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A new theory of inter-temporal equilibrium for security
markets in a continuous time setting with Brownian
Filtrations for complete and incomplete markets is
developed. A simple characterization of equilibrium when
agents maximize a state dependent utility functional, as
proposed in J.A. Londono (2009) State Dependent Utility, J.
Appl. Prob. 46(1): 55-70, is given. It is shown that any
equilibrium market is consistent with non-arbitrage. Some
simple examples that include economies when securities
pay no dividends or when there are no income for agents
are presented. The theoretical framework used is a
generalization of markets when the processes are
Brownian Flows on Manifolds.
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# Lack of agreement with empirical data for the standard
model of Optimal Consumption and Investment “Equity

Premium Puzzle”, “risk-free rate puzzle” and
“risk-aversion puzzle”.
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# Lack of agreement with empirical data for the standard
model of Optimal Consumption and Investment “Equity

Premium Puzzle”, “risk-free rate puzzle” and
“risk-aversion puzzle”.

# State independent utilities are not appropriate for
modeling the behavior of human beings.
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# Lack of agreement with empirical data for the standard
model of Optimal Consumption and Investment “Equity

Premium Puzzle”, “risk-free rate puzzle” and
“risk-aversion puzzle”.

# State independent utilities are not appropriate for
modeling the behavior of human beings.

# Existence of Inter-temporal equilibrium is troublesome.
Very restrictive conditions. Most assume a priori
complete markets. It is impossible to determine from
primitives whether markets are complete.
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# In case of complete markets very restrictive conditions
are imposed towards finding characterization of market
completeness for inter-temporal equilibrium models. (For
iInstance evolution of relevant variables to be
deterministic functions of the underlying Brownian
motion)
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f.o In case of complete markets very restrictive conditions T
are imposed towards finding characterization of market
completeness for inter-temporal equilibrium models. (For
Instance evolution of relevant variables to be

deterministic functions of the underlying Brownian
motion)
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# In case of iIncomplete markets essentially nothing is
known. For instance some authors assume constant
endowment process, etc.
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Most computations are performed assuming some type
of Markovian hypothesis. Characterization of degenerate
diffusions through infinitesimal generators is a difficult
problem. Brownian flows are characterized by
Infinitesimal mean and infinitesimal covariances.
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# Most computations are performed assuming some type
of Markovian hypothesis. Characterization of degenerate
diffusions through infinitesimal generators is a difficult
problem. Brownian flows are characterized by
Infinitesimal mean and infinitesimal covariances.
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# Numerical representations for the structure of the
optimal portfolios and consumption processes based on
PDEs are difficult to evaluate
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# Most computations are performed assuming some type
of Markovian hypothesis. Characterization of degenerate
diffusions through infinitesimal generators is a difficult
problem. Brownian flows are characterized by
Infinitesimal mean and infinitesimal covariances.
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# Numerical representations for the structure of the
optimal portfolios and consumption processes based on
PDEs are difficult to evaluate

# Conditional expectation of semi-martingale processes
are in general non computable.
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f.o A characterization and general theory of arbitrage and T
valuation for consistent processes assuming continuous
coefficients and Brownian filtrations.(J.A. Londoino. A
more General Valuation and Arbitrage Theory for It
Processes. Stoch. Anal. Appl. 26, 809—-831, 2008)
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f.o A characterization and general theory of arbitrage and T
valuation for consistent processes assuming continuous
coefficients and Brownian filtrations.(J.A. Londoino. A
more General Valuation and Arbitrage Theory for It
Processes. Stoch. Anal. Appl. 26, 809—-831, 2008)

# A simple (algebraic) and most general theory of
arbitrage and valuation assuming continuous
coefficients, and Brownian filtrations. (State Tameness:
A New Approach for Credit Constrains, Elect. Comm.
Prob., 9, (2004), 1-13.)
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# We assume a d-dimensional Brownian Motion starting at
0 {W(t), F;0 <t < T} defined on a complete probability
space ({2, F,P).
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f.o We assume a d-dimensional Brownian Motion starting atT

0 {W(t), F;0 <t < T} defined on a complete probability
space ({2, F,P).

