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Processes of class (X) were introduced in

M. Yor (1979).
Les inégalités de sous-martingales comme conséguence

de la relation de domination. Stochastics 3(1).



Let (2, F, (Ft)¢>0,P) be a filtered probability space
Definition

We say (X;) is a process of class (X)) if X; = N;+ Ay,
where

(1) (Ny) is a cadlag local martingale

(2) A; is a continuous adapted finite variation

process starting at O

(3) J§1ix,5201dAu =0 for all t >0

We say (X;) is of class (D) if it is of class (23) and
of class (D).

L :=sup{t: X; =0} with the convention sup( = 0.
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Examples

(1) Every cadlag local martingale (M;) is class (X)

(2) If (M) is a continuous local martingale, then
| My| = | Mol + g sign(Mu)dMu + It,
Mt = Mg+ J§1gp,501dMu + 31¢ and
My = Mg + Jo 1 (as,<0pdMu + 5
are of class (X).

(3) If (M;) is a local martingale such that

M; :=sup M, is continuous, then
u<t

M — My = (Mo — M) + (M — Mp)

is of class (X).



Lemma

Let (X;) be of class (D). Then (IN;) is a uniformly
integrable martingale and (A;) of totally integrable
variation. In particular,

almost surely and in L1.

Proof

X;t and X; are submartingales of class (D), and the
lemma follows from the Doob-Meyer Theorem. O



Lemma

Let (X;) beofclass (X) and f : R — R differentiable.
Then

f(A:) X is of class () with decomposition

FADX = f(O)Xo+ | ' F(Aw)dNe + F(AD,
where

P(z) = [ f(y)dy.

In particular, if f(A:)X; is of class (D), then

FADX,~ F(A) = fO)Xo+ [ " F(Aw)dN,
= E [f(Aoo)Xoo — F(Aoo) | ]:t]

Proof

fI(AD)XdAr + f(A)dN: + fF(Ar)dA;
= f(A)dN; 4+ f(A)dA;.

d(f(A:)X¢)

t t
/o LA Xuz0} 08 (Au) = /o L{r(aw)xuz0yf (Au)dAu = 0.
O



The transformation

Xt — f(A) Xy
IS inspired by the Azéma—Yor solution of the

Skorokhod embedding problem.

See also Carraro—El Karoui—Obloj (2009)



Theorem
Let (X;) be of class (D). Then

X, =E {XOO1{L§} | ft} . t>0.
Proof

_ ) Xeo fL<t]| _
th{Lét}—{o ifL>t}_th’

where

dy = inf{u>t: X, =0}, inf()l=o0.

E [Xool{Lgt} ‘ .Ft] =E [th | ft}
= E[th-l-Adt\]:t] = Ng+ A = Xy



Corollary (Madan—Roynette—Yor, 2008)

Let (M;) be a non-negative local martingale with no
negative jumps. Let K € Ry and

g" =sup{t: M; > K}
Then
(K- M)t =E [(K ~ M) 1oy | il
In particular, if My — 0 a.s., then

E (K — M)T| = KP[g" <1]



Corollary

Let (M;) be a non-negative local martingale with

no positive jumps such that M; — 0 a.s. Define

Tmax:SUp{tZO : Mt:Moo}
Then

P[Tinax < ] = E [1 - %’j — € [log (V)] — E [Mp].

Proof

M M;— M
X;=1-— TP g of class (X)
M, M,

with L = Tmax.
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T heorem

Let (X;) be a non-negative process of class (X) and
f Ry — R4 differentiable such that f(A;)X; is of
class (D) and f(A;)X; — 1 a.s. Denote

P(z) = [ f(y)dy

Then for all bounded Borel functions h: R — R and
every stopping time 7T,

E [h(Ax) | Fr]
= h(0)f(0)Xo + h*'(0)(1 — £(0)Xp)
T
+ [ (h = b7 (A F(Au)dN,
= h(Ap)f(AP) X1 + R (Ap)(1 — f(AP)X7),
where
W' (2) = ef'(®) /OO h(y)e_F(y)dF(y), x > 0.
In particular, the conditional law of A~ iS given by

— 1{AT>5’3} + 1{AT§5’3}(1 — f(AT)XT)eF(AT)_F(w)-



Let (Y;) be a diffusion of the form
dYy = u(Yp)dt + o(Yy)dBy, Yo = yo.
Consider a function X : [yg,o0) — R and define
T\ = inf{t >0:Y; = A(?t)}
Set

_ A " py) T )
fy(x)—Q/yOJQ(y>dy and s(ac)—/yoe Y dy.

Then M; = s(Y;) is a local martingale

Corollary (Lehocky, 1977)

/a: e~ YY) dy

PlYpr, >z] =exp | —
[ T ] ( Yo f)?{(y) e—7(2)dz

) for x > yo,
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Let (M;) be a continuous local martingale starting
at m e Ry. Let \:[m,00) = R such that A(z) < z.

Define
. _— My — M,
Ty = infl{t: My = XM inf =1
A\ { ¢ ( t)} { M, — AV }
and
Ay = [
r) = Yy
0 y— A(y)
T heorem

For each Borel function A : R — R and stopping time
T < Ty,

E [h(Mr,) | Fr]

NM.D) —
_ h(MTxMT MT>+hA(MT><MT AMr))
M7 — N(Mr)
where

W\(z) = eN@) /OO h(y)e_/\(y)d/\(y), x > m.
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Special Cases

Drawdown: DD; = M; — M;

M;—M;
t

Relative Drawdown: rDD; =

Consider triggers of the form:

1. Stop-loss trigger T. = inf {t : My = ¢}, ¢ < Mg
2. Drawdown trigger T. = inf{t: DDy = ¢}, ¢ > 0O

3. Relative drawdown trigger T,. = inf {t : rDD; = c},
c>0
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Stop-loss trigger

T. = inf{t: M; = ¢} for some ¢ < My.

E [h(Mr,) | Fent,)

My

A tATe WN(My) — h(My,)
= W)+ [, My—c

h(Myp1.) DDipg. + BN(Mypr,) (Myp, — )
My, — ¢

Y

where

@)= (a—e) [y

z (y—c)? 7
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Drawdown trigger

Te. = inf{t: DDy = ¢} for some ¢ > 0.

E (h(M7,) | Finr]

Te - o
= W)+ [N — W) M,
c JO
o DD _ DD
= (V) =T (M) (1= 20T ).

for

WM\z) = lem/c /OO h(y)e ¥/ ¢dy.

C X
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Relative drawdown trigger

T. = inf{t:rDDy; = c} for some ¢ < Mj.

E [h(HTC) | ]:tATC]

My

_ N tnIe h/\ (Mu) — h(Mu)
= WMm) + /O fve d

_ TDDt T — rDD Te
= (W) =T N My (1= AT,

C
where

1 00
W) = Zat/e [T niyy A ey,
C

T
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compare to the ...
Russian options of Shepp and Shiryaev (1993)
crash options of Vecer (2007)

drawdown—drawup options
of Carr—Hadjiliadis—Zhang (2010)
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