L.Blum, Fall '09, Fields 1.

Complexity and Accuracy in Numeric Computations
(Fields, Tuesdays 10-12 pm, Fall’09)

Instructors: Lenore Blum and Felipe Cucker

Will approach computation in 2 phases
1. Algebraic phase: Computing over a Ring or Field
2. Numerical analysis phase: Introduce condition, round-off error, etc., into
analysis

Algebraic

1) Computing over a ring or field (especially over the reals or complex numbers): a
machine model.

2) Measuring Complexity and the classes P and NP over a ring or field

3) NP-Complete Problems (universal and specific)

4) Algebraic setting for the problem "P=NP?"

5) Lower bounds and other complexity classes

Numerical Analysis

6) Measuring accuracy

7) Error analysis and Condition numbers

8) Poor conditioning and Ill-posedness

9) Condition and the distance to ill-posedness
10) Condition of random data

Some References:

L. Blum, M. Shub, and S. Smale, "On a Theory of Computation and Complexity over the Real
Numbers: NP Completeness, Recursive Functions and Universal machines," Bull. Am. Math.
Soc., 21, 1 (1989).

L. Blum, F. Cucker, M. Shub, and S. Smale, "Complexity and Real Computation,” Springer-
Verlag, 1998.

Expository:

F. Cucker, Real Computations with Fake Numbers. Journal of Complexity 18, pp. 104-134,
March 2002.

L. Blum, Computing over the Reals, Where Turing Meets Newton, Notices of the AMS, pp.
1024- 1034 October, 2004. http://www.ams.org/notices/200409/fea-blum.pdf

Many other papers,authors, ...
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Computing over a ring or field (especially over the reals or complex numbers): a
machine model

Algebraic approach:
Let R be a commutative ring or field with unit. Assume without zero divisors. May be
ordered (eg Z, Q or R ) or unordered (eg Z, or C).

First Main Goal. Explain and prove:

Theorem (1b, Shub, Smale, BAMS “89): For any field (R,=)
HNp is NP-complete over R.

So, P=NP < HNR € P over R.

HNpR (Hilbert Nullstellensatz over R) is the problem of deciding, given any finite
polynomial system over R, whether or not it is solvable over R.

If R = Z,, then this is the classical NP-completeness result.
Will define the model of computation over R. Main tool will be the computing
endomorphism. Most salient concepts are defined via the computing endomorphism.

Analyzing it will show how these concepts are naturally described algebraically. The NP-
completeness of HNy then follows.

An early Motivation: The Newton "machine”

Input, poly f, starting point z, threshold €

INPUT 2 #Z9
. —T12)
COMPUTE: 2« B-5E
BRANCH + STOPPING ‘ RULE
W) ee H=)?2

OUTPUT

N¢(z2)=z-f(z2)/f'(z)=(zf'(z)-f(z))/f'(z) is a rational function.
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Finite dimensional machines M over R

3 spaces: Input space Iy; = R", State space Sy = R™, Output space, Oy = R’

In the following, subscripts M and R will be understood.
M is a finite directed graph with 4 types of nodes N and associated maps:

e Input node: linear map I: / — S; unique next node 3;
e Computation nodes, n: g,: § —S, poly map (rat map if R is a field); unique next

node B,
(A polynomial map g: R™ — R™ is given by m polynomials in m variables, g, ..., gn,
such that g(xy, ..., Xn) = (€1(X1, -.» Xm)» - -» (X1, ..., Xm)). In case of rational maps, the

g;’s are rational functions, p;/q; where the p;’s,q;’s are polynomials in m variables.")
e Branch nodes, n: h,: S —R; B, is the unique next node associated with h,(y) >0
and [, the unique next node associated with h,(y) <0
In the unordered case, B", is node associated with hy(y) = 0 and B, with h,(y)#0
e Output node n: linear map O,: S —O

Convenient to assume B, and g, are always defined.
So for the output node, let B, =mn. So now we can define B,(y) fory € S.
And for input, branch and output nodes, g,(y) =y.

The degree of M, Dy is the maximum degree of the g,’s.(deg p/q = max (deg p, deg q))..
The dimension of M is m. C = set of constants from R.

Will assume, Normal form:
1. N={1,...,N},with 1, unique input node; N, unique output node.
2. All branch nodes are standard: hy(y)=y,,n€B, y€S.
3. Can assume never divides by 0 at computation node (by checking before hand).