® Let (Fst) =1{Fst,0 < s <t <T} be the two parameter
filtration Fs; = o(W(u) — W(s) | s <u<t)VN.
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Some Definitions

We assume a d-dimensional Brownian Motion starting at
0 {W(t), F;0 <t < T} defined on a complete probability
space ({2, F,P).

Let (Fst) ={Fs+,0 < s <t < T} bethe two parameter
filtration Fs; = o(W(u) — W(s) | s <u<t)VN.

Let ¢(s,t,z) and (s, t,z) be C™°(D: R™) and

C™9(D: D)-semi-martingale with v (s, s, z) = « for all

r € D. We say that ¢ Is a y-consistent process If almost
everywhere o(s,t,x) = (s, t,9¥(s, ', x)). We say that the
Process o Is a consistent process if ¢ IS a p-consistent
process.

|

Jaime A. Londofio. Escuela de Estadistica. Universidad Nacional Medellin Colombia htto://ww. docent es. unal . edu. co/i al ondonol =bp 7/34



2= UNIVERSIDAD
44X NACIONAL
{% DE COLOMBIA

ey v U

Some Definitions

7

VIR

B

(e

f.o A Utility function U: (0, 00) — R is continuous, strictly T
Increasing, strictly concave and continuous
differentiable, with U’(c0) = lim, .o, U'(z) = 0 and
U'(0+) = limg o U'(z) = oo (We extend U by

U(0) = U(0T), and we keep the same notation to the
extension to [0, co0) of U).
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® A Utility function U: (0,00) — R is continuous, strictly
Increasing, strictly concave and continuous
differentiable, with U’(c0) = lim, .o, U'(z) = 0 and
U'(0+) = limg o U'(z) = oo (We extend U by
U(0) = U(0T), and we keep the same notation to the
extension to [0, co0) of U).

Some Definitions

#® We say a couple (Uy, Us) IS a state preference structure  If
Up:10,T] x (0,00) — R IS a continuous function where
Ui(t,-) for all t and Us: (0,00) — R are utility functions
We denote by I (t,z) = (0U(t,x)/0x)" !, and by
Iy(t, z) 2 (AUy(t, ) /)~ and X by

T
X(t,y) 312(y)+/t L(t,y)dt'.
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# \We assume a state preference structure (U7, Us) where
there exist constants «a;; and o such that

a(s,t)(z) = asgx, and ol (s, s)(x) = alr where
afs,t) = X(s,X71(t,-)) and ol (s,t) = I1(s, X 71(t,-)).
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# \We assume a state preference structure (U7, Us) where
there exist constants «a;; and o such that

a(s,t)(z) = asgx, and ol (s, s)(x) = alr where
als,t) = X(s, X~(t,-)) and ol (s,t) £ I1(s, X71(¢,-)).

#® Example 1 Assume h: [0,T] — (0,00), Ui(t,x) = x*h(t)
and Us(x) = cx® with o € (0,1) and ¢ > 0.

Some Definitions
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o Example 2. Ui(t,x) = h(t)log(x) and Us(x) = clog(x),

with ¢ > 0.
c+ [ n(t) dt ; h(t)
gt — : o =
c+ [T ht')dt "ot [Ty ar
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o Example 2. Ui(t,x) = h(t)log(x) and Us(x) = clog(x),
with ¢ > 0.

