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1. ORDERED STRUCTURES

1.1. Preliminaries.

» By an ordered structure we mean a first order structure M = (M, <, ...) where
< 18 a dense linear ordering on M.

» We fix an ordered structure M.

» By definable we mean definable with parameters from M.

» By an interval we mean an interval in M with endpoints in M U {+o00}.
» For a function f we will denote by I'(f) the graph of f.

» For definable X C M" and Y C M¥, as usual, we say that a function f: X —
Y is definable if the graph of f is a definable subset of M" x MP*.

» For a set X C M" we will denote by X° the complement of X, i.e. MF \ X.
» We use (a, b) to denote an ordered pair.
» Topology: we use the order topology on M and the product topology on M*.



1.2. Definability in Ordered Structures.

Proposition 1.1. If X is a definable subset of M" then the topological closure and
interior of X are definable.

Proof. Exercise 1.1. [
Proposition 1.2. Let A C M" be a definable set and f: A — M a definable
function.

(1) The set {a € A: f is continuous at a } is definable.
(2) The function x — lim;_., f(t) is definable (i.e. its domain is a definable set

and the function is definable).

Proof. Exercise 1.2. ]

Proposition 1.3 (Uniform definability). Let {X,: a € M"} be a uniformly defin-
able family of subsets of M" (i.e. there is definable X C M* x M" such that for
every a € M" we have X, = {x € M": (a,x) € X}). Then

(1) The family {cl(X,): a € My} is also uniformly definable.

(2) The sets of all a € M. such that M, is a discrete set, an open set, a closed set,

a bounded set, nowhere dense set are definable.

Proof. Exercise 1.3. [l



Ecercise 1.4. Let M be an N;-saturated ordered structure.

(1) Show that a sequence (a;);cn in M is convergent if and only if it is eventually
constant.

(2) Show that M is not topologically connected.

(3) Show that every compact subset of M is finite.

1.3. Definable Connectedness.

Definition 1.4. A subset A C M" is definably connected if there are no definable
open Uy,Uy € M"™ such that ANU; NU; = & and both AN Up and A N U, are

nonempty.

Ecercise 1.5.
(1) Show that the image of a definably connected set under a definable continuous

map is definably connected.
(2) Let X7, Xo C M" be definable connected sets with ¢l/(X1) N Xy, # &. Show
that X; U X3 is definably connected.



1.4. O-minimal Structures.

Definition 1.5. An ordered structure M is called o-minimal if every definable sub-
set A C M is a finite union of points and intervals.

Proposition 1.6. If M = (M, <) is a densely ordered set then M is o-minimal.

Proof. By quantifier elimination every definable subset A C M is a Boolean com-
bination of sets r < a,x = a,a < z.

Ecercise 1.6. Show that an ordered structure M is o-minimal if and only if every
definable subset A C M is a Boolean combination of points and intervals.

[]

Ecercise 1.7. Let V = (V, <,+, (\;)rex) be an ordered vector space over an or-
dered field K. Show that V' is o-minimal. (You may use quantifier elimination for

V)

Ecercise 1.8. Show that the ordered field of real numbers R=(R,<,+,—,-0,1)
i1s o-minimal. (You may use quantifier elimination for R.)



Ecercise 1.9. Let M be an o-minimal structure.

(1) Show that every interval I C M i1s definably connected.

(2) Show that M" is definably connected.

(3) (Intermediate Value Theorem) Let f, g: I — M be definable continuous func-
tions on an open interval [ such that for any = € I we have f(x) # g(x). Show
that either f(x) > g(x) on1, or f(x) < g(x) on I.

(4) Show that every infinite definable subset of A contains an interval.

(5) Show that if A C M is a definable subset then the frontier of A

(fr(A) =cl(A) \ int(A)) is finite.

(6) Show that a definable bounded from above A C M has a least upper bound.
(7) Let {X,: a € M*} be a uniformly definable family. Show that the set

{a € M*: X, is finite } is definable.

(8) Let G = (G, <, -) be an ordered group. Assume G is o-minimal. Show that G
has no definable nontrivial proper subgroups and it is abelian.

9)Let R = (R,<,-,+,—,-,0,1) be an ordered field. Assume R is o-minimal.
Show that R is real closed.

Claim 1.7. Let M be an o-minimal structure and X C M be a definable set. For
a € M exactly one of the following holds

(1) There is € > a such that (a,e) C X;

(2) There is € > a such that (a,e) C X°“.

Proof. Exercise 1.10 [l



2. UNIFORM FINITENESS

> We fix an o-minimal structure M.
Theorem 2.1 (Main Theorem). If N' = M then N is o-minimal.

Theorem 2.2 (Uniform Finiteness). Let {X,: a € M"} be a uniformly definable
family of subsets of M. Then there is k € N such that for all a € M* we have

| X,| > k < X, is infinite.
Ecercise 2.1. Show that Theorem 2.1 implies Theorem 2.2 and vice versa.