We will soon extend to uniform machines to deal with inputs of arbitrary finite dimension

Alternate definition in terms of algebraic circuits (non-uniform) with constants and
Turing machines (uniform).

! We assume a standard representation of polynomials as a sum of monomials a,x“ where
m

a,eR, x"=x"...x,, z a, < d. Usually we assume the dense representation, ie every monomial
i=1

is specified.
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Definitions: Given machine M over R:

e A MAIN TOOL: The Computing Endomorphism: H = (B, g): Nx§ — NxS
(node, state) — (next node, next state)

Here B: Nx§ — N where B(n, y) = By(y) and g: NxS — S where g(n, y) = gn(y)

(NB. gn(y) may not be defined if we allow division, but will not run into this if we start at input
node.)

All key concepts are defined using the computing endomorphism. Analyzing the computing
endomorphism will enable us to give natural and transparent proofs eg of universal NP-complete
problems.

Givenx € I. Let 2°=(n°, x°) where n° =1 and x° = I(x).
e The computation with input x is the orbit of z’ under iterates of H.
2= (1,x%, ... ,2"=H(=H (nk, x5) = (nkﬂ, X, ...
e The computation halts in time T (or less) on input x if n" =N.
e The least such T is the halting time, Ty(x) (let tm(x) = o, if no such T)

We can already see how using the computing endomorphism, many assertions can be made
succinctly. For example: Let Fy; (x,y, T) be the assertion:
“Machine M with input x halts with output y in time < T.” This can be expressed:

32°, 7',..., 72" e(NxS)T+1 dweS
[(z"= (L 10))&(z" = (N, w))&(O0W) = y)&,_, (2" = H(z""))]

This essentially asserts that a certain “algebraic” system has a solution, as we shall see.

e The halting set of M, Qy, is the set of all inputs on which M halts.

Over 7, halting sets are called recursively enumerable since they are identical to “output
sets.” This is true also over real closed and algebraically closed fields (for deeper reasons)
but not in general. (It is clear that hating sets are output sets. Conversely, given M construct
M’ as follows: For each input y and each time T, use elimination of quantifiers to check if
3Ix Fu (X, y, T). Output 1 if yes, and if not, increment T by 1 and check again. But we are
getting ahead of ourselves.)

Over 7 a number of concepts become identical. Not true in general. Looking generally
sometimes helps identify the most natural definition.

e The input-output map is given by @y (x) = O(x') where T = Ty(x). (D (X)is
undefined if Ty(x) = o0)

e A (partial) function over R is (partial) computable over R if it is in the input-output map
of a machine over R.
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e AsetS cR"is decidable over R if its characteristic function is computable over R.
e AsetS cR"is semi-decidable over R if there is a computable partial function which
has value 1 only on elements of S.

Halting sets are exactly the semi-decidable sets.

Examples of semi-decidable sets: The complement of the Mandelbrot set, Newton “good”
points, the complement of Cantor Middle Third.

The Mandelbrot set

M={c| p."(0)»x}, p(z) = z°+c, ceC, McC=I’

MACHINE TO “DRAW™ ™M

. mmuus{ er

M-l

AL M

i ,large \ntegew f
«Inpvr: o et S EY
3 [ INPuT) i
I NiTALRE:
«Compure:
«BRANGH:
«QUTPUT:

Let f(x) eR [x] or C[x]. The zeros of f are the fixed points of Ny,

and the fixed point of N are attracting. Therefore, for each zero  of
- f, there is a ball Ug, contracting under N¢ and given by polynomial
inequalities. Let {;,..., {, be the zeros of f with corresponding

contracting neighborhoods U, andlet U = U U,

Q= 0 N;k (U) = good starting points =
k=0

Outpwt o basin of attraction of the fixed points of Ny.
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Proposition. A set is decidable < both it and its complement are semi-decidable.

Proof. =) clear
&) Suppose S=Qy and S’=Qy;-.