Some Definitions

c+ [ n(t) dt ; Mﬂ
Us t — 3 iy =
c+ [ () dtf C e [Ty dr

o Example 3. Ui(t,z) = h(t)u(x/h(t)) and UQ(:L’) = cu(x/c),
u(-) Is a utility function, h(-) is a positive continuous
function and ¢ > 0.

c+ [ ) d ; h(t)
@7 b = , o =
et [T nar " e [T h)dr
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The model

A financial market with terminal time  T" and initial time 0
M = (P,6,D,b,0,0,0,p, 0,7,p°,9") with feasible set of
values D consist of:
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A financial market with terminal time T and initial time 0

M = (P,6,D,b,0,0,0,p, 0,7,p°,9") with feasible set of
values D consist of:

State process A m-dimensional I1t0 process ©, for m > 1 of
two parameters with values in 0%+ (K: K)
K(s) cRy x R™ Y and K c Ry x R™~1 x [0,7T] is some
measurable set with a differential structure. For each
initial condition ¥ = (g, - -+, 9m—1)" € K(s):

A6,
Ot

= (r(t, Os) dt + [|0(t, Os1)||?) dt

+ > P ,0:)dW (1) O (9) =

L 1<j<d J
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@2775 = p'(t,Osy) dt + Z 0" (t, Os,t) AW (1)
1<j<d

Oss(V) = Viyi=1- ,m—1
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Price of shares outstanding We assume a n + m-dimensional
1t0 process (P, ©) of two parameters with values in

C*9*(D: D) where D is a measurable set with sections
D(s) C R x K(s) for each

(pla "ty Pn, 190, tU 7?9m—1)T — (pT7 Q9T)T < ID)(S)

P!, . - |
: = =P (ta PS,ta @s,t)dt =+ Z o’ (ta PS,ta @S,t) de (t)

8t 1<j<d
Pg’s(p,ﬁ) =pi,t=1,...,n
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The model

Non-state tame arbitrage opportunities: A Market price of risk
9T<t7 ﬁ) — (91(t7 ?9)7 tU 7(9d(t7 ﬁ))’ H(tv ?9) S kGI'J_(O'(t,p, ?9))’
is of class C*'* that satisfies,

b(t,p, %)+ 6(t,p,v) —r(t, )1, = o(t,p,I)0(t, )
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Non-state tame arbitrage opportunities: A Market price of risk
HT(tv ﬁ) — (91(t7 ?9)7 tU 79d(t7 ?9))’ H(tv ?9) S kGI'J_(O'(t,p, ?9))’
is of class C*'* that satisfies,

b(t,p, %)+ 6(t,p,v) —r(t, )1, = o(t,p,I)0(t, )

Bond price process

t
By = exp{/ r(u, Og ) du}.
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The model

State price density process IS the C(K: R, ) semi-martingale
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Wealth, Income and Portfolios

A portfolio evolution structure (g, ) with rate of consumption ¢,

and rate of endowment () with feasible set of values
X C [0,7T] x R**™ consist of:
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Wealth, Income and Portfolios

A portfolio evolution structure (g, ) with rate of consumption ¢,

and rate of endowment () with feasible set of values
X C [0,7T] x R**™ consist of:

® A wealth evolution structure (X, P, ©) with values in X and a

(X, P, ©)-consistent process of class CV*, (7Y, 7) defined
as
{(ﬂ-g,t(ajapa 19),7'('2’75<517,p, 19))7 (xapTaﬁT)T S X(S)a 0 S s <t< T}

with o + (m)1'1, = X.
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Wealth, Income and Portfolios

# A couple of non-negative C’* consistent (X, P, ©)
processes c = {c+(z,p,9), (x,p,v) € X(s)} and

Q = {Qs:(p, V), (p, ) € D(s)} with

T
E / Hs,t(ﬁ)cs.t(xapa Q9) at
S

T
+ E / Hsﬂf(ﬁ)QS’t(p, 19) dt| < oo
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Wealth, Income and Portfolios

t
B;tl (V) Xst(x,p, ) = a:—l—/ B;,}L(ﬁ) (Qsu(p, V) — csulz,p,9)) du
t
+ [ B0 .l D)ol 0) a0

n / B () (1), (@, s 0) (Baa (0, 9) + Gara (9, 0) — o, (9) L)

where bs,t = b(t, Ps,t; @s,t)a Ost = O'(t, Ps,ta @s,t)’ etc.
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Let L be the subsistence random field T