Ecercise 2.2. Show that there are elementary equivalent structures .4 and B such
that:

(a) Every definable subset of A is either finite or co-finite;
(b) The is an infinite and co-infinite definable subset of B.

2.1. Monotonicity Theorem. Our first goal is to show that every definable func-
tion f: M — M is piece-wise continuous and monotone.

We need some technical claims first.



Claim 2.3. Let I C M be an open interval and f: I — M a definable function
such that x < f(x) for every x € I. Then there is an open interval J C I and
c > J such that f(x) > cforall x € J.

Proof. We assume [ = (a,b). Let
B={del: f(x) < f(d) forall x € (a,d)}.

Case 1: There is € > a such that (a,¢) C B.
Then f is increasing on (a,¢) and we can take J = («, 3) C (a,¢) witha < o <
B < f(a)and c = f(«).
Case 2: not Case 1. Then, by Claim 1.7, there is € > a such that (a,e) C B“.
Decreasing ¢ slightly if needed we may assume € € B°.
We take ¢ = f(e) and claim that the set {z € (a,¢): f(x) > c} is infinite, hence
contains an interval.

Indeed, since ¢ € B¢, there is ty € (a,e) with f(¢y) > c. Since ty € B¢,
there is 1 € (a,ty) with f(¢1) > f(ty). Continuing we get an infinite sequence
o<ty <ty <tg<ewithe > f(tg) > f(t1) > .... O



Theorem 2.4. Let I C M be an open interval, and X C [ X I a definable set. Then
there is an open interval J C I such that either {{(z,y) € J X J: x <y} C X or
{{z,y) e I x J:x <y} C X

Proof. For a € I we will denote by X, the set {x € M : {(a,x) € X}.

LetY ={a€l: (a,e) C X, forsomee > a}. If Y is finite then, by Claim 1.7,
the set {a € I: (a,e) C X¢ for some € > a} is infinite. Replacing X with X ¢ if
needed, we may assume that Y is infinite, hence contains an open interval I’

For every a € I' let f(a) = sup{b € I': (a,b) € X,}. It is easy to see that f is
a definable function. Since I’ C Y, we have f(a) > a for every a € I'. Applying
the previous claim we can find an interval J C I" and ¢ > J such that f(a) > ¢ for
all a € J. Itis not hard to see that {(x,y) € J x J: x <y} C X. O

Corollary 2.5. Let [ C M be an open interval, and assume I x I C X;U...UX,
for some definable X;,1 = 1,...,r. Then there is an open interval J C I and
ke {1,...r} such that (a,b) € X}, for everya < b € J.

Theorem 2.6 (Monotonicity Theorem). Let f: I — M be a definable function on
some open interval I = (a,b). Then there are a = ag < a1 < ... < a, = b such
that on each (a;,a;y1) the function f is either constant or strictly monotone and

CONntinuous.
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Proof. We first show monotonicity. Consider the following definable subset of M::

A_ = {x € I: fislocally constant in a neighborhood of x}
A. = {x € I: fislocally increasing in a neighborhood of x}
A. = {x € I: fislocally decreasing in a neighborhood of z}

We claim that the set 1 \ (A_ U A_ U A.) is finite. If not, then it is infinite and
contains an interval J. Consider the sets

Xo = {{z,y) € J?: fx)0Of(y)}

where [J € {<,=,>}. These sets cover J x .J, hence, by Corollary 2.5, there is
an open interval J' C J and J € {=, <, >} such that for all z < y € J' we have
f(x)Of(y). It is easy to get a contradiction now.

We leave an Exercise to show that a definable function f: I — M locally in-
creasing (decreasing,constant) at every a € [ is increasing (decreasing, constant)
on [.

Continuity: Using monotonicity, we may assume that f is either constant or
strictly monotone on I. The set Iy = {a € [: fis continuous at a } is defin-
able, and we need to show that it is co-finite in /. If not then there would be an
interval J C [ such that f is nowhere continuous on J. Using monotonicity we
may assume that f is strictly monotone on .J. The image of J under f is infinite
hence it contains an interval J'. We leave it as an Exercise to show that f~1(.J) is

an interval and f is continuous on it. ]
11



Corollary 2.7. Let f: (a,b) — M be definable. Then for every ¢ € (a,b) both
one-sided limits lim,_, .+ f(x) and lim,_ .~ f(x) exist in M U {£o0}. Also the
limits im,_,,+ f(x) and lim,_,;~ f(x) exist

Corollary 2.8. Let f: |a,b] — M be a definable continuous function. Then f takes
a maximum and minimum values on |a, b).

2.2. Uniform Finiteness and Cell Decomposition in )/2.
> In this section for a definable set A C M? and € M we will denote by A, the
fiber {y € M: (x,y) € A}.

Our goal is to prove the following uniform finiteness lemma.

Lemma 2.9 (Finiteness Lemma). Let A C M? be a definable subset such that for
every x € M the set A, is finite. Then there is K € N such that |A,| < K for all
x € M.