We construct a decision machine M* for S: With input x in R",
M?* parallel processes M and M’ on input x. One and only one machine will halt.
If M halts, then M* outputs 1. If M’ halts, M* outputs O.

o Let hr=Iu=Ir; Sv+=Su xS ; Ou==R.

o Forx e Iy« let Iy«(x) = Iy (X) ,( Iw(X))

e For y* € Sy, let Oy=(y™) be the first coordinate of y*.

o Nu+C {0,1}x Ny x Ny U{1*,N*} (the latter are the distinguished input and
output nodes)

o Letfx=(1,1,1)

Suppose n*=(s,m,n’) and y* = (y,y’) and suppose s=1. Then
a) If n is an input or computation node of M, then n* is a computation node of M*.
Let gy« (y*) = (g (v ),y’) and o =(0, B, 1°).
b) If n is a branch node, then m*is a branch node with
B+n* :(09 B+n’ T]’) and B-n* :(09 B_n’ 11’)
c) Ifn is an output node of M, then n* is a computation node of M*.
Let g+ (y*) = (1,...,1) and B« = N*.

Modify appropriately for s = 0.

So, want to know what semi-decidable sets, ie halting sets, look like.
Fix M over R.

o PROPOSITION : -
HALTING _(')_n= b/ Ve .SEMI-,A_LGEBRAIC/R

ET -
S @ \CDUNT’A?EQNIV! RATIDNAL
™ “rpuT Space

Computable maps are piecewise polynomial (or rational).

Let Ty(x) = T. The finite sequence, z’, ... ,z' is the halting computation for x
and v, =n’, ...,n" is the halting computation path traversed by x.

Let I'yi={ v« | xe Q\} be the set of halting computation paths.
For ye Iy, let Vy = {xe Qu|7x=7}. So, Q, =U7€FM V, , a disjoint union.
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Proposition. V, is a basic semi-algebraic (quasi-algebraic) set.

e A basic semi-algebraic (quasi-algebraic) set in R"is given by a finite system of
polynomial equalities and inequalities (equations and inequations) over R.

e A semi-algebraic (quasi-algebraic) set is a given by a Boolean combination of basic
semi-algebraic (quasi-algebraic).

*EXYAMPLE :  SEMIALGEBRAIC SET. R

Z 1
24

(i.(z,gﬂ'l"uj 213N {1y g)|x+gf-|})
U { (z;ﬂ)) lj = l} = 8500

Proof.
Let y be a halting computation path. At each stepn® in y, M evaluatesa polynomial (rational)
map, Gygw:Vy —R™ where G, = g gnOI (Clearly, ®m|Vy = 0-Gy(m)).

For each branch node 1" in y, M evaluates a branching function f,q: Vy —R where
fyao= 11(Gyao)-

Let Ly = { f,q9| k <T, n" a branch node and n*"' = (") }

and Ry = { f,q9| k <T, " a branch node and n*"' = B(n") }.

Thus, Vy = {xe R"| f(x) <0 and g(x) >0 for all f €L, and geR,}.
And similarly, for the ordered case

Now let Qr = {x € R?| Tm(x) <T } be the time-T halting set of M.
LetI'r={yx | xe Q"w }.

Path Decomposition Theorem
1. Qr is a finite disjoint union of basic semi-algebraic sets (quasi-algebraic sets). In

particular, ., U

7EFT
Thus the time-T halting set Qr is described by a semi-algebraic (quasi-algebraic) formula whose
length may be exponential in T. (Will want a more succinct description.)

2. The halting set Qu is a countable disjoint union of basic semi-algebraic sets (quasi-
algebraic sets) . In particular, Q,, = UyEF \Y

v

3. O, |Vy , the input-output map restricted to V, , is a polynomial (rational) map.

Consequence. The above examples are not decidable over IR since:
e dimy o Mandelbrot =2.
e The Cantor set is totally disconnected (contains no intervals) and uncountable.
e Bad Newton pts can be a Cantor set.
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We now show how to get succinct descriptions of time-T Halting sets. This construction will
also be the basis of the proof that HN is a universal NP-complete problem over any field.

The Register Equations and Succinct Descriptions of Time-T Computations and Time-T
Halting Sets

GivenM. Let/=R", S=R"™, Oy=R' Letx € [=R"
x € ;. & Jasequence z :(ZO, z',..., ZT) € (NXS)T+1 satisfying the

(Time-T) Register equations, Ry(x,z), 1* form:
1. 2°=(1,1(x)) and tm(z") = N (initial and terminal conditions)
2. Z"=H(Z""), k=1, ..., T (next state conditions)

Thus,
X €Qp & 32Ry (x,2) where Rr(x2) s (2= (1, 109)) & (7, (') = N)&{, (2" = ().