1 T
Ls,t(pa 19) — I t(ﬁ)E /t Hs,u(ﬁ)Qs,u(pa 19) du ‘ fs,t ;

where (X, @, c¢) Is a hedgeable (by a state tame portfolio)
cumulative consumption and endowment evolution

structure, with portfolio evolution structure (g, 7) and
feasible set of values X.
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Let L be the subsistence random field T

1 T
Ls,t(pa 19) — I t(ﬁ)E /t Hs,u(ﬁ)Qs,u(pa 19) du ‘ fs,t ;

where (X, @, c¢) Is a hedgeable (by a state tame portfolio)
cumulative consumption and endowment evolution

structure, with portfolio evolution structure (g, 7) and
feasible set of values X.

(7, c) is admissible for (L, Q), and (7, c) € A(L,Q): If for any
(z,p, 91T € X(s) with 2 > L 5(p,9)

Xst(z,p,¥) > Lg(p, V) for all ¢
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Wealth, Income and Portfolios

Smooth market condition ~ There exist a %+t matrix valued
function x defined on D with the property that

ol(t,p,0)k(t,p,9) = 0(t,9).
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Smooth market condition ~ There exist a %+t matrix valued
function x defined on D with the property that

ol(t,p,0)k(t,p,9) = 0(t,9).

Remember: Market price of risk
0(t,9) € ker(o(t, p,9)) = Im(aT(t,p,9)) there is always
existence of a measurable function . The condition is a
weak condition on the smoothness of this property.
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Consumption and Portfolio Optimization

fTheorem Assume a consumer with hedgeable income
structure @ (and hedging portfolio 7%,). Define

X ={(s,z,p",0")" |z > II(s,p,9), (p, V) € D(s)}.
Let £ be defined as

Es4(2,p,0) £ I1(t, Psy(p,9), Ost(p, V) +ous e Hy | (9) (=T (s, p, 9))
and let ¢ be defined as
CS,t(xapa Q9) = ((Oétl/as,t)Hs_,tl(ﬁ)(x o H(S,p, 19))

for any (x,p, ) € X(s) where II Is

-7 -
H(t,p, 19) o —E /t Ht,u(ﬁ)Qt,u(py 19) du

.

Is a C*%* and it is assumed smooth market condition.
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(m,c) € A(L, Q) that is

IS

th’s(ﬂﬁ o H(Svpa 29))
Hs,t

o
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optimal

Moreover, ms: + nst,
any (X,P,0) consistent

(&,¢,Q) I1s a hedgeable cumulative consumption and
endowment structure with values in X, with portfolio
for the problem of opti-
mal consumption and investment. An optimal portfolio

/{(ta PS,ta @S,t) — Wgt(_]](Sapa 19)7]?7 Q9)

IS an optimal portfolio for

ker oy (x, p, 7)) for (w,p, ) € X(s).

s,t

process 1, (x, p, V)

S

|
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Equilibrium
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-

Assume an economy £ consisting of a financial market T
M = (P,0,D,K,b,0,6,0,p,0,rp",9°) and m agents
characterized by hedgeable (by state tame portfolios) rates

of consumption and endowment evolution structures

(X7, 7, Q%) with feasible sets X7 and portfolio structures

(wg, w7, with current value of future endowments L’ for
defined by

—1

T
L7, (p,9) = E / Hy (D)) (p,9) du | Fy
s,t<p ) Hs,t(ﬁ) Ji ; ( ) : (p ) | b

o |
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Equilibrium

-

Assume an economy £ consisting of a financial market T
M = (P,0,D,K,b,0,6,0,p,0,rp",9°) and m agents
characterized by hedgeable (by state tame portfolios) rates

of consumption and endowment evolution structures

(X7, 7, Q%) with feasible sets X7 and portfolio structures

(wg, w7, with current value of future endowments L’ for
defined by

| 1 T |
Lg,t(pa 19) — H t(ﬁ)E /t HS,U(??) g,u(p7 19) du | fs,t

Assume a set X (with an appropriate differential structure)
that satisfies that for any

