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Solving polynomial system

P(x) = (p1(x),...,pu(x)) =0, xeC"

1. Linear Homotopy  (Begins in 1979)

2. Nonlinear Homotopy
(Polyhedral Homotopy)

(1995, The state of the art)
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d; .= degp;.

(Xlel — B pi(x1,...,xn)
(1—1t) : +t : =
(anzn - Bn pn(xll“'lxn)
Form the homotopy:
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d; .= degp;.

(Xlel —B1 pilxt, ..., xn) 0
(1—1) : +t : =
(anzn - Bn pn(xll“'lxn) 0
Form the homotopy:
2 2, .2
_ ax- — by x*+y -5 o 0
= (ﬂzyl—bz) +t(x—y—1 ) B (0

Theorem
For almost all (x1,..., %, B1, ..., Pn) the above homotopy “works”.
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The Problem

The starting system

0(1x1 [?)1 =0

ocnx”—[sn_o

has

(total degree) d :==dy x dp x ---

solutions.

X dy,



The Problem

The starting system

061x1 f.’)1 =0

o(nxn*[‘))n—O

has
(total degree) d :=dy x dp x --- x dj

solutions.

This number can be much larger than the number of solution of
the end system.
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liln+1)\ — bn+1 C1X1+ -+ CuXy + G
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Cheater’s Homotopy

1. Li, Sauer & Yorke (1989)
2. Morgan & Sommese (1989)

p1 = x3%5 + 01X3%0 + x5 4 coxy + 03 =0,
p2 = caxx3 — x3xp 4+ x2 + 5 = 0.

C= (Cll"'ICS)



mkﬂ_ﬁ@+qqm+%+qm+q_0

pa(e,x) = caxfxd — x3x2 + x2 + ¢5 = 0.



pi(c,x) = xlx2 + c1x1x2 + x2 +cox1+c3=0,

pa(e,x) = caxfxd — x3x2 + x2 + ¢5 = 0.

1. Pick ¢* = (cj,...,c5) at random.



p1(e,x) = x3x3 + c103x2 + x5 + cox1 4¢3 = 0,

4,2 2

p2(c,x) = c4xix5 — x7x2 +x2 +¢5 = 0.

1. Pick ¢* = (cj,...,c5) at random.

2. Solve
pi(c*,x) =0,
p2(c*,x) = 0.
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q2(x) = ax§ — by big waste.



pi(c,x) = xlx2 + clxlxz + x2 +cox1+c3=0,

pa(e,x) = caxfxd — x3x2 + x2 + ¢5 = 0.

1. Pick ¢* = (cj,...,c5) at random.

2. Solve
pa(c*,x) =0
pa(c*,x) =0
Say by choosing
q1(x) = a3 — by might have a

—
q2(x) = ax§ — by big waste.

3. For any other ¢ = (cy, ..., ¢5), the homotopy

i 1= -y (P11 1 (P1f) 0

works.
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2. Nonlinear homotopy

(Polyhedral homotopy, Huber & Sturmfels 1995)

3x1xp +4x1 —xp+5 =0,

6x1X5 — 2x3xy + 7 =0.
C11X1X2 + C10X1 + C13X2 + 12 =0,

CnX1%5 + C0X3%2 + €23 =0.

The system is in general position unless the set of coefficients
{cij} satisfies certain polynomial system.

Let C* = C\{0}.
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Lemma:

The number of isolated zeros of P(x) in (C*)" is a fixed number
when P(x) is in general position.
Bernshtein Theorem:

This number = the mixed volume of the system

l

< — when P(x) isnotin general position

Li and Wang (1997): The BKK bound in C".



3x1x2 +4x1 —x2+5 =0,

6x133 —2xjx +7  =0.

C11X1X2 + €12X1 + C13X2 + C14

2 2
C21X1X5 + C22X7X2 + €23

=0,
=0.



3x1xp +4x1 —x2+5 =0,

6x1x5 — 2x3x7 + 7 =0.