Instead of subsets A as in Lemma 2.9 it is more convenient to consider small sets.

12



Definition 2.10. A definable set A C M?is small if the set {x € M : A, is infinite}
is finite.

Lemma 2.11. Let A C M? be a definable small set. Then there are points
—oo=ag< a1 < ay < ...<ap < ap1 = +o0 and natural numbers k; € N such
that for every x € (ay,a;.1) we have |A,| = k;.

We will prove Lemma 2.11 by a series of claims.

Let A C M? be a small definable set. We say that a point (a, b) € A is normal in

A if there is an open box U = I x .J in M? containing (a, b) such that UNA = I'(f)
for some definable continuous function f: I — M. We will denote by G(A) the
set of all points normal in A.

Claim 2.12. Let A C M? be a definable small set. If w,(A) is infinite then there
is an open interval I and a definable continuous function f: I — M such that

L(f) € A

Claim 2.13. Let A C M? be a definable small set, I C M an open interval and
f: I — M a definable continuous function such that I'(f) C A. Then there is
xg € I such that (x, f(x¢)) is normal in A.

Proof. Exercise 2.3. ]
Corollary 2.14. If A C M? is a definable small set then 71(A \ G(A)) is finite.

13



Claim 2.15. If A C M? is a definable small set then cl(A) is also small.
Claim 2.16. If A C M? is a definable small set then 7 (cl(A) \ A) is finite.

Proof. Exercise 2.4. [

We say that a definable set A C M? is locally bounded at @ € M if there is an

open interval I containing a and a bounded open interval J such that (I x M)NA C
I xJ.

Claim 2.17. If A C M? is a definable small set then A is locally bounded at all but
finitely many a € M.

Proof. Exercise 2.5. ]
We now ready to finish the proof of Lemma 2.11. Let A C M? be a definable
small set. Using above claims we can find —oo = ag < a1 < a9 < ... < a; <

ap.1 = +oo such that for every I; = (a;, a;11) we have:
e The set A is locally bounded at every x € I;.

e Every pointin (I; x M) N A is normal in A.
o ([, x M)n Aisclosedin I; x M.

Ecercise 2.6. Let ¢ € {0,...,k}. Show that for all x,y € I, we have |A,| = |4,|.
It finishes the proof of Lemma 2.11.

In fact we have obtained a description of small sets.
14



Lemma 2.18. Let A C M? be a definable small set. Then there are points
—o0=ap < a1 < ay < ... < ap < a1 = oo such that the intersection of A
with each vertical strip (a;, a; 1) X M has the form I'(f; 1)UL'(fi2)U. . .UL(fir ) for

some definable continuous functions f; ;: (a;, a;+1) — M with fi1(x) < fiao(x) <
. fik(x) for x € (a;, ajt1).

15



2.3. Uniform Finiteness and Cell Decomposition.

Definition 2.19. For every n € N, we define k-cells in M" by induction on n as
follows:

(I) A O-cell in M is a point; an 1-cell in M is an open interval.

(II) Assume C' € M™ is a definable k-cell.
(a) If f: C' — M is a definable continuous function then I'(f) is a k-cell in M "1,
(b) If f,g: C — M are definable continuous functions with f(z) < g(x) for all

x € C (f, g may be constant functions —oo, +00) then the set
{x,y) e M"x M: 2 € C, f(x) <y <g(x)}isa (k+ 1)-cellin M,

16



Ecercise 2.7. (1) Show that if C' C M" is an n-cell then C' is open.
) If C' € M"is a k-cell and £ < n then C' has an empty interior.
(3) If X € M™" is a union of finitely many (n — 1) cells then M" \ X is dense in
M™ and has a nonempty interior.
(4) Every cell is locally closed, i.e. it is open 1n its closure.
(5) Every cell is homeomorphic under an appropriate projection to an open cell.
(6) Every cell is definably connected.
(7) We say that two cells C, C5 are adjacent if either C; N ¢l(Cy) # @ or Cy N
Cl(Cl) 7& .
Let X be a finite union of the cells C,...,C}, € M". Show that X is defin-
ably connected if and only there is an ordering of the cells such that any two
consecutive cells in this ordering are adjacent.
(8) Give an example of a cell C' C R? (in the language of real closed fields) such
that C~! = {{(y,z) € R*: (x,y) € C'} is not a cell.

Definition 2.20. We define a cell decomposition of M" by induction on n.

(I) A cell decomposition of M is a partition of M into finitely many points and
open intervals (i.e. a partition of M into finitely many cells).

(IT) A cell decomposition of M""! is a partition of M" " into finitely many cells
Ci,i = 1,...,m, such that the set of projections {7 (C;): i =1,...,m} is a cell
decomposition of M™.

17



If A C M" is a definable set and D is a cell-decomposition of M" then we say
that D is compatible with A if every cell C' € D is either part of A or is disjoint

from A.
The following is the fundamental cell decomposition theorem.