\_ (z1,22, -, Zm,p’,01) € X(s) then (z;,p,9) € X'(s) Vi J
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Equilibrium

-

We say that the economy Is at equilibrium with feasible set
of values X, if for any (z1, z2, -+ , o, p’, 91! € X(s):

o |
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Equilibrium

-

We say that the economy Is at equilibrium with feasible set
of values X, if for any (z1, z2, -+ , o, p’, 91! € X(s):

Martingale condition:

/ Hsu Z 'r] p7 g,u(pa ﬁ))du
7=1

IS a martingale.

o |
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Equilibrium

. N

learing of the money market:

m

Z(Xg,t(mjvpv v) — (Tg,t)T(mjvpv 9)1,) =0
j=1

forall s <t <T.

o |
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Equilibrium

2 | S
j’ x..é

e

learing of the money market:

m

Z(Xg,t(xjvpv 19) — (Tg,t)T(xjvpv 19)1%) =0
j=1

forall s <t <T.

Clearing of the commodity Market: Forall s <¢<T

m
E ,ux] p7

Jj=1

ZQ ‘I_Z(Sztpst(paﬁ)@ (19)) st(pvﬁ)
g=1

1=1

o |
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fClearing of the stock market: T
m . n .
Z W‘;’t(xj,p, J) = Z Psz,t(pa V)
j=1 i=1

o |
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Main Theorem

|7.9 The aggregate endowment process Z Qst(p, ) T

(Where Qs S(p7 ) — Qi(sapa 19)) Sat'Sfy

dQSE’t = QSE,WO (t, @S,t> dt + Qsz,t Z 7] (ta @s,t) de (t)

1<j<d

(s W) = gxn(s, ) Zqz s,p,9) (gx,etc. in C*0)

o |
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® The aggregate endowment process =) Qst(p, )
(where QS 5(]?, ¥) = qi(s,p, 1)) satlsfy

Main Theorem

dQy; = Q7 (1,0s0) dt + Q7 Y A/ (t,0s) AW (1)

1<j<d

(s V) = gx(s, V) Zqz s,p,9) (gx,etc. in C*0)

® The aggregate dividend process Dit = P§7t5i(t, Ps4,054)
satisfy

dD7,(9) = D31p°(1,0s0) dt + Y D70’ (t,Osy) dWY,
1<j<d

- Dy, = ds(s,9), (dy,, etc. in C%0T) -
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Main Theorem

-

9 The aggregate market price process
Px(0) = D 1<i<n Syt(p, ) only depends on the state

varlables, namely,

dP5(9) = PLbs(t,0ss)dt + > PLol(t,04) dW?
1<5<d

PZ = px(s, V) sz (ps:, etc. in C%T)

o |
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-

varlables namely,

dP5(9) = PLbs(t,0ss)dt + > PLol(t,04) dW?

PZ = px(s, ) =

® Assume the function

MTs(t,9) = —E

9 The aggregate market price process
Px(0) = D 1<i<n Syt(p, ) only depends on the state

1<5<d

sz (px, etc. in C*H)

- _
| i@z 0)du

~ aswellas each /I is in 0?7,

Jaime A. Londono. Escuela de Estadistica. Universidad Nacional. Medellin Colombia

’m",\

491 NACIONAL

|_24% DE COLOMBIA

htto://ww. docent es. unal . edu. co/i al ondonol -=non.