C11X1X2 + c12X1 + c13x2 + ¢4 =0,
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To solve P(x) =0,

(1) solve Q(x) = 0;

3x1xp +4x1 —x2+5 =0,

6x1x5 — 2x3x7 + 7 =0.

€11X1X2 + C12X1 + C13X2 + C14

2
C21x1x% + C2X7X2 4 C23



3x1xp +4x1 —x2+5 =0,

6x1x5 — 2x3x7 + 7 =0.

C11X1X2 + c12X1 + c13x2 + ¢4 =0,
chxlx% + szx%XQ + 23 = 0.
To solve P(x) =0,

(1) solve Q(x) = 0;
(2) consider

H(x,t) = (1—t)yQ(x) +tP(x) = 0.

(The Cheater’s homotopy)



C11X1X2 + C12X1 + C13X2 + 14 =0,
Q(x) :

cz1x1x% + szx%XZ + 3 =0.



c11X1x2 + c1ox1 +c1i3xp +c1a =0,
Qx):

cnx1%5 + C0X3x0 + €23 =0.

C11X1X21 ¥ 4C1pX1 %2130t ¥4t 4 =0,

Q(x,t) :

021x1x§tf51 + szx%XQtBZ + C23tﬁ3 = 0.



Qx) : ) ,
C21X1X5 + C22X7X2 + C23 =0.
c11x1 X2t 141X £ 92 HC13x21 X3 40144 =0,
Qlx, 1) : ,
C21xlx%tﬁ'1 + czlexgtﬁz + cp3tP3 = 0.
Q0=0 Q(.1)=Q(9)
/\
/_x

t=0 =1



To solve
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To solve
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To solve
Q(x) = a1x° + cox* + c3x° + cux + ¢35
Pick random powers of ¢,
H(x,t) == c12°t13 4 cpxt98 4 303119 + cqxt?? + o5t
Then

H(x,1) = Q(x)



To solve
Q(x) = a1x° + cox* + c3x° + cux + ¢35
Pick random powers of ¢,
H(x,t) == c12°t13 4 cpxt98 4 303119 + cqxt?? + o5t
Then

H(x,1) = Q(x) H(x,0)=0



To solve
Q(x) = a1x° + cox* + c3x° + cux + ¢35
Pick random powers of ¢,
H(x, 1) := o122t + cx* 98 4 0303419 + cxt!? + c5tt?
Then
H(x,1) = Q(x) H(x,0)=0

Problem: cannot identify the starting point
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Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

3x10 4 2x% =0 ax™ +bx" =0
3x100 = 2% ax™ = —bx"
x100-98 = _2/3 X" = —b/a
X =-2/3

Recall that H(x, t) is given by

ot 4+ o 4 e+ ot o est!
l l | | l

(5,1.3) (4,0.8) (3,1.9) (1,1.2) (0,1.1)
| | u | |
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0 1 2 3 5
(5,6) = 1.675 4,&) =11 (3,&) =2.125
(1,&) =1.275 0,6&) =11
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Solution: Use change of variables with & = 0.075
x =yt*
Note that
at t=1 xX=y
Then
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Note that
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Then
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Solution: Use change of variables with & = 0.075
x =yt*
Note that
at t=1 xX=y
Then
H(x, t) = o1 (yt*)° 3 + co(yt ™) + 3 (yt* )1 + ca(yt ™) 2 + st
= C1y5t<5’6‘> + Cz]/4t<4’6‘> + C3y3t<3’6‘> + C4]/1t<i’6‘> + C5t<@’6‘>
— P ot 4 PRI 4 gy P st
— (P10 4 oyt 4 e3P 1 gy 0175 1 )
=11 [Czy4 + ¢5 + (terms with positive powers of ¢)]
H*(y,t) =t " H(yt™,t)

= cy* + c5 + (terms with positive powers of t)
H%(y,0)



