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Notation, Definitions and Preliminary Results

e For a finite dimensional simple Lie algebyaf rankn with fixed Cartan subalgebkg we
use the standard partial orderidgon the set of root®: o < 3 < [ —a € Q™.

n
e Defined; : Q — Z byn = > d; (n) «y, and letJ C [n].
i=1

o SetR(J)={a € R:d;(a)=0ifi¢ J}, RY(J) = R(J)N R*.
o A subsetb of R" is aJ-ideal if ® N R™(J) = () and
aed e RTUR(J),f+acR=F+ac

e The set of/-ideals inR™ is in one-to-one correspondence with the set of ad-nilgotieals
of the parabolic subalgebra

Ps = b Dacr+ 8a Pacr+() 8—as

whered — @, cpda-

e A C R is adJ-antichain if An RY(J) = () and, for allo,3 € A andj € J, we have
ot B3,8 £ aanda — o ¢ R.

e There is a one-to-one correspondence betweantichains o™ and.J-ideals of R :

A—d(A) = U {BeRT:3>a}.

acA

e S0 by enumerating all-antichains for a fixed', we enumerate all ad-nilpotent ideals for a
fixedyp ;.

e An ideal® is of nilpotencek if for any 31, - - , 81 € ® (not necessarily distinct),
k41
Y Bs ¢ R. ®isabélian if it is of nilpotence 1.

s=1

e Theorem 1Let A beanantichainin R, 6 the highest root of g. Then ®(A) is a k-nilpotent
k+1
ideal if and only if for any 5y, - - - , 8.1 € A (not necessarily distinct), > s £ 6.
s=1

e Proposition 1Let J C [n]. A J-antichain A isabelian if and only if the following hold:

1.for all a € A, thereexists: € J such that 2d;(a) > d;(0).
2.for all o, 3 € A with a # [, there exists i € J such that d;(«) + d;(5) > d;(0); in
particular, d;(«) # 0,d;(3) # 0.

Results for the other simple algebras

e For the other classical Lie algebras, similar argumenthtsd used ford,, allow us to
describe all abelian-antichains.

e Of the classical Lie algebras, onty,, admits a nice, simple formula for the total number
(Qn—#J)_

e In both classical and exceptional cases, we use this conoialeapproach for the case when
J = () (i.e. counting abelian ideals for the Borel subalgelya- b = h @, p+ga) to recover
Peterson’s result of having' abelian ideals fob. This is obvious for4,, andC), from the
closed formulas, sincg.J = 0.

e For abelian antichains in the case of the exceptional Lielakms, one can simply draw the
poset of roots, eliminating those roots that don’t meet daowd 1 of the Proposition, and
count the antichains. Theg poset is to the right.

Current Research

e RJ: generalizing the results outlined in this postéf4agraded Lie algebras; and an inductive
approach to Panyushev’s antichain dualization algoritma generalizes td,,.

e Tim: expanding on results regarding specific antichadng/hich correspond to infinite-
dimesional associative Koszul algebras whose global dsmans#®d(A).

Advisor: Dr. Vyjayanthi Chari

Counting forA,,

Some notation:

e A, j is the set of abeliari-antichains withs elements £ ; = {0}).
e For:, j € [n],z < j,OzZ'J' = QT (@i,i = ).

e [For calculational purposeé,Z) = (0 whenk < 0 ork > n.

ForA,, Rt ={a;;:1<i<j<n}andd =a;,. LetA C R", andletJ C [n]. To have
A € A, ;, we need to see how the elementsiobehave with respect to the definition of a
J-antichain, as well as conditions (1) and (2) of the Projpmsit

e J-antichain: Consider two roots; ;, oy € A o5 # «pg. If i =k, then

O min(j,) S Qmax(j,)» @ contradiction. So assume without loss of generality thatk.
Thenj <1, since otherwisey,; < «; ;. Now letay, ; € A, j € J. We needy,; —a; ; ¢ R.

If j Is not betweerk andl, thency | — «; ; IS aZ-linear combination of simple roots
with both positive and negative coefficients, which is notoatr If k < 5 < [, then
o — @45 =i i_1+ai 1, Whichis not aroot. So the only time, ; — «; ; Is a root is if
j=korj=I1.Thus, ifay; € A, thenk,l ¢ J.

e Condition 1: Sinced;(«; ;) > d;(0) for anya; ; € R™, there are no roots which are
excluded a priori fronA by this condition.

e Condition 2: From above, we already know thatif;, oy, € A,«; j # ay, theni < j
andk < I. If j <k, thend;(«; ;) + d;(ay;) < d;(0) for all i, contradicting condition 2. So
1< k< g <.

From this information, we can now construct a general abélrantichain of size:
A:{Ozik,jkilgkgs; i Jr € NN 1 <tg < - <ig< g1 <go < - <]S}

Given this descriptionA ¢ ; breaks into 2 cases; < ji, andis = j1. These correspond to
subsets ofn|\J of size2s in the first case (2 endpoints for each of thelements ofd), and
2s — 1 In the second (one less than in case 1 sigce j1). Thus

C(n— n—4J
#Asvj_(23—1>+( 25 )

and the number of abeliah-antichains is

;#AS,J _ ZS: ((7128—_#5) N (n —QS#J)) _ Z (n —p#J) _ on—#J

p

The Eg poset

The poset of roots ak’s admissible by condition 1 of the Proposition:
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