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Basic Problem

e Utility maximization: given utility function U(-), consider

max E [/OT Us(ce) dt + Ur(Xr(m, )

over trading and consumption strategies (7, c).

@ Aim of our study: describe optimal trading and consumption
for the (random) power utility

Ui(x) := Dt%x”, p € (—o0,0)U(0,1),

with D > 0 cadlag adapted and E[fOT Ds ds + D] < oc.
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Utility Maximization Problem
@ d risky assets: semimartingale R of stock returns, Ry = 0
e spot prices S = (£(RY),...,E(RY))
@ given initial capital xg > 0,

-
u(xp) := sup E[/ Ue(ce) dt + Ur(er) |, Ue(x) = Dt%xp
(m,c)eA 0 -

Ue(ce) po(dt), with pe:=de+6,1y

@ assume u(xp) < 00
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Utility Maximization Problem

o d risky assets: semimartingale R of stock returns, Ry = 0
e spot prices S = (E(RY),...,E(RY))
@ given initial capital xo > 0,
T
u(xp) :== sup E[/ Ue(cr) dt + UT(CTZ , Ue(x) = Dt%xp
(m,c)eA 0

Ue(ce) po(dt), with pe:=de+6,1y

assume u(xp) < 00
7 € L(R) trading strategy, ¢ > 0 optional consumption
Wealth: X (7, c) = xo + [y Xs—(m, ¢)ms dRs — [, cs ds
Constraints: for each (w, t), consider a set 0 € %;(w) C RY
Admissibility: (7, c) € A if

» X(m,¢c)>0, X_(m,¢c)>0

» T (w) € G (w) for all (w, t)
> cr = Xy(m,c).

Marcel Nutz (ETH) Bellman Equation for Power Utility 4 /13



Outline

© Dynamic Programming

Marcel Nutz (ETH) Bellman Equation for Power Utility



Dynamic Programming

For (m,c) € A, let A(m,c,t) = {(7,&) € A: (&,7) = (c,m) on [0,]}.

Value process:

Ji(m,c) ;= esssup E[/OT Us (&) MO(dS)‘]_—t}

(7,&)eA(m,c,t)
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Dynamic Programming

For (m,c) € A, let A(m,c,t):={(7, &) € A: (&%) = (c,m)on [0,¢]}.
Value process:

Ji(m,c) ;= esssup E[/OT Us(&s) MO(dS)‘]_—t}

(7,&)eA(m,c,t)

Proposition (Martingale Optimality Principle)
Let (m,c) € A satisfy E[fOT Us(cs) p°(ds)] > —oo. Then
e J(m,c) is a supermartingale

e J(m,c) is a martingale if and only if (7, c) is optimal.

— Starting point for local description.
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Proposition (Opportunity Process)

e There exists a unique cadlag process L such that for any (7, c) € A,

-
L, l(Xt(Tr, C))p =  esssup E[/ Us (&) Mo(ds)‘ft]
P (#2)eA(met) Jt

o | is special: L = Lg+ AL + ML

Interpretation: 1L, is the maximal amount of conditional expected utility
that can be accumulated on [t, T] from 13.

In particular: L+ = pUr(1) = Dr.
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Local Data |

Differential semimartingale characteristics wrt. a fixed increasing
process A:

o characteristics (b®, cR, FR) of R wrt. cut-off h(x).
o characteristics (b, ct, FL) of L wrt. identity.

o (bRL cRL FRLY joint characteristics wrt. (h(x),x’),
(x,x") € RY x R,

Express consumption as fraction of wealth:

o Propensity to consume k := X(fr 3k

o Wealth is a stochastic exponential: X(m, k) = xo€(m* R — Kk * t).
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Local Data Il

Budget constraint: Based on £(Y) >0 & AY > —1:

X(m, k) >0 < we(g"::{yeRd: FR[xeRd:yTx<—1]:0},
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Local Data Il

Budget constraint: Based on £(Y) >0 & AY > —1:

X(m, k) >0 < we(go::{yeRd: FR[XERd:yTx<—1]:O},

Additional constraints: A set-valued process % in RY, 0 € €,

(C1) ¥ is predictable,
i.e., {¢€ NF # 0} is predictable for all F C R? closed.

(C2) € is closed and convex.
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Bellman Equation

Assume: u(xg) < oo, 3 optimal strategy, constraints satisfy (C1)-(C2).

Theorem

e Drift rate bl satisfies —p~1bl = max f(k) % + max .
2 ke[0,00) ( )dA ye‘gﬂ‘fog(y)

e Optimal propensity to consume: # = (D/L)Y/(1=P).

o Optimal trading strategy: 7t € argmaxynyo §-

f(k):=U(k)—kL_,

RL 1
g)=LoyT (bF e S B r )y [y oy Thx) FRA(d(xx')

+ [ s (L—+x){p~ 2 (1y T x)P—p 2=y Th(x)} FRL(d(x,x')).
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Bellman BSDE
Orthogonal decomposition of Mt wrt. R:
L=1Lg+ A+ ot e RE+ Whs (uf — Ry + N
ot e L} _(R9), Wh € G, (uR), N* local martingale such that ((N%)¢, R°) = 0 and M:R(ANL\ﬁ) =o0.
Corollary

L satisfies the BSDE
L=1Lo—pU*(L_)st—pmax g+ A+ore RS+ Whs(uf —vf)+ Nt
SARA
with terminal condition L+ = D1, where

g0 =Ly T (bR +cR (E= L5 )) ) 4 [ (AL WL ()~ TL)y T h(x) FR(dx)

+ Jra (L-+AAL W)= W) {p =2 14y Tx)P —p~2 =y T h(x)} FR(d).
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Minimality

Theorem (Conditions of main theorem) J

L is the minimal solution of the Bellman equation.
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Minimality

Theorem (Conditions of main theorem)

L is the minimal solution of the Bellman equation.

For any special semimartingale ¢, 3! orthogonal decomposition

0=l + A"+ b e R+ Whs (i — Ry + NE

Definition

A solution of the Bellman BSDE is a cadlag special semimartingale ¢,
e /,{_>0,
o 3¢ NE%*-valued % € L(R) such that g(#) = supyrgo g° < o0,
o ¢ (and o, W' N, ...) satisfy the BSDE.

With % = (D/£)Y/(*=P), call (%, %) the strategy associated with .

o lf R=M+ [ d(M) X with M cont. local martingale, then i exists.
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Verification

Theorem
Let ¢ be a solution of the Bellman equation with associated strategy (7, k).
Assume that € is convex and let
r=¢XP+ / KslsXPds, X := X(%,F).
Then

o [ is a local martingale,

o [ martingale <= u(xo) < oo and (%, k) is optimal and { = L.
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Kardaras (MF09)
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