Solution: Use change of variables with & = 0.075
x =yt*
Note that
Then
H(x, t) = o1 (yt*)° 3 + co(yt ™) + 3 (yt* )1 + ca(yt ™) 2 + st
= C1y5t<5’6‘> + Cz]/4t<4’6‘> + C3y3t<3’6‘> + C4]/1t<i’6‘> + C5t<@’6‘>
= cPETS 4 pl 4 cPR g gy 15 gt
= (P17 4 ooyt + PB4 eyt 0175 4 )
=11 [Czy4 + ¢5 + (terms with positive powers of ¢)]
H*(y,t) =t " H(yt™,t)
= cy* + c5 + (terms with positive powers of t)

H*(y,0) = czy4 + cs5



Now the new starting system

H*(y,0) =0
oyt +es=0

¥t = —cs/0



Now the new starting system

H%(y,0) =0
oyt +es=0
Yt =—cs/c

can be solved and it generally has 4 solutions.



Now the new starting system

H%(y,0) =0
oyt +es=0
Yt =—cs/c

can be solved and it generally has 4 solutions. Hope:




Now the new starting system

H%(y,0) =0
oyt +es=0
Yt =—cs/c

can be solved and it generally has 4 solutions. Hope:




So Does it really work?



So Does it really work?

> Yes!



So Does it really work?

» Yes! ...almost...



So Does it really work?

> Yes! ...almost...
» For almost all choices of ¢y, ..., c5, this homotopy works



3
)
0 — of >'
D
1 3 5



3
//"\\
0 i ]
X
&= (—05,1)
1 3 5



2 3
o)
1 oﬁéi’i '
\\\\_‘./
4
& = (—0.5,1)
0 1 2 3 4 5
5,&)=-1.2 (4,6)=-12 (3,6) =04
(1,4 =07 0,&) =11
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=t 12[c1y° + coy* + (terms with positive powers of )]

H*(y,t) =t~ LD H(yt*, 1)

= c1° + coy* + (terms with positive powers of )

H*(y,0) = clyS + Czy4



H*(y,0) =0

c1y5 + czy4 =0
C1y5 _ —Czy4
y=—c/c



H*(y,0) =0
c1y5 + czy4 =0
C1y5 _ —C2y4

y=—c/c1

Similarly, for almost all choices of ¢; ... ., c5, the homotopy works




Together, we get all 5 solutions of Q(x) = 0.

« = 0.075




How to find «
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Recall

0.075

x

LO [To TN (o}

DN o DN

S = = N
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—~ — —~ — —~
ESR N NSNS
18 F @} S



How to find «

Recall

0.075

x

Lo [Tolm [e]

DN N DN

$ - 58 ~
— = & =
1 | | |
—~ — —~ — —~
S S &S S 3
a0 < 0 A D



How to find «

Recall
o = 0.075 a=-0.5
5,&) = 1.675 5&) = —12
4,&)=1.1 4,&)= —12

Le., want to find « so that the minimun is attained exactly
twice
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How to find «

Recall
o = 0.075 x=—05
(5,&) =1.675 5,&) = —12
(4,6)=1.1 (4,6)= —12
(3,&) =2.125 (3,&) =0.4
(1,&) =1.275 (1,&) =07
0,&) =1.1 0,&) =11

Le., want to find « so that the minimun is attained exactly
twice
“mixed cell computation” (it can be done)



General Construction (to solve P(x) = 0)

To solve a system of polynomial equations P(x) =0



General Construction (to solve P(x) = 0)

To solve a system of polynomial equations P(x) =0

a a a
pr(x1,..., %) = Z ClaXy ... X = Z C1x" =0

aeS; aeS)

— U5 An a __
Pu(x1,...,x0) = E CnaXy .. Xy = g Cnax’ =0

a€s, a€eS,




Plx)=x+2x* —4x* +x—5=0



f 44 x—-5=0
P(x) =x° +2x* —4x® +

a€eS

aEesS,



f 44 x—-5=0
P(x) =x° +2x* —4x® +

3 + Cs
Qx) = 12 + cox* 4+ c3x° + cux

pr(x) =D crax’

a€eS

aEes,



prx) =) crax

aces
P(x) = :
5 f 4+ x5 s
=x’ 4+ 2x " Z
Plx)=x N 5
l * a
l lh(x) = Z Ci,nx
aeSy
Qx) =
Q(x) = c1x® + cox* + 3% + cux + s
x =

