E[u0(c) + u1(c1)], where c1 = x − c + πY .

Classical approach: given u0, u1 increasing and concave, −∞ on R−, we
look for c∗, π∗ which maximise the expected utility.

Inverse approach: given c , π do there exist u0, u1 for which c , π are the
optimal ones?
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One-period setting: findings

Q1: Given c , π do there exist u0, u1 for which c, π solve

max
c ′,π′

E[u0(c ′) + u1(c ′1)], with c ′1 = x − c ′ + π′Y ?

A1 : Given c(x), π(x), x ≥ 0, for one fixed p = P(Y = 1) there is an
infinity of compatible pairs (u0, u1).

A2 : Given c(x), π(x), x ≥ 0, for two different values of P(Y = 1) a
compatible pair (u0, u1) exists (and is typically unique) only under
consistency conditions on agent’s actions.

Note that there are many more ways we can twist the question and obtain
answers in a similar fashion. E.g.

Q2 : Given c(x , p) can we deduce unique π(x , p) which is rational?

Q3 : Consider multi-period model. Given today’s choices can we deduce
(unique) rational future choice?
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Continuous time stochastic setting

Consider now a Black-Scholes market driven by a geometric Brownian
motion

dSt = σSt(dBt + θdt) + rStdt

An agent choses her consumption ct and investment πt . Her wealth
evolves as

dWt = rWtdt − ctdt + πtσ(dBt + θdt), W0 = x .

Classical approach: given utility function u, find c∗, π∗ which solve

sup
(ct ,πt)∈Au

E
[∫ ∞

0
u(t, ct)dt

]
,

where Au = {(ct , πt) : Wt ≥ 0,E
∫∞

0 u(t, ct)+dt <∞}.
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An agent choses her consumption ct and investment πt . Her wealth
evolves as

dWt = rWtdt − ctdt + πtσ(dBt + θdt), W0 = x .

Inverse approach: given agent’s choice of actions c∗(t,w), π∗(t,w), as
function of time and her wealth, decide if they solve

sup
(ct ,πt)∈Au

E
[∫ ∞

0
u(t, ct)dt

]
(UMP∞)

and for what u?

Jan Ob lój (University of Oxford) Inferring preferences Toronto June 2010 14 / 23



Results of Black (1968) and He and Huang (1994)

They consider finite horizon problem

sup
(ct ,πt)∈Au

E
[∫ T

0
u1(t, ct)dt + u2(WT )

]
(UMPT ).

Under fairly strong regularity and growth assumptions on c∗ and π∗ they
show that c∗, π∗ solve (UMPT ) if and only if

they satisfy some consistency and state-independency conditions

they solve Black’s (1968) PDE

π∗t +
σ2

2
π2πww + (rw − c∗)π∗w + π∗c∗w − rπ∗ = 0,

where π∗t = ∂
∂t
π∗ and π∗w = ∂

∂w
π∗.
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Let ξt be the state price density, dξt = ξt(−θdBt − rdt). Let

A(t) =

„
θ2

2
− r

«
t − θ

Z t

0
G(s)ds, G(t) =

Z w

1

π∗t (t,m)

π∗(t,m)2
dm +

σ2

2
π∗w (t,w) +

c∗(t,w)

π∗(t,w)
− r

w

π∗(t,w)
,

F (t,w) = eA(t) exp

„
−θ
Z w

1

dm

π∗(t,m)

«
and y(t, c∗(t,w)) = w .

Under mild regularity and integrability assumptions on c∗, π∗ we have

Theorem

Fix x > 0. Suppose c∗, π∗ satisfy Black’s (1968) PDE,

W c∗,π∗

t ≥ 0 and E
[∫ ∞

0
ξtc∗(t,W c∗,π∗

t )dt

]
= x .

Then (c∗, π∗) ∈ Au are optimal for (UMP∞) with uc(t, c) := F (t, y(t, c)).
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We deduce that:

c∗, π∗ have to satisfy a PDE and then u is given uniquely (up to a
function of time).

If we assume that π∗(t,w) = π∗(w) then

c∗(t,w) = rw − σ2

2
π∗(w)π∗w (w) + η(t)π∗(w),

for some η(t).

Given π∗(w) implies a unique (up to a constant η) rational choice of
c∗(t,w) = c∗(w) (and vice-versa).

More generally, given c∗(t,w), π∗(0,w) and information about
discounting implies a unique rational choice of π∗(t,w).
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Time-homogenous actions
Assume that π∗ and c∗ are function of wealth only.

If π∗(w) = φw then c∗(w) = ψw and we get power utility.

If π∗(w) = φwα for α > 0 then in fact α = 1.
More generally, any investment and consumption strategies coming
from an (UMP∞) must be linear in wealth for w → 0 and w →∞.

Agent has DARA if and only if

π∗w (w)

π∗(w)
≥ −c∗ww (w)

c∗w (w)
, w > 0.

We can construct non-linear examples:

π∗(w) =φw + κ(
√

w + 1− 1)

c∗(w) =(r + ηφ−
σ2φ2

2
)w + (

√
w + 1− 1)(κη −

σ2φκ

2
)

−
σ2

2

„
φκ

2

w
√

w + 1
+
κ2

2

√
w + 1− 1
√

w + 1

«
.

(5)
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Here c∗w (0) = 0.05, achieves its maximum of around 2.29 for w ≈ 2.2 and c∗w (w) then decreases
to the limiting value c∗w (∞) = 0.0875.

Preferences have DARA.
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Consider π∗(w) = φw + κ
(
(w + 1)1/4 − 1

)
.
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for: r = 0.05, θ = 0.5, η = 0.2, φ = 0.04, σ = 0.25 and κ = 6.

Here preferences do not have DARA.
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Beyond Black’s PDE

What about agent’s strategies which do not satisfy Black’s PDE?

We show they can be seen as solutions to a more general problem of

sup
πt ,ct

E
[∫ ∞

0
(u(t, ct) + U(t,Wt)) dt

]
.

Functions u,U are essentially determined up to a specification of discount
factor A(t).
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Conclusions and questions

We propose to take agent’s actions as input and deduce her
preferences and/or their important properties. We are interested in
when this can be done and whether the preferences are given uniquely

In a deterministic setup agents with very different preferences can
have the same consumption paths

In a one-period setting both situations (under- and over-
specification) are possible

In a BS market strategies have to satisfy a PDE. Time-homogenous
strategies solved explicitly. They have to be linear in wealth for
w → 0 or w →∞.

More general strategies can be mapped to a more general problem.

Further analysis of discrete time setup?

Further examples? Best set of assumptions for BS market?

Incomplete markets? Case study suggests a picture BS-like.
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Thank You!
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