We now transform Rr(X,z) naturally into an equivalent “small” semi-algebraic (quasi-algebraic)
system over R. Thus, Qr is the projection of a succinctly defined semi-algebraic (quasi-
algebraic) set.

If R is a field, we further get a “small” system of quadratic equations.
Over Z, Q or R, we get a “small” single degree-4 polynomial equation.
So in each of these cases, Qr is the projection of a succinctly defined variety.

To do so, it is useful to make explicit the coordinate maps:

x € Q,  Jasequence (n’, x"), ..., (M", x") € (NxS)"™" satisfying the

(Time-T) Register equations, 2" form:
1. (°,x%), =(1,1(x)) andn"=N
2. =B M, X", X*=gm*', x*", k=1, ..., T (mT poly (rat) equations)

We now extend these equations to R by injecting N ©R™ given by j — ej, the jth coordinate
vector, j =1,...,N. (ie ¢;=(0,...0,1 (jth coordinate), 0,...,0) Let,

N N
B'(a.y) :Zl:ajeﬁ(j,y)’ g(a,y) =Zl:0!jg(j,y)

Jj= Jj=
So for a=¢;, ,B'(a, y)= €40iy) and g'(a, y) =g(j,y).
So we have extended H to H: RN x R™ — RN x R™,

NB. g': R"xR™ — R™is a polynomial (rat) map of degree Dy +1 in N + m variables with at

most N times the max,, (# of terms in g,). Soon will deal with B': R¥x R™ - R" (nota
polynomial map, not even continuous!)
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Now, x € QT & there is a sequence ((a’, x°), ..., (a', x")) € (R"xS)""' satisfying the

(Time-T) Register equations, 3" form (over R):
1. (@, x%-(e;, I(x))=0and a'—ex=0 (2N +m) linear equations
2. a*-p' (ak‘l, xk‘l) = 0 (soon), x*-— g'(ak‘l, x“) =0,k=1 .. T (@mT

polynomial equations with max degree Dy, + 1 in case of polynomial (and N Dy, +
1 if rational?).

Let w= (W1, Wageeey W) = (ao, XO, ey o, XT) where t = (N+m)(T+1) variables.
Let R'1(x, w) denote the time-T register equations in 3" form.

Theorem A. R'y(x, w) is equivalent to a semi-algebraic (quasi-algebraic) system
®1(x, w) in n +t variables with t = (N+m)(T+1), with at most 4(N +m)T polynomial
equations (of degree at most N Dy, + 1 in) plus 2T inequalities.

Corollary. So, x € Q, <& 3w Pt true over R. That is, the time-T halting set

Q is the projection of a semi-algebraic (quasi-algebraic) set S € R"" defined by a
“small” system O(x, w’).

Corollary. Same for Q. (v) = {xeQ, | @, (x)= v}
Just add 1 linear equations for the output map.

Proof of Theorem A.

The only subtle part is analyzing: a* — ,b"(ak’l, xk’l) =0

? Rational map case: Suppose X' = g'(a, x) where g(j,x)}i= pi(j,X)/qi(j,s)-

Then x|, =g'(, x) Zag j,x Z“ocp1 i-x)/q;(j,x) =P (a,x)/Q,(x) where

=13qi(ja><)a R(%X)=Zajl_[qi(k,><)p (3rx

J=1 k#j

The degree Qi < N Dy and degree Pi < N Dy +1.

So replace the rational equation, X', —g'(a, x). =0 [ie, X', =P, (a,x)/Q;(x)=0] with
XQ,(x)—P (a,x)=0.
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Define linear maps: ", ' : RY — R" where
p(a)=2 ae, and " (a)=% age," , where for j not a branching node, pB; = B;" =B

NB. If a is the j-th coordinate vector e;, then B> (o) = B;” and B”"(a) = ;" and both of
these are equal to B; for non-branching nodes.