%(x) = Z C:,axa

aEeS,



Plx)=x+2x* —4x* +x—5=0

Q(x) = a12® 4 cox* + 33 + cax + ¢5 Qlx)

1
H(x,t) = (1 —t)Q(x) + tP(x)



prx) =D crax’

aEes;
f 44 x—-5=0
P(x) =x° +2x* —4x® +

acs,

lh(x) = Z CT,nxu

aeSy
Qlx) = :
5 Yo faxtos *
Qx) = 12 + cox* 4¢3 - Z .

aEeS,

l !
r N P(x)
(x,t) = ( £)Q(x) + tP(x) H(x,t) = (1 —1)Q(x) + tP(x
H(x, 1 Q(x) +tP(x



Q(x) = c12° 4 cox* + c3x® + cux + ¢35



qi(x) =) cixf

acs,

Qlx) =

Q(x) = 1% + cox* + c3%° + cax + ¢5

%(x) = Z C:,axa

a€es,



qi(x) =) cixf

acs,

Qlx) =

Q(x) = 1% + cox* + c3%° + cax + ¢5

%(x) = Z C:,axa

a€es,



Q(x) = 1% + cox* + c3%° + cax + ¢5

H(x,t) = 1t + a8

T 0331 4 cxt'? + ot



q(x) = Z c1 X"

acs;

Q(x) = c12° 4+ cox* + c3x° + cax + 5 Qlx) =

Gul(x) =) "

aes,
! !
hi(x,t) = Z CTaxatzm(a)
; . aesS,
_ K 4,08
(x,t) = 1t + cpx™t H(x,t) = :
+ a3t 4 cgxtt? + et '
hy(x, t) = Z Cz,uxutw”(ﬂ)

a€es,



mx) =) cix
aeS;
Qx) = + ot + o +ax+0s Q)= :
Gulx) = Yo"
a€es,
! !
h(x,t) =) cfx 't
aes;
H(x,t) = c1x°t% 4 o078 H(x,t) = :
3,19 12 11
+ c3x°t7 4 cyxt 4+ o5t hn(x, i’) _ Z C;,axutw”(ﬂ)
aEes,
| |

H(x,0)=0 H(x,0)=0



Binomial system

C11y™!t + Cpy®®?

Enlyan1 + EnZYa"2



Binomial system

iyt + oy = 0,

Cny* +Cy?? = 0.

1. It can be solved constructively and efficiently



Binomial system

iyt + oy = 0,

Cny* +Cy?? = 0.

1. It can be solved constructively and efficiently
2. The number of isolated zeros in (C*)"

a1] —an
= |det :

dp1 — a2



oL

[e»))
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& = (0.075,1
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2 3
/‘
o)
LS e
1 P —
I
& = (0.075,1
0 1 2 3 5
(5,6) = 1.675 4,&) =11 (3,&) =2.125
(1,&) =1.275 0,6&) =11



4
'\\
) 1—"+9
\\‘/
4
& &=
0 1

.




5 3
"1 !
1 e —— N \
4
& = (0.075,1) &=(-051)
X
0 1 2 3 4 5

In algebraic language,



) 3
10—+ '
1 T e \
4
& = (0.075,1) & =(-0.5,1)
x
0 1 2 3 4 5
In algebraic language,
Choose & = («,1), s.t. among
(5 &) 4, &) (3 &) (1,4 (0,&)

The minimum is attained exactly twice
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// \\
0 ei :
& = (0?075,1 & = (—=0.5,1)
1 2 3 5



S1, S, ...8, C NI

Si



wi:Si—>IR,

i=1,...