Theorem 2.21 (Cell Decomposition Theorem). (I) If Ay, ..., A are definable sub-
sets of M" then there is a cell decomposition of M" compatible with each A;.
(II) For each definable function f: A — M, A C M", there is a cell decomposi-
tion of M" compatible with A such that f is continuous on every cell.

The proof of this theorem is done by induction on n and is quite lengthy. Note
that we have proved it for n = 1, and the part (I) for n = 2 can be derived from

Lemma 2.18.
The following claim provides sufficiently many definable continuous functions.

Claim 2.22. Let U C M" be an open set, I C M an interval, and f: U X M — M
a functions such that for each (u,r) € U x M

(a) f(u,-) is continuous and monotone on I;
(b) f(-,r) is continuous on U.

Then f is continuous.

Proof. Exercise 2.8. [l

18



2.4. Some Consequences of Cell Decomposition Theorem. For a definable set
X C M™" a definably connected component of X is a maximal definable definably
connected subset of X.

Corollary 2.23. Let X C M" be a nonempty definable set. Then X has only
finitely many definably connected components. They are open and closed in X and
form a partition of X.

Proof. Exercise 2.9. [
In the following statements for a definable subset X C M*™™ and a € M* we
will denote by X, the set {b € M": (a,b) € X}.

Proposition 2.24. Let D be a cell decomposition of M**" and a € M*. Then the
collection D, = {C,: C' € D} is a cell decomposition of M".

Corollary 2.25. Let {X, : a € M*} be uniformly definable family of subsets of
M?". Then there is K € N such that each X, has at most K definably connected
components.

Proof. Exercise 2.10. [

Corollary 2.26. If {X,: a € M"Y} is a uniformly definable family of subsets M"
then there is K € N such that | X,| > K <= X, is infinite.

Proof. Exercise 2.11. ]
Corollary 2.27. If N' = M then N is o-minimal.

19



3. DIMENSION
> We fix an o-minimal structure M.

We are going to define two notions of dimensions for sets definable in M and
show that they coincide.

Example 3.1. Let X C C" be an algebraic variety defined over a countable subfield
k. Then dime¢ (X)) = max{tr.deg(k(a)/k): a € X}.

3.1. Algebraic Dimension. Recall thatif A C M and b € M then we say that
b is algebraic over A if there is a formula ¢(x) over A such that M = ¢(b) and
M = 3<Fx p(z) for some k € N. We say that b is definable over A if we can
choose ¢(x) as above with M | Jlz p(x).

For a set A C M the algebraic closure of A is the set
acl(A) = {b € M : bis algebraic over A},
and the definable closure of A is the set
dcl(A) = {b € M : bis definable over A}.
Ecercise 3.1. Show that in the field C we have v/2 € acl(Q), but v/2 ¢ dcl(Q).

Ecercise 3.2. Show that b € acl(A) <= b € dcl(A), and b € dcl(A) if and only if
there is a partial function f(z) definable over @ and a € A such that b = f(a).

In order to develop acl-dimension we need Exchange Lemma.
20



Lemma 3.2 (Exchange Lemma). [f A C M and b,c € M with b € acl(Ac)\acl(A)
then ¢ € acl(Ab).

Foraset A C M and I C M we say that [ is independent over A if forall x € [
we have z & acl(AU (I'\ {z})).

Definition 3.3. For a set A C M and a tuple a € M" the acl-dimension of a over
A, a-dim(a/A), is the least cardinality of a subtuple @’ of a such that a C acl(Aa’).

Ecercise 3.3.

(1) a-dim(a/A) is the cardinality of any maximally independent over A subtuple
a’ of a.

(2) If A C B then a-dim(a/A) > a-dim(a/B). )

(3) (Additivity) a-dim(ab/A) = a-dim(a/Ab) + a-dim(b/A).

In order to define correctly acl-dimension of a definable set we need to work in a
saturated enough structure. So we also fix a x-saturated elementary extension M
of M, where x > |M|. For a definable set X C M" we will denote by X the
subset of M" defined in M be the same formula that defines X in M.

Definition 3.4. (1) Let X C M" be a set defined over A C M with |A| < k. We
define the acl-dimension of X to be a-dim(X) = maz{a-dim(b/A): b € X}.

(2) For a definable set X C M" defined over a set A C M we define a-dim(X) =
a-dim(X).

21



Ecercise 3.4. (1) Show that acl-dimension of a set does not depend on the choice

of A, i.e. if X is also defined over some A" C M with |A’| < k then a-dim(X) =
max{a-dim(b/A"): b € X}.

(2) Show that acl-dimension of a definable set X C M" does not depend on the
choice of M.

Ecercise 3.5.

(1) Let X, Y C M" be definable sets.
(a) Show that a-dim(X UY') = max(a-dim(X), a-dim(Y")).
(b) Show that X C Y implies a-dim(X) < a-dim(Y").
(c) Show that a-dim(X x Y) = a-dim(X) + a-dim(Y").
(2) Let f: X — M" be a definable map. Show that a-dim(f(X)) < a-dim(X),
with equality if f is injective.
(3) Let C C M" be a k-cell. Show that a-dim(C') = k.