UNIVERSIDAD

"NACIONAL

(% DE COLOMBIA

B/

sy
£

VIR

Main Theorem

=

(e

B

-

Theorem Let £ be an economy consisting of a free of
(state) arbitrage opportunities smooth market M,
(P,O,D,b,0,6,0,p, 0,7, p°,9") with feasible set of values D,
and m agents with identical preference structure (Uy, Us)
and hedgeable endowment processes @)’ and current value

of future endowments L’. Assume rate of consumption and
endowment evolution structure (X}, cj, );) with portfolio

((7)?,c?) € A(L?,Q7) given by the previous theorem. Define
X ={(s, 21,22, ,am, 0", 0" | (25,07, 9")" € X (s)

for j=1,---,m, and Z:z:j = px(s,9)}
J

o |
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Main Theorem

B

fAlso, assume previous conditions on aggregate endowment
orocess, the aggregate dividends process and the market
price process

Then there exist a choice of portfolio for each agent with
(m,c) € A(L7,Q7), 5 =1,--- ,m where the economy is at
equilibrium with feasible set of values X if and only If
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Consistency with non-arbitrage

]
R

B4
7

&

fProposition Assume a financial market M that is not T
necessarily free of state arbitrage opportunities. Assume

that ry4(9), 0s:(9) , b, = bx(t,654) and oy = o(t, Osy), ¥y
are the coefficients implied by the relations of the main
theorem, and let 63, (9) P24 (0) = D3, (9).
Then, for all s

bt + 05y — Tst = Z 0‘221529]

1<j<d

for all ¢ almost everywhere.

o |
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It Is possible the construction of equilibrium markets when T
there exist a continuous function A(s, t,v) (differentiable in t)
such that

Example

Q51 (0)
sz,t(ﬁ) + Dsz,t(ﬁ)

h(s,t,v)

o |
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It Is possible the construction of equilibrium markets when T
there exist a continuous function A(s, t,v) (differentiable in t)
such that

\\ ;\‘\
et

VIR

Example

=

B

(e

Q1 (0)
s1(U) + Dsz,t(ﬁ)

For instance when h(s,t,v) = 1 the condition of equilibrium
implies that

h(s,t,v)

o |
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Some consequences

-

# When a consumer has a hedgeable endowment the
problem of optimal consumption and investment
pecomes equivalent to one where the entire endowment
process Is replaced by its present value, in the form of
an augmented initial wealth and no income is assumed.

o |
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f.o When a consumer has a hedgeable endowment the T
problem of optimal consumption and investment

pecomes equivalent to one where the entire endowment
process Is replaced by its present value, in the form of

an augmented initial wealth and no income is assumed.

# \We may assume for purposes of pricing that there is just
one agent who is endowed with the sum of the original
endowments and have as initial wealth the aggregate
initial wealth for the economy.

sy
£

PR

Some consequences

=

B

o |
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Some consequences

-

# When a consumer has a hedgeable endowment the
oroblem of optimal consumption and investment
pecomes equivalent to one where the entire endowment
process Is replaced by its present value, in the form of
an augmented initial wealth and no income is assumed.

B

# \We may assume for purposes of pricing that there is just
one agent who is endowed with the sum of the original
endowments and have as initial wealth the aggregate
initial wealth for the economy.

» The total market value of everything Py, — Ilx;(¢, O,,)

(shares plus future endowments) is proportional to the
current rate of consumption, with a constant (for time ¢)
of proportionality that is given by the preference

L structure. J
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T
E[/O Ui(t, Hot(V)cot(x, p,9)) dt + Ua(Ho, (V)01 (2, p,V))]

T
> B /O Us(t, Ho s (9)e0.1(x, p, 9)) dt+Us (Ho 1 (9)é0.0(x, p, 9))

for (w,pT, 19T)T

X(s), (€, Q) is any hedgeable cumulative

consumption and endowment (7, ¢) € A(L, Q), with

E

U

T
/OU (t, Ho (V) Cot(z,p, ) dt

r)=—(Ui(t,z) ANO)and U, (x) =

Jaime A. Londono. Escuela de Estadistica. Univers

+ E Uy (Hor(9)éo1(, p. 19))} < 00

idad

Nacional. Medellin Colombia

—(U2 (33) AN O). J
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