N



wi:Si—>IR, iZl,...,Tl
Si={a=(a,wia)) |acs}



wi:Si—>IR, iZl,...,Tl
Si={a=(a,wia)) |acs}

S d=(d,wi (d
= (a,01(a) n (den (D)
¢=(c,wi ()
d
B=(bAb» .




Problem: Look for hyperplane with normal
& = (&, 1) which supports each S; at exactly 2 points

a=(al)

N




Looking for « € R", and pairs

{aj1,a12) C Sy,

{an1, a2} C Sy

such that
(&,a11) = (& app) < (& a), Va € S1\{ayy,arn),
<6('/ é1’ll> = <6(/ an2> < <6('/ é>/ Va € Sn\{anlranZ}-

where &= (a,1), a=(a, w(a))

The Mixed Volume computation.
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Change of variable

X1 = Yyt
x =yt* 1= N
x=uyt

Xy = Ynt™"
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x = yt* X1 =W
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x=y whent=1 Xp = Ynt ™
!
Hx,t)
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Ch f variabl
Change of variable ange of vanabies

X1 = Yyt
x =yt* 1=
l : x = yt*
x=y whent=1 Xn = Ynt™"
!
H(x, t) = ;X3 + ...

=0 (yt“")g’ifl'3 +...



Ch f variabl
Change of variable ange of vanabies

x =yt* a=nt®
l : x = yt*
x=y whent=1 Xp = Ynt ™
l
H(x, t) = ;X3 + ...
=y (yt*)°H3 4+ ..
R



Change of variable

x =yt*
!
x=y whent=1
l
H(x, t) = ;X3 + ...
_ cl(yt“)5t1'3 o
= et 4

= PG )

Change of variables
x1 = yit™
x = yt*

Xy = Ynt™"



Change of variable

x =yt*
]
x=y whent=1

!

H(x, t) = ;X3 + ...
=y (yt*)°H3 4+ ..
:c1y5t5°‘“‘3 T

= PG )

— c1y5t<57&> _|_ e

Change of variables
x1 = yit™
x = yt*

Xy = Ynt™"



Change of variable

x =yt*
]
x=y whent=1

!

H(x, t) = ;X3 + ...
=y (yt*)°H3 4+ ..
:c1y5t5°‘“‘3 T

= PG )

— c1y5t<57&> _|_ e

Change of variables

X1 = yltoq
x = yt*
Xy = Ynt™"
Then

x=y whent=1



Change of variable

x =yt*
]
x=y whent=1

!

H(x, t) = ;X3 + ...
=y (yt*)°H3 4+ ..
:c1y5t5°‘“‘3 T

= PG )

— c1y5t<57&> _|_ e

Change of variables

X1 = yltoq
x = yt*
Xy = Ynt™"
Then

x=y whent=1
A typical term in h; looks like

A — c*yat(&,iz)



Then

H(x,t) = H(yt*,t)



Then
Z Ciuyat@c,ﬁ}
aeS,

H(-x/ t) = H(yt“/ t) =

D Gt

aes,




Then

Z Ciuyﬂt@‘f?) — B Z Ciayﬂtw@mfﬁl
a€Sy aesy

H(xl t) :H(yt“/ t) = :

Z C;,ayat<&ﬁ> =t P Z CT,ayaﬂ&,ﬁ)iB”

aESn aeSl




Then

H(x,t) = H(yt*,t) =

aESn 0651
where
1= min (&4) Bn= min (&)
j=1,...,m! j=1,...,m"

and they are each attained exactly twice.



Define

H*(y,t)

Z Ciayut<a/ﬁ> - (31

a€eS,

D iyt

aeSy



Define

Z Ciayut<a/ﬁ> - (31

a€eS,
Ho‘(% t) = :

D clay b
aeSy

1 . cpe 7
=Y it Iy y" + “terms with positive power of ¢

=c, any”n +c] bnybn + “terms with positive power of t”



* ql bl
Cral” +Cpy
H* (y/ O) =
n i
C;,a”ya + CT,b”yb

a binomial system,



CT,alyﬂl + CT,blybl
H(X(y/ O) =

n v
C;,a”ya + CT,b” yb

a binomial system,

which can be solved efficiently.