22



3.2. Geometric Dimension.

Definition 3.5. For a definable set X C M" we define the dimension of X to be
the largest d such that X contains a d-cell.

Theorem 3.6. For a definable X C M" and d € N the following conditions are
equivalent.

(1) dim(X) = d.

(2) a-dim(X) = d.

(3) d is the largest integer such that w(X) has a non-empty interior for some co-
ordinate projection w: M"™ — M?.

(4) d is the largest integer such that f(X) has a non-empty interior for some de-
finable f: X — M¢.

Proof. Exercise 3.6. ]

Corollary 3.7. Let A C M" be a definable set of dimension and f: A — M" be a
definable map. Then there is a definable set U C A such that f is continuous on U
and dim(A \ U) < dim(A).

Corollary 3.8. Let X, Y be definable sets. Then dim(X xY') = dim(X) +dim(Y).
Claim 3.9. If X C M" is a definable set then dim(cl(X) \ X) < dim(X).

23



3.2.1. Definability of dimension.

Claim 3.10. Let {A,: a € M*} be a uniformly definable family of subsets of M™.
Then for every d € N the set {a € M*: dim(A,) = d} is definable.

Proof. Exercise 3.7. ]

24



4. DEFINABLE CHOICE
> In this we fix an o-minimal expansion of an ordered group
M= (M,<,+,0,...).

Theorem 4.1 (Definable Choice). Let {X,: : a € M"} be a uniformly definable
family of subsets of M". Then there is a definable function f: M* — M" such
that f(a) € X, for every non-empty X,, and X, = Xy, implies f(a) = f(b).

Corollary 4.2. Let E C M?*" be a definable equivalence relation on M". Then
there is a definable function f: M"™ — M* such that aEb <= f(a) = f(b).

Corollary 4.3 (Curve Selection). Let X C M" be a definable set and a € cl(X).
Then there is a definable map o (0,e) — X such that lim;_,,- o(t) = .

Corollary 4.4. Let A C M be a nonempty set different from {0}. Then dcl(A) is
the universe of an elementary substructure of M.

Proof. Follows from Tarski-Vaught Test and Definable Choice. ]

Ecercise 4.1. Let B C M" be a definable bounded closed set and f: — M a
definable continuous function. Show that f takes maximum and minimum values
on B.

25



5. SMOOTHNESS
> In this section we work in o-minimal expansion of a real closed field R = (R, <
4+, 0,100,

Definition 5.1. Let / C R be an open interval. A definable function f: I — R is
differentiable at a € I with the derivative d if

o flatt) — flo

t—0 t

=d.

As usual we write f'(a) = d.

It is easy to see that if f: I — R is a definable function then the set {x €
I: f is differentiable at x} is definable and the function z +— f’(x) is definable on
this set.

Theorem 5.2. Let I be an open interval and f: I — R be a definable function.
Then f is differentiable at all but finitely many points.

Proof. For x € I let

f/($+) — lim f(ZU + t) B f(ZL“) and f/(CU_) — lim f(x + t) B f(l‘)

t—0t+ t t—0— t

By o-minimality both these limits exist in R U {00}, and f is differentiable at x
if and only if f'(x™) = f'(z7) € R.

26



Step 1. The set {x € I: f'(x") # f'(x7)} is finite.

Assume not. Then there is an open interval J C [ such that f'(z") # f'(z7) at
any x € J. Decreasing .J if needed we may assume that both f’(z*) and f'(x7)
are continuous on .J. Then either f'(z*) > f'(z7)on Jor f'(x™) < f/(x7). We
assume f'(z") > f'(x7). Then there is ¢ € R and an open interval J' C J such
that f'(z*) > ¢ > f'(x7) on J'. Let J” C J' be an open interval such that the
function F'(x) = f(x) — cx is continuous and strictly monotone on J”. It is easy
to see that F'(z™) > 0 and F is increasing on J”, and also F’'(z~) < 0 and F'is
decreasing on J”. A contradiction.

Step 2. The set {z: f'(z") € {+oo}} is finite.

Assume that f'(z") = +o0 at infinitely many z. Then we can find a,b € I such
that f is continuous on [a, b] and f'(z") = f'(z~) = 400 on (a, b).

Let h(x) = Az + ¢ be an affine function such that h(a) = f(a) and h(b) = f(b).
Consider the function F'(x) = f(x)—h(z). Itis easy to see that F'(z1) = F'(z7) =
+00. Since F' is continuous on |a, b| and F'(a) = F(b) = 0, F attends a maximum
or minimum value at some ¢ € (a,b). If F' has maximum at ¢ then F’'(¢") < 0, a
contradiction. If F" has minimum at ¢ then F’(¢~) < 0, a contradiction. ]

27



Corollary 5.3. Leta < b € Rand f: (a,b) — R be a definable function. Then
for everyr € Nthere are a = ag < a1 < ... < aj = b such that f is C" on each
(@i, @it1).
Ecercise 5.1.
(I)(Mean Value Theorem) Assume a < b € R, f: [a,b] is a definable function
continuous on [a, b] and differentiable on (a, b). Then there is ¢ € (a, b) such that
f(b) = fla) = f(c)(b—a).
(2) Assume f: (a,b) — R is a definable function differentiable on (a.b). If
f'(x) = 0on (a,b) then f is constant on (a, b).