So, ifa=e;:
a'-f'(a. x)= 0=B(a\a, x): (x,<0>a'-f"(a)=0)A(x,20>a'-5"(a)=0)

Recall: “A — B”is equivalentto “— AvB.”
So, ifa=e;:
a'—,B'(a, X)= 0<:>B*(a',a, x): (x,20va’ —,B"(a)=0 IAN(X,<0va' —ﬂ'+(a)=0)

If R is unordered, use B* (e, a, x): (x,=0va' =" (a)=0)A(x,20va' - " (a)=0)

So, replace o - ﬂ'(ak", xk") =0 k=1,...,T in the Register equations, 3" form, by
B*(ak, a*t, xk‘l) (or in the unordered case, by B*_ (ak,ak'l,xk'l) ).

These consist of 2NT linear equations and 2T inequalities.
]

Get More Succinct Descriptions

Suppose M is a machine over (R, =) where R a field, or over (R,<) where R is Z, Q or R.

Theorem B. The register equations can be replaced by k quadratic equations,
qi(x,u) =0, ..., q(x,u) =0, in n + s variables, Xy, ...., X,, Uy, .. us, where s, k < (n + mT)*
and c 1s a constant depending on N and Dy, and not on n, m, or T.

In case R is Z, Q or R, can replace the quadratic system, q;(x,u) =0, ..., q(x,u) =0, by a
k
single degree 4 polynomial equation, q(x, u) =0 where q(x,u) = Zqi (x,u)’.

i=1

Corollary. Q. is the projection of an algebraic set in R"" defined by the k quadratic
equations as above. Thatis, Q. = { x ER"| I u € R’ (q;(x,u) =0, ..., q(x,u) =0)}.

Again, in case R is Z, Q or R, we can replace the quadratic system by a single degree 4
polynomial equation.

10
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Proof of Theorem B.

Suppose first that M is a machine over (R, =) where R is a field.
Then x#0 <3Ju(xu=1)
Consider:

B* (ak, ak—]’ Xk—l) .

x "= 0va* —ﬂ'"(ak_1)=0 AKX #0vat —,8”( ak_l)=0), k=1..T
Replace by

@t = A (@) =0; T =@t - B (@) =0], k = 1., T
T new variables, small degrees.

Suppose now M is a machine of an ordered field where positive elements have square
roots. For example, (R, <) or any real closed field.

Then x> 0 < Ju(xu’ =1)
Consider:

B*(ak, ak—l) kal):

(x'20vat = pr(a*)=0)a(x <Ovat = p(a"!)=0). k = L. T

Replace by

Huk—l[xlk—l (Xlk—l (uk—1)2 _1)(ak s (ak—l )) _ 0];E|Vk—1 (_Xlk—l (Vk_l )2 _1)(ak _ ﬂ.+( o )), kK =
2T new variables.

Now for (Z ,<) :

x>0 3Ju=>0(x=1+u) and

Recall: Lagrange’s theorem for Z: u = 0 & Jui uz uz us (U = u12 + U2+ uz+us?)
So replace B*(ak, a !, xk‘l)

by

Elulk—luzk—lu3k—lu4k—l[(Xlk—l _(u12 i u22 I u32 +u42 ))(ak — B" (ak—l )) = 0];
v,V Y (xS —(Vl2 + v, 4+ v+ Vf)—l)(ozk - ﬁ”( a! )) =0], k=1...,T

8T new variables
Modify for ((Q ,<): Consider p/q.

The following Lemma finishes the proof of Theorem B.

11

L...
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Lemma. Suppose R is a ring or field. Then any system of polynomial equations

p, (x) =0,..., p, (X) =0 in n variables of degree at most D and with at most K monomials per
equation (so K = 0(n®)) is n-equivalent to a quadratic polynomial system
q,(x,u) =0, ..., q,.(x,u) =0 innt+n’ variables with n’,t* < KD. Here, x = (X1, ..., Xn) and

u = (uy,..,un). (NB.In our case, D is dependent only on the machine M.)

Proof:
Let [ = (iy,...,ia) (where ij € {1,...n}, ij <ij+1 and 2<d<D)
For each monomial of type aix; with aj e R, x, = X, o X add d-2 new variables, up e

1 d-2

. Then replace a,X; by ax; Uy and add the d-2 equations
u —x,u =0,u - X, Uy, =0,..., u X X =0.

All arguments are uniform in everything in sight.

12
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General Machines over R

Input and Output spaces:R” = U R"disjoint union.
n=0
State space: R, = bi-infinite direct sum space over R
Elements: x = (..., X, X1, X¢ . X1, X2, ... ) such that for k| sufficiently large, x = 0.