CT,alyﬂl + CT,blybl
H(X(y, O) =

n v
C;,a”ya + CT,b” yb

a binomial system,
which can be solved efficiently.

So the polyhedral homotopy can start



Theorem
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and the (rational) powers of t, the polyhedral homotopy “works”.
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polynomial systems by homotopy continuation”, ACM
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“PHoM - A polyhedral homotopy continuation method”,
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PHCpack ]. Verschelde (1999),

“Algorithm 795: PHCpack: A general-purpose solver for
polynomial systems by homotopy continuation”, ACM
Trans. Math. Softw., 25, 251-276.

PHoM T. Gunji, S. Kim, M. Kojima, A. Takeda,
K. Fujisawa and T. Mizutani (2004),

“PHoM - A polyhedral homotopy continuation method”,
Computing, 73, 57-77.

HOMA4PS (1999) Tangan Gao, T.Y.Li

HOM4PS-2.0 (2008) T.L.Lee, T.Y.Li, C.H.Tsai
HOM4PS-2.0para (2008) T.Y.Li, C.H.Tsai



eco-n Total degree = 2-3"2

(x1 X120 + -+ Xp2X1)x, —1=0
(o + 2123+ -+ X5_3%,-1)x, —2=0

Xp1Xn — (1 —=1) =0
xp+x2+--+x,21+1=0

noon-n Total degree = 3"

xl(x§+x§~|—~~+x%—1.1)—l—1:0
o +x54+- - +x3—-11)+1=0

(2433 +- 22

L —11)+1=0




cyclic-n Total degree = n!

X14+x+-+x,=0
X1X2 + XoX3 4+ -+ Xp_1Xy +xx1 =0
X1XX3 + XoX3X4 + - - - + Xp_1XpX1 + XpX1X2 =0

X1xp---xy,—1=0

katsura-n Total degree = 2"

2%p1+2x, 4+ -+ 2 +x1—1=0

202 425+ 205405 —x =0
2XyXp+1 + 22X 1% + - - - + 2%0x3 + 2x10p —xp =0
2%y 1Xn11 + 2Xn—2Xp + -+ 2x1x3 + X5 —x3 =0

2x2Xp 41 + 2X1Xy + 2X0X 1 + -0+ 2% 20X (n42) /2 — X =0
2X0X 1 4+ 2X1Xy 4 2X0Xy_1 + -+ x%n—i—l)/Z —x, =0




reimer-n Total degree = (n+1)!

20F =205+ -+ (—1)"12x2 —1=0
20 =254+ (—1)"H2xd —1=0

20T — 2ot ()2 -1 =0

Dell PC with a Pentium 4 CPU of 2.2GHz, 1GB of memory



Polynomial | Mix Vol = | HOM4PS | HOM4PS-2.0 | Speed-up
system | #of paths | cpu time cpu time ratio
eco-16 16,384 | 2h55m12s 6m35s 26.6
eco-17 32,768 - 22m23s -
noon-10 59,029 | 3h20m45s 5m12s 38.6
noon-11 177,125 - 23m27s -
noon-12 531,417 - 1h28m00s -
noon-13 1,594,297 - 7h02m10s -
katsura-13 8,192 | 3h40mb4s 4mb56s 44.8
katsura-14 16,384 - 25m15s -
katsura-15 32,768 - 1h50m26s -
cyclic-9 11,016 8m37s 44s 11.8
cyclic-10 35,940 58m02s 2m47s 20.9
cyclic-11 184,756 - 19m40s -
cyclic-12 500,352 - 1h36m40s -
reimer-7 40,320 7m47s 2m49s 2.8
reimer-8 362,880 | 1h44m18s 36m43s 2.8
reimer-9 3,628,800 - 8h47m42s -