Definition 5.4. Let U C R" be a definable opensetand f = (fi,..., fi): U — R”
a definable map. For » > 1 we say that f = (fi,..., fi): U — R¥is a C"-map if

all the partial derivatives % are C"!-functions on U.
J

Ecercise 5.2. Let U C R" be a definable open set and f: U — R be a definable
continuous map. Then for every r > 1 there is a definable open V,, C U such f is
C" on V, and dim(U \ V;) < n.

Definition 5.5. Let U C R" be a definable open setand f = (f1, ..., Hhk: U — R*

be a definable C'-map. For a € U the k x n matrix of partial derivatives (%}(a))

is called the Jacobian matrix of f at a and is denoted by J¢(a).
The linear map x — J(a)z is called the differential of f at a and is denoted d,,( f).
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Theorem 5.6 (Inverse Function Theorem). Let U C R" be a definable open set,
f: U — R" adefinable C" map, and a € U. If d,(f) is invertible then there are

definable open neighborhoods U' C U of a and V' of f(a) such that f maps U’
homeomorphically onto V and f~' is also C".

Theorem 5.7 (Implicit Function Theorem). Let U C R**" be a definable open set
and F' = (Fy,...,F,): U — R" a definable C"-map. Let (x,1,) be in U such
that F'(xy,yo) = 0 and the n x n matrix

OF;
ayj (x()ay()) 1<i<n

I<y<n

is invertible. Then there are open definable neighborhoods V of zq in R* and W
of yo in R", and there is a definable C" map ¢©: V — W such that V. x W C U
and for all (x,y) € V x W we have

Flz,y) =0 <=y = ¢(z).
Proof. Apply Inverse Function Theorem to the map (x,y) — (x, F(x,y)). O]
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5.1. Smooth Cell Decomposition.

Definition 5.8. Let A C R" be a definable set and f: A — R™ a definable map.
We say that f is C" on A if there is an open U C R" and a definable C"-map
F: U — R™ extending f.

Definition 5.9. A cell C' C R" is a C"-cell if all functions used in forming C' are
C".
Theorem 5.10 (Smooth Cell Decomposition). Let r > 1.

(1) For any definable A, ..., A C R" there is a C"-cell decomposition of R"
compatible with each A;.

(2) For any definable function f: A — R, A C R" there is a C" cell decomposition
of R" compatible with A such that f | C'is C" on each cell C C A

The proof of Smooth Cell Decomposition is based on the following claim.

Claim 5.11. Let C' C R" be a k-cell, f: C' — R a definable function, and r € N.
Then there is a definable subset C' C C such then dim(C'\ C") < kand f | C" is
C.
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5.2. Definable Triangulation.

We say that ag, ..., aq € R" are affine independent if the vectors
a; — ao, - - ., aq — ag are linearly independent.
FOI‘CLQ,...,CLd € R" let (ao, .. .,ad) = {Ztiai: t; > O;Zti = 1} C R".

Ecercise 5.3. Show that ag,...,a; € R" are affine independent if and only if
dim ((ag, . . ., aq)) = d.

If ag,...,aq € R" are affine independent then (ay, . . . , aq) is called a d-simplex
in R" spanned by ay, . .., aq.
The closure of (ay, . .., aq) is denoted by [ay, . . . , ag). It is easy to see that
[CL(), .. .,ad] = {thal tl Z O,ZtZ = 1} Q R"
We call ay, . . ., a4 the vertices of (ay, . .., aq) (and [ag, . . . , aq)).
A face of a simplex (ay, . .., aq) is a simplex spanned by a non-empty subset of

{Cl,o, ceey ad}.
For simplexes o and 7 we write 7 < o is 7 is a proper dace of o.

Definition 5.12. A complex in R" is a finite collection K of simplexes in R" such
that for 01,09 € K either cl(o1) N cl(oy) = @ or cl(o1) N cl(o2) = cl(T) for some

common face 7 of 1 and o03. (7 1s not required to be in K !).
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For a simplex K in R", the polyhedron spanned by K is
| K| = union of all simplexes in K, and the set of vertices of K is
Vert(K) = the set of all vertices of the simplexes in K.

Theorem 5.13 (Triangulation Theorem). Let S1,...,S; C R" be definable sets.
Then there is a complex K is R" and a homeomorphism ®: R" — |K| such that
O(S;) is a union of simplexes in K.

For N € Nlet K be the complex consisting of the simplex (ey, ..., ey) and all
its faces, where e, . . ., ey is the standard basis of R'.

Claim 5.14. For every definable set A C R" there is N € N and a subcomplex K
of Kx such that A is definably homeomorphic to |K|.

Proof. Let L be a complex in R" such that A is definably homeomorphic to |L|.
Let V = {vy,...,vn} be the set of vertices of L.
Let F': V — R" be the map v; — e;, and
K ={(F(vi,),...,F(vi,)): (vi,),...,vi,) € L}.
Ecercise 5.4. K 1s a subcomplex of Ky and F' extends to a homeomorphism from
|L| onto |K|.
[]

Corollary 5.15. Up-to a definable homeomorphism there are at most countably
many definable sets.
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Theorem 5.16. Let {S,: a € R*} be a uniformly definable family of subsets of R".
Then there is N € N and a partial definable map f: R* x R" — R such that for
each a € R* the map f,: * — f(a,x) is a homeomorphism from S, onto a union

of faces of Ky.
Proof. The type

Y(x) = {z € R"} U {—32(¢(u,v, z) defines a graph of a homeomorphism
NeN
from S, onto a union of faces of K N) . o(u,v, z) is an E-forrnula.}

is inconsistent. Hence we can partition R* into finitely many definable sets A; such
that for each A; there is N; € N and a formula ¢;(u, v;, ;) such that for a € A,
@i(u, v;, b,) defines a homeomorphism from S, into a union of faces of Ky, for
some b,,.

It is not hard to see that we can put all A; together and assume one ¢ works for
all R*. Now we use definable choice. ]
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5.3. Definable Trivialization.

Definition 5.17. Let f: S — A be a definable map. We say that f is trivial if there
is a definable set F' and a definable homeomorphism A: S — A x F' such that the
following diagram is commutative

S—" L AxF

T~ A
A

We say that f is trivial over a definable set B C A if for Sy = f~!(B) the map
f 1 Sg: Sg — B is trivial.

Theorem 5.18 (Definable Trivialization). For a definable continuous map f: S —
A there is a definable partition of A = A1 U...UA; such that f is trivial over each
A,
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Proof. Using Theorem 5.16, after partitioning A if needed, we can assume that
there is a definable set F' and a definable bijection h: S — A x F' such that the
following diagram is commutative

—— Ax F

\/

and for each a € A, h maps f~!(a) homeomorphically onto {a} x F. O]

Claim 5.19. Let S C A x R" be a definable set such that for each x € A the fiber
Sy =4y € R": (x,y) € S} is closed in R". Then there is a partition of A into
finitely many set A; such that S N (A; x R") is closed in A; X R".

Proof. We do it by induction on dim(A). If dim(A) = 0 then A is a finite set and S
is closed.

Assume dim(A) > 0. Let A" = w(cl(S) \ S), where m: S — A is a projection.

For Ag = A\ A’ we have that S N (A x R") is closed in Ay x R". Thus, by the
induction hypothesis, it is sufficient to show that dim(A’) < dim(A).

Assume not, i.e. dim(A’) = dim(A). Using definable choice we can find a
definable function ov: A" — R" such that a(a) € R"\ S, and {(a, a(a)) € cl(S) for
alla € A
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Since each S, is closed in R", using definable choice, we can also find a definable
function 7v: A" — R such that for all a € A’ we have B,(,)(a(a)) NS, = &, where
B, ()(a(a)) is an open ball in R" of radius ~(a) centered at a.

Let A” C A’ be a definable set with dim(A"\ A”) < dim(A’) such that both o and
~ are continuous on A”. Since dim(A”) = dim(A), A” contains a definable open
in Aset U. The set {{z,y): v € U,y € B,,)(a(x))} isopenin A x R", disjoint
from S and also contains points (x, a(z)) in the closure of S. A contradiction. [J
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6. SOME O-MINIMAL STRUCTURE OVER THE REALS

The following structure are o-minimal:
() R = (R, <,+,—, -, 0, 1) -the field of real numbers;
(2) R,, - the field of real numbers expanded by all restricted analytic functions;
(3) Ryy.exp - the expansion of R, by the function z — e*.

6.1. The structure R, and subanalytic sets. Let A be areal analytic manifold of
dimension n and X C A. Then the X is subanalytic in A if for every pointa € A
there is an open neighborhood U of @ in A and an analytic bijection f: U — V/,
where V' is an open subset of R” such that f(X N U) is definable in R,,.

Example 6.1.

(a) The set {{z,sin(z)): z € R} is a subanalytic subset of R?, but it is not defin-
able in R,,,.

(b) The set {(x,sin(1/z)): x € R*} is not subanalytic in R?, but it is subanalytic
in R* x R.

Claim 6.2. The set X C R" is definable in R, if and only if the set 11(X) is

subanalytic in R", where I1(z): R" — R" is the map

(T1,...,Tp) — L,...,L :
V1+x] V1422

Proof. Exercise 6.1. [
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6.2. Growth Dichotomy. There is a fundamental difference between structures
Ry, and R.;).

Definition 6.3. Let R = (R,<,+,-,...) be an o-minimal expansion of a real
closed field. We say that the structure R is polynomially bounded if for every
definable function function f: [¢, +00) — Rthereis N € N such that |f(z)| < 2
for all sufficiently large positive .

Example 6.4. The structure R, IS NOT polynomially bounded.
Fact 6.5. The structures R, IS polynomially bounded.

Theorem 6.6 (Growth Dichotomy). Let R = (R, <,+,...) be an o-minimal ex-

pansion of the field of reals. If R is not polynomially bounded then the function
x +— e" is definable in R.

The proof uses computations in the Hardy field Hr of germs at +oo of R-
definable functions.
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6.3. Field of Germs at 0.
> We fix an o-minimal extension R = (R, <,+, —, -,...,) of a real closed field.

Let R’ be a saturated enough elementary extension of R, and 7 € R’ a positive
R-infinitesimal element, i.e. 0 < 7 < rforallr >0 € R. Let R, = dcl(RU{7}).
Then, by Corollary 4.4, R, is the universe of an elementary substructure R, of R/,
and it is an elementary extension of R.

Notice, that for every element a € R, there is an 'R-definable function a: R, —
R, such that @ = «(7), and for any formula ¢(x) we have
R, E p(a) if and only if R = ¢(«(t)) for all small enough ¢ > 0.

Ecercise 6.2. Let X C R! be an R -definable set. Then its R-trace X N R" is an
‘R-definable subset of R".
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7. TAME EXTENSIONS

7.1. Tame extensions.

Definition 7.1. A proper elementary extension R = R is called tame if for every
v € Rthe set {x € R: x < ~} is R-definable.

Example 7.2. 1. The extension R, of R is tame.
2. The field of real numbers R is not a tame extension of the field of algebraic real
numbers.

Ecercise 7.1. If R is an o-minimal expansion of the field R then every proper
elementary extension R of R is tame.

Theorem 7.3 (Definability of Types). Assume R = R is a tame extension. If
X C (R)" is an R-definable set then the set X N R" is R-definable subset of R".

7.1.1. Standard Part Map. Let R = R be a tame extension, and v € R. The set
A ={r € R:r <} isdefinable in R. Let r = supg(A). We call r the standard

part of v and denote by st(7y). Thus st: R — RU {+o00}.

Ecercise 7.2. If st(y) € R then st(7y) is unique element r € R such that |y —r| <
forall0 <o € R.

Ecercise 7.3. Let o: R — R be an R-definable function. Consider the elementary

extension R, as above. Let a = (7). Show that st(a) = lim,_,g+ a(t),
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Ecercise 7.4. Let R > R be a tame extension, and X C (R)" an R-definable
R-bounded set. Then the set st(X) = {st(z): x € X} is R-definable subset of
R".
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8. HAUSDORFF LIMITS

For an element z € R" and a subset Y C R" we put
d(z,Y) =inf{d(x,y): y € Y}.

We will denote by KC(R") the collection of all compact subsets of R”.
The Hausdorff distance on IC(R") is defined as

dp(X,Y) = sup{d(z,Y),d(y, X): v € X,y € Y}.
Ecercise 8.1. Show that dj; is a metric on JC(R").

For a family C C IC(R") we will denote by cly(C) the topological closure of C in
JIC(R™) with respect to the topology induced by dy.

Theorem 8.1. Let R = (R, <,+,—,-,...,) be an o-minimal expansion of the
field of real numbers. Let C = {X,: a € R} be a uniformly definable family of
compact subsets of R" and Y € C(R"). If Y € cly(C) then'Y is definable.

Proof. Let X C R™"" be a definable set such that for a € R™ we have
Xo={z €eR": (a,x) € X}.
Let R be an R;-saturated elementary extension of R. Notice that by Exercise 7.1
R is a tame extension of R. We will denote by X the subset of R defined by
the same formula as X in R,

By Exercise 7.4, the Theorem will follow from the following claim.
b)



Claim 8.2. For a set Y € IC(R") we have Y € cly(C) if and only if Y = st(X,)
for some o € R™.

Proof- Let Y € K(R"). Assume Y € cly(C). Since Y is compact, for each
k > 0 € N we pick finite subsets Y, C Y such that dy (Y, Y;) < %, and Y, C Y.

Foreachk >0 € NletC, = {a € R™: dy (Y3, X,) < 3}.
Ecercise 8.2. Every C;. is definable, non-empty, and C; 1 C Cy.

Since R is N;-saturated, there is a € R™ such that o € ﬂgk.
Ecercise 8.3. Show that Y = st(X,,).

Ecercise 8.4. Let 3 € R™ be such that Z = st(X 3) is compact. Show that Z €
CZH(C)

[]

Theorem 8.3. Let R = (R, <, +, —, -, ..., ) be an o-minimal expansion of the field

of real numbers. Let C be a uniformly definable family of compact subsets of R".
Then the family

{Y e KR"): Y € cly(C)}
is uniformly definable as well.
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