Can define polynomial and rational maps as finite objects as follows:

If h: R™—R is a polynomial map then

h: R_ — Ris a polynomial map defined by iz(x) =h(x,,...,X,)

If gi: R" >R, i=1,..., m are polynomial maps then

é: R_ — R is apolynomial map of dimension m defined by ;g\(x)l. = éi(x) fori=1,...m

and é(x)l. =x, fori<l ori>m.

Define Input and Output maps: Io: R°*—Rw and Ow : Ro— R* by
I (x)= (...,0,0,7 . X,,.-x,,0,0,0,...) for x e R" where n denotes the sequence of n 1's, 0=0.

0, (.0 Xy - %,,.X,,0,0,0,...) = (x,,..x,) where /=min,(x_,=0). (OutputeR" if/=0.)

Machine has 4 node types as before with associated maps. In addition, to access inputs of
arbitrary dimension, we add shift nodes, 1, with associated maps: g, € {ci, 6;} where
o1(X)i = Xi+1, 0(X)i = Xi.1 , and unique next nodes B,. Let 2 be the set of shift nodes of M.

Associated to M is the dimension Ky, degree Dy, and set of constants Cy;.

m
Ineut Seace RP-WR |-
mzo “{\;‘\'- {wa:.H)}

I \ Ryuences lR
STaTE Stece R:, &l 2
o l_l-xo x l l "ﬁ“ ZIHI..O
INPUT
MODE(D
PeoGeam
m WTATION
1S FII\TE NODE Sy (5
) x & q. )| | mooEs
GRAPH . X & T
Beancn
NoD €
<0 Ko N\ x,=0 20
OvTPUT,
NODE
(@]

OuTpuT SPACE R°=3’B"‘ £ "

Time —T Register Equations

NB. Reduces to the finite dimensional case since in time T, need only consider the basic active
state space S, = R>™ ={(X(m-1),..., X0, X1,-.., Xm)} Where m =Ky + T.

On S, shift nodes become polynomials: g, = 6 0n S, becomes

€y (X (tyseees Xgoeees X ) = (X 2y 50005 Xg5-0, X, 0). Similarly for g, = o, shift right.

13
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Theorem C.
1. The register equations R't(x, w) of machine M over R are equivalent to a semi-algebraic
(quasi-algebraic) system ®r(x,u) where
e The number of variables is at most n + ¢T*
e The number of polynomial equations is at most ¢T*
e The number of inequalities (all linear) is at most 2T
Here c is a constant depending on N, Dy and Ky and is independent of n and T.

2. Over (C, =), (Z,, =) or any field (F,=) as well as over (Z,<), (Q,<) or (R,<) we have
e R'r(x, w) is n-equivalent to a polynomial system ®’1(x,u) with the same
qualitative bounds as above.
o ®’(x,u)is equivalent to a quadratic system Qy(x, u’) where both the length of
v’ and the number of equations are bounded above by (n+T)S, ¢, a constant
depending only on M.

3. Over (Z,<), (Q,<) or (R,<), the register equations, R'r(x, w) are n-equivalent to a single
degree-4 polynomial equation pr(x, u) = 0 where u = (uy,...,us) and s < (m+D)S, ¢, a
constant depending only on M.

Corollary. For case 2, the validity of Fy (x, 1, T),“Machine M with input x halts with output 1 in
time <T,” is equivalent to the solvability over R of a quadratic system Qm(x, u’) where both the
length of u’and the number of equations are bounded above by (n+T)S, ¢, a constant depending
only on M. For case 3, can replace the quadratic system by a single polynomial equation.

The Universal Polynomial System Evaluator (UPSE) and Universal Machines

AECTMEPLL EXL:E, ALGUES YL FUR 0k S5 ISP LS Al ] e -

Shud cofiprent H Fiwe neirackicr o rIl
Srd rn e L Laal=dyia Izllol s:awz of M ralch dnpurt 10
ALk pmpran- 141 Frogzam S I

.

e, J=in A b ek Lalelod ifalioclion of A8
- "Caree-Losta-n -7 400

Congrrnl v

14
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Decision Problems, Complexity, Classs P, NP and NP Completeness over R

A problem (language) over Risaset S < R”.
A structured problem over R is a pair, (X, Xys), where X, X < R”. X consists of the
problem instances, X, the yes-instances.