Polynomial | Total degree PHoM | HOM4PS-2.0 | Speed
system cpu time cpu time up
eco-14 1,062,882 | 9h57m15s 529s | 677.4
eco-15 3,188,646 - 2m25s -
eco-17 28,697,814 - 22m23s -
noon-9 19,683 | 5h01mO06s 1ml15s | 2409
noon-10 59,049 - 5m12s -
noon-13 1,594,323 - 7h02m10s -
katsura-11 2,048 | 1Th21m13s 28s 174.0
katsura-12 4,096 | 4h00m09s 1m42s 141.3
katsura-13 8,192 - 4mb6s -
katsura-15 32,768 - 1h50m26s -
cyclic-8 40,320 32m32s 6.8s | 287.0
cyclic-9 362,880 - 44s -
cyclic-12 | 479,001,600 - 1h36m40s -
reimer-6 5,040 | 1Th14m50s 12.1s 371.0
reimer-7 40,320 - 2m49s -
reimer-9 3,628,800 - 8h47m42s -




System Total degree CPU time Speed-up
PHCpack | HOM4PS-2.0 ratio
noon-9 19,683 33m28s 22.2s 90.5
noon-10 59,049 | 2h33m27s 1m27s 105.8
noon-11 177,147 - 5m32s -
noon-13 1,594,323 - 3h7m10s -
katsura-14 16,384 | 2h49m00s 2mb52s 59.0
katsura-15 32,768 | 8h22m45s 7m03s 71.3
katsura-16 65,536 - 16m25s -
katsura-20 1,048,576 - 8h58m00s -
reimer-6 5,040 15m08s 9.6s 94.5
reimer-7 40,320 | 3h45m43s 1m58s 114.7
reimer-8 362,880 - 30m43s -
reimer-9 3,628,800 - 7h52m40s -




System | Total degree CPU time Speed-up

PHCpack | HOM4PS-2.0 ratio

eco-14 1,062,882 | 1h26m04s 52.9s 97.6

eco-15 3,188,646 | 3h55m23s 2m25s 97.4
eco-17 28,697,814 - 22m23s -
eco-18 86,093,442 - 1h51m30s -

cyclic-9 362,880 | 3h50m48s 44s 314.7

cyclic-10 3,628,800 | 11h00m23s 2m47s 237.2
cyclic-11 39,916,800 - 19m40s -
cyclic-12 479,001,600 - 1h36m40s -

Use Polyhedral Homotopy




Maximum solvable size

System
PHoM | PHCpack | HOMA4PS-2.0
eco- || 14 (1,062,882) | 15 (3,188,646) | 18  (86,093442)
noon- || 9 (19,683) | 10 (59,049) | 13 (1,594,323)
katsura - || 12 (2,048) | 15 (32,768) | 20 (1,048,576)
cyclic- || 8 (40,320) | 10  (3,628,800) | 12  (479,001,600)
reimer- || 6 (5,040) | 7 (40,320) | 9 (3,628,800)




Numerical results of HOM4PS-2.0para

All the computations were carried out on a cluster 8 AMD dual
2.2 GHz cpus (1 master and 7 workers). Again, we only list
those benchmark systems that can be solved within 12 hours
cpu time.



Numerical results of HOM4PS-2.0para

All the computations were carried out on a cluster 8 AMD dual
2.2 GHz cpus (1 master and 7 workers). Again, we only list
those benchmark systems that can be solved within 12 hours
cpu time.

» Master-worker type of environment is used.

» Use MPI (message passing interface) to communicate
between the master processor and worker processors



System | CPU time Total degree | Mixed Vol. Curve
(# of paths) | Jumping

eco-17 2mlls 28,697,814 32,768 -
eco-18 6m30s 86,093,442 65,536 | x -
eco-19 26m26s 258,280,326 131,072 -
eco-20 | 1h29m29s 774,840,978 262,144 -
eco-21 | 10h08m55s | 2,324,522,934 524,288 1
cyclic-11 3m34s 39,916,800 184,756 -
cyclic-12 14m07s 479,001,600 500,352 | x -
cyclic-13 | 1h39m10s | 6,227,020,800 2,704,156 -
cyclic-14 | 7h32m42s | 87,178,291,200 8,795,976 4

Solving systems by the polyhedral-linear homotopy with 1
master and 7 workers




System | CPU time Total degree | # curve | # of isolated
(=# of paths) | jumping solutions

noon-12 2m23s 531,417+24 - 531,417
noon-13 7m48s | 1,594,297+26 | x - 1,594,297
noon-14 38mi12s | 4,782,941+28 - 4,782,941
noon-15 | 4h14m33s | 14,348,877+30 - 14,348,877
katsura-18 9m46s 262,144 - 262,144
katsura-19 23m36s 524,288 2 524,288
katsura-20 55m10s 1,048,576 | x 4 1,048,576
katsura-21 | 2h08m42s 2,097,152 8 2,097,152
katsura-22 | 4h52m01s 4,194,304 20 4,194,304
katsura-23 | 11h17m40s 8,388,608 52 8,388,608
reimer-8 2m36s 362,880 - 14,400
reimer-9 28m04s 3,628,800 | x 8 86,400
reimer-10 | 8h40m46s 39,916,800 20 518,400

Solving systems by the classical linear homotopy with 1 master
and 7 workers



# of Total time to Time to find Time to Time to
wks solve system mixed cells trace curve check solutions
k cpu(s) [ ratio | cpu(s) [ ratio | cpu(s) [ ratio | cpu(s) | ratio
eco 1 445.32 1.00 120.02 1.00 325.00 1.00 0.30 1.00
-16 2 223.49 1.99 60.66 1.98 162.58 2.00 0.25 1.20
3 150.69 2.96 40.94 2.93 109.53 297 0.22 1.36
5 91.31 4.88 25.22 4.76 65.89 4.93 0.20 1.59
7 68.70 6.48 19.99 6.00 48.58 6.69 0.13 2.31
cyc 1 1475.39 | 1.00 38.15 1.00 | 1436.49 | 1.00 0.75 1.00
-11 2 734.96 2.00 19.10 2.00 715.41 2.00 0.45 1.67
3 494.19 2.99 12.94 2.95 480.86 2.99 0.39 1.92
5 295.90 4.99 8.05 4.74 287.47 5.00 0.38 1.97
7 212.87 6.93 6.47 6.00 206.06 6.97 0.34 2.21

The scalability of solving systems by the polyhedral homotopy




System #of Total time to Time to Time to

workers | solve system trace curve check solutions

k cpu(s) [ ratio | cpu(s) [ ratio | cpu(s) [ ratio

noon 1 1003.32 | 1.00 980.72 1.00 22.50 1.00
-12 2 501.75 2.00 490.33 2.00 11.42 1.97

3 335.18 2.99 326.68 3.00 8.50 2.65

5 201.27 | 4.98 195.30 5.00 5.97 3.77

7 143.22 7.00 138.88 7.00 4.34 5.18

reimer 1 1088.95 | 1.00 | 1087.74 | 1.00 1.21 1.00
-8 2 545.08 | 2.00 | 543.96 | 2.00 1.12 1.08

3 363.89 2.99 362.81 3.00 1.08 1.12

5 218.69 4.98 217.97 | 4.99 0.72 1.68

7 156.54 | 696 | 155.86 | 6.98 0.68 1.78

katsura 1 1964.22 | 1.00 | 1963.12 | 1.00 1.10 1.00
-17 2 982.38 2.00 981.35 2.00 1.03 1.07

3 654.17 3.00 653.22 3.00 0.95 1.16

5 394.02 4.99 393.18 4.99 0.84 1.31

7 280.56 7.00 279.85 7.00 0.71 1.55

The scalability of solving systems by the classical linear homotopy




Thank You!
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