For HN,
X={f=(f,....tn)| i € R[xy,...,x,], m, n> 0.
Xyes = {f €X|3C € R, fi(Cys..., o) =0, i=1,...,m}.

Finite polynomial systems over R can be coded as elements of R” (by systematically
listing coefficients); thus X can be viewed as a subspace of R*. (We assume dense
representation, unless otherwise stated.)

A problem is decidable over R if its characteristic function of is computable over R.
A structured problem over R, (X, Xi.s), 1s decidable if the characteristic function of X
in X is computable over R.***

Suppose a height function, hty(x), defined over R with values in the positive integers.
Then for x € R" < R”, define length (x) = n and size (x) = length(x)-ht, (x) .

Now, suppose M is a machine over R.
Forx € R"< R”, define costy(x) = Ty(x) - ht_ (x) where ht

height of any element occurring in the computation of M on input x.

(x) 1s the maximum

max

For the moment we assume, htz(x) = 1. Then size(x) = length(x) and costy(x) = Ty (x).
For R = Z,, these are just the classical measures of size and cost. Moreover, for R = Z,,
all our complexity definitions and results reduce to the classical.

[For Z and @, to recapture the classical measures of size and cost, just code elements as
binary and work over Z,. Alternatively, for bit complexity, let hty(x) = "log(|x|+1)9 and

htg (p/q) = max (htz(p), htz(q)).]

M is poly-time over R on X cR” if there are positive integers ¢ and q such that
costy(X) < c(size(x))?! for all x € X.

A map ¢: X > Y <R” is poly-time computable over R, if it is computable by a poly-
time machine on X.

A (structured) problem (X, Xy.s) is in class P over R (write: (X, X,.,) € Pg) ifitis
decidable by a poly-time machine over R.

*#*If (X, Xyes) 18 a structured problem over R, we usually assume that (R” X) € Pg. ***
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A problem (X, Xyes) is p-reducible to a problem (X’, X’yes) (write: (X, X )—p—) (X, X'"))

yes

if there is a poly-time computable map ¢: X — X’ such that X € X, © ¢(x) eX' -

A problem (X, Xye) 15 in class NP over R (write: (X, Xyes) € NPr), if there exists a “non-
deterministic” machine M over R, with Iy = R”x R” and positive integers c and q such that

x € X, © 3w e R”such that @, (x,w)=1and cost,, (x,w) < c(size (x))".

w 1is called a witness.

A problem is NP-hard over R if every problem in class NP is p-reducible to it.
A problem is NP-complete over R if it is in NP over R and is NP-hard over R.

NP Complete Problems over R

Theorem D.
1. For any field (R, =), Hilbert Nullstellensatz (HN) is NP-complete over R.
2. For any field (R, =), “quadratic systems” is NP-complete over R.
3. 4-FEAS (the problem of deciding solvability over R of degree 4 polynomials)
is NP-complete over Z, Q and R.

Corollary.
1. For any field (R, =), P=NP & HNr € P.
2. NP c EXP for Z,, R and C. (Easy for Z,, as a consequence of Renegar et. al. for
R and C).
3. P#NP over Z (Matiyaseivich). P#NP over Q. (If F is an infinite field and
P=NP over F, then F admits elimination of quantifiers and so is algebraically
closed in the unordered case and real closed in the ordered case.)

Proof of Theorem D.
Use USPE to show all the problems in 1, 2, and 3 are in class NP over R.

Now suppose (X, Xy) is in class NP over R.
Then there is a machine M and polynomial p such that for each x € X,
AW =(W,...,w,,,) € R" suchthat E,((x,w),1, p(n)).

By the Corollary to Theorem C, the validity of Fy; ((x,w), 1, p(n)) is equivalent to the
solvability over R of a quadratic system Qy((x,w), u’) where both the length of u” and the
number of equations are bounded above by ((n + p(n)) + p(n))", where ¢ is a constant
depending only on M.

So, for 1 and 2, map problem instance x to the quadratic system, Qu((x,w), u’).
Then xe X, < Qy ((X,w), u’) is solvable over R < Q,, ((X,W), u’) e HN ..

For 3, map x to the single degree 4 polynomial equation gotten from the taking the sum
of squares of polynomials in Qpu((x,w),u